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PROBABILITY II
Chapters 1+2 of Practical Statistics for Astronomers



Bayesian Inferences with Probability
GOAL: estimating the parameters of assumed probability distributions, i.e., we are assuming a 
model for our data and wish to find out how this model is characterized. In other words, we are 
data modeling. 

We have a probability distribution (the likelihood)                              and we wish to know the

parameter vector       . In the Bayesian route, we need to compute the posterior distribution of 

<latexit sha1_base64="nfCzJTXVlIsxJi/76PTiAHKTIQs=">AAAB/3icbVBNS8NAEN3Ur1q/ooIXL4tFqJeSiKjHohePFewHNKFMtpt26WYTdjdCSXvwr3jxoIhX/4Y3/43bNgdtfTDweG+GmXlBwpnSjvNtFVZW19Y3ipulre2d3T17/6Cp4lQS2iAxj2U7AEU5E7Shmea0nUgKUcBpKxjeTv3WI5WKxeJBjxLqR9AXLGQEtJG69lFY6YEGPMZeADLzgCcDmJx17bJTdWbAy8TNSRnlqHftL68XkzSiQhMOSnVcJ9F+BlIzwumk5KWKJkCG0KcdQwVEVPnZ7P4JPjVKD4exNCU0nqm/JzKIlBpFgemMQA/UojcV//M6qQ6v/YyJJNVUkPmiMOVYx3gaBu4xSYnmI0OASGZuxWQAEog2kZVMCO7iy8ukeV51L6vO/UW5dpPHUUTH6ARVkIuuUA3doTpqIILG6Bm9ojfryXqx3q2PeWvBymcO0R9Ynz8YxJWE</latexit>

f(data|↵̄)
<latexit sha1_base64="W4NsZ3UdMd3JSqHJ0nbSZyXsADw=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Rj04jGCeUCyhN7JbDJmdmaZmRVCyD948aCIV//Hm3/jJNmDJhY0FFXddHdFqeDG+v63t7K6tr6xWdgqbu/s7u2XDg4bRmWasjpVQulWhIYJLlndcitYK9UMk0iwZjS8nfrNJ6YNV/LBjlIWJtiXPOYUrZMaHRTpALulsl/xZyDLJMhJGXLUuqWvTk/RLGHSUoHGtAM/teEYteVUsEmxkxmWIh1in7UdlZgwE45n107IqVN6JFbalbRkpv6eGGNizCiJXGeCdmAWvan4n9fObHwdjrlMM8sknS+KM0GsItPXSY9rRq0YOYJUc3croQPUSK0LqOhCCBZfXiaN80pwWfHvL8rVmzyOAhzDCZxBAFdQhTuoQR0oPMIzvMKbp7wX7937mLeuePnMEfyB9/kDjSePHQ==</latexit>↵ <latexit sha1_base64="W4NsZ3UdMd3JSqHJ0nbSZyXsADw=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Rj04jGCeUCyhN7JbDJmdmaZmRVCyD948aCIV//Hm3/jJNmDJhY0FFXddHdFqeDG+v63t7K6tr6xWdgqbu/s7u2XDg4bRmWasjpVQulWhIYJLlndcitYK9UMk0iwZjS8nfrNJ6YNV/LBjlIWJtiXPOYUrZMaHRTpALulsl/xZyDLJMhJGXLUuqWvTk/RLGHSUoHGtAM/teEYteVUsEmxkxmWIh1in7UdlZgwE45n107IqVN6JFbalbRkpv6eGGNizCiJXGeCdmAWvan4n9fObHwdjrlMM8sknS+KM0GsItPXSY9rRq0YOYJUc3croQPUSK0LqOhCCBZfXiaN80pwWfHvL8rVmzyOAhzDCZxBAFdQhTuoQR0oPMIzvMKbp7wX7937mLeuePnMEfyB9/kDjSePHQ==</latexit>↵
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EXAMPLE 1: Suppose we have N data Xi, drawn from a Gaussian of known standard deviation 
(    ) but unknown mean (    ), which we want to estimate.<latexit sha1_base64="egPbPWtjWR7/Ozpezvo2t0aXlVs=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRI9BLx4jmAckS5idzCZj5rHMzAphyT948aCIV//Hm3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNaJMornQnwoZyJmnTMstpJ9EUi4jTdjS+nfntJ6oNU/LBThIaCjyULGYEWye1eoYNBe6XK37VnwOtkiAnFcjR6Je/egNFUkGlJRwb0w38xIYZ1pYRTqelXmpogskYD2nXUYkFNWE2v3aKzpwyQLHSrqRFc/X3RIaFMRMRuU6B7cgsezPxP6+b2vg6zJhMUkslWSyKU46sQrPX0YBpSiyfOIKJZu5WREZYY2JdQCUXQrD88ippXVSDWtW/v6zUb/I4inACp3AOAVxBHe6gAU0g8AjP8ApvnvJevHfvY9Fa8PKZY/gD7/MHngWPKA==</latexit>� <latexit sha1_base64="JjqMnBgiI2E3Qni7SccS+rMAjRY=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E1DJoYxnRmEByhL3NXrJkd+/YnRNCyE+wsVDE1l9k579xk1yhiQ8GHu/NMDMvSqWw6PvfXmFldW19o7hZ2tre2d0r7x882iQzjDdYIhPTiqjlUmjeQIGSt1LDqYokb0bDm6nffOLGikQ/4CjloaJ9LWLBKDrpvqOybrniV/0ZyDIJclKBHPVu+avTS1imuEYmqbXtwE8xHFODgkk+KXUyy1PKhrTP245qqrgNx7NTJ+TEKT0SJ8aVRjJTf0+MqbJ2pCLXqSgO7KI3Ff/z2hnGV+FY6DRDrtl8UZxJggmZ/k16wnCGcuQIZUa4WwkbUEMZunRKLoRg8eVl8nhWDS6q/t15pXadx1GEIziGUwjgEmpwC3VoAIM+PMMrvHnSe/HevY95a8HLZw7hD7zPH18Ejds=</latexit>µ
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(    ) but unknown mean (    ), which we want to estimate.<latexit sha1_base64="egPbPWtjWR7/Ozpezvo2t0aXlVs=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRI9BLx4jmAckS5idzCZj5rHMzAphyT948aCIV//Hm3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNaJMornQnwoZyJmnTMstpJ9EUi4jTdjS+nfntJ6oNU/LBThIaCjyULGYEWye1eoYNBe6XK37VnwOtkiAnFcjR6Je/egNFUkGlJRwb0w38xIYZ1pYRTqelXmpogskYD2nXUYkFNWE2v3aKzpwyQLHSrqRFc/X3RIaFMRMRuU6B7cgsezPxP6+b2vg6zJhMUkslWSyKU46sQrPX0YBpSiyfOIKJZu5WREZYY2JdQCUXQrD88ippXVSDWtW/v6zUb/I4inACp3AOAVxBHe6gAU0g8AjP8ApvnvJevHfvY9Fa8PKZY/gD7/MHngWPKA==</latexit>� <latexit sha1_base64="JjqMnBgiI2E3Qni7SccS+rMAjRY=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E1DJoYxnRmEByhL3NXrJkd+/YnRNCyE+wsVDE1l9k579xk1yhiQ8GHu/NMDMvSqWw6PvfXmFldW19o7hZ2tre2d0r7x882iQzjDdYIhPTiqjlUmjeQIGSt1LDqYokb0bDm6nffOLGikQ/4CjloaJ9LWLBKDrpvqOybrniV/0ZyDIJclKBHPVu+avTS1imuEYmqbXtwE8xHFODgkk+KXUyy1PKhrTP245qqrgNx7NTJ+TEKT0SJ8aVRjJTf0+MqbJ2pCLXqSgO7KI3Ff/z2hnGV+FY6DRDrtl8UZxJggmZ/k16wnCGcuQIZUa4WwkbUEMZunRKLoRg8eVl8nhWDS6q/t15pXadx1GEIziGUwjgEmpwC3VoAIM+PMMrvHnSe/HevY95a8HLZw7hD7zPH18Ejds=</latexit>µ
We need a prior on the mean: diffuse prior prob(   )=constant over a wide range of <latexit sha1_base64="JjqMnBgiI2E3Qni7SccS+rMAjRY=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E1DJoYxnRmEByhL3NXrJkd+/YnRNCyE+wsVDE1l9k579xk1yhiQ8GHu/NMDMvSqWw6PvfXmFldW19o7hZ2tre2d0r7x882iQzjDdYIhPTiqjlUmjeQIGSt1LDqYokb0bDm6nffOLGikQ/4CjloaJ9LWLBKDrpvqOybrniV/0ZyDIJclKBHPVu+avTS1imuEYmqbXtwE8xHFODgkk+KXUyy1PKhrTP245qqrgNx7NTJ+TEKT0SJ8aVRjJTf0+MqbJ2pCLXqSgO7KI3Ff/z2hnGV+FY6DRDrtl8UZxJggmZ/k16wnCGcuQIZUa4WwkbUEMZunRKLoRg8eVl8nhWDS6q/t15pXadx1GEIziGUwjgEmpwC3VoAIM+PMMrvHnSe/HevY95a8HLZw7hD7zPH18Ejds=</latexit>µ <latexit sha1_base64="JjqMnBgiI2E3Qni7SccS+rMAjRY=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E1DJoYxnRmEByhL3NXrJkd+/YnRNCyE+wsVDE1l9k579xk1yhiQ8GHu/NMDMvSqWw6PvfXmFldW19o7hZ2tre2d0r7x882iQzjDdYIhPTiqjlUmjeQIGSt1LDqYokb0bDm6nffOLGikQ/4CjloaJ9LWLBKDrpvqOybrniV/0ZyDIJclKBHPVu+avTS1imuEYmqbXtwE8xHFODgkk+KXUyy1PKhrTP245qqrgNx7NTJ+TEKT0SJ8aVRjJTf0+MqbJ2pCLXqSgO7KI3Ff/z2hnGV+FY6DRDrtl8UZxJggmZ/k16wnCGcuQIZUa4WwkbUEMZunRKLoRg8eVl8nhWDS6q/t15pXadx1GEIziGUwjgEmpwC3VoAIM+PMMrvHnSe/HevY95a8HLZw7hD7zPH18Ejds=</latexit>µ
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So that the average of 
the data is distributed 
around the mean     
with variance 
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Bayesian Inferences with Probability
GOAL: estimating the parameters of assumed probability distributions, i.e., we are assuming a 
model for our data and wish to find out how this model is characterized. In other words, we are 
data modeling. 

We have a probability distribution (the likelihood)                              and we wish to know the

parameter vector       . In the Bayesian route, we need to compute the posterior distribution of 

<latexit sha1_base64="nfCzJTXVlIsxJi/76PTiAHKTIQs=">AAAB/3icbVBNS8NAEN3Ur1q/ooIXL4tFqJeSiKjHohePFewHNKFMtpt26WYTdjdCSXvwr3jxoIhX/4Y3/43bNgdtfTDweG+GmXlBwpnSjvNtFVZW19Y3ipulre2d3T17/6Cp4lQS2iAxj2U7AEU5E7Shmea0nUgKUcBpKxjeTv3WI5WKxeJBjxLqR9AXLGQEtJG69lFY6YEGPMZeADLzgCcDmJx17bJTdWbAy8TNSRnlqHftL68XkzSiQhMOSnVcJ9F+BlIzwumk5KWKJkCG0KcdQwVEVPnZ7P4JPjVKD4exNCU0nqm/JzKIlBpFgemMQA/UojcV//M6qQ6v/YyJJNVUkPmiMOVYx3gaBu4xSYnmI0OASGZuxWQAEog2kZVMCO7iy8ukeV51L6vO/UW5dpPHUUTH6ARVkIuuUA3doTpqIILG6Bm9ojfryXqx3q2PeWvBymcO0R9Ynz8YxJWE</latexit>
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EXAMPLE 1: Suppose we have N data Xi, drawn from a Gaussian of known standard deviation 
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So that the average of 
the data is distributed 
around the mean     
with variance 
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�2/N

This method is related to the classical technique of MAXIMUM LIKELIHOOD. If the prior is diffuse, 
then the posterior probability is proportional to the likelihood term                   . Maximum likelihood 
picks out the mode (i.e., the peak) of the posterior, i.e., the value of      which maximizes the 
likelihood. We will learn more on this later… 

<latexit sha1_base64="nfCzJTXVlIsxJi/76PTiAHKTIQs=">AAAB/3icbVBNS8NAEN3Ur1q/ooIXL4tFqJeSiKjHohePFewHNKFMtpt26WYTdjdCSXvwr3jxoIhX/4Y3/43bNgdtfTDweG+GmXlBwpnSjvNtFVZW19Y3ipulre2d3T17/6Cp4lQS2iAxj2U7AEU5E7Shmea0nUgKUcBpKxjeTv3WI5WKxeJBjxLqR9AXLGQEtJG69lFY6YEGPMZeADLzgCcDmJx17bJTdWbAy8TNSRnlqHftL68XkzSiQhMOSnVcJ9F+BlIzwumk5KWKJkCG0KcdQwVEVPnZ7P4JPjVKD4exNCU0nqm/JzKIlBpFgemMQA/UojcV//M6qQ6v/YyJJNVUkPmiMOVYx3gaBu4xSYnmI0OASGZuxWQAEog2kZVMCO7iy8ukeV51L6vO/UW5dpPHUUTH6ARVkIuuUA3doTpqIILG6Bm9ojfryXqx3q2PeWvBymcO0R9Ynz8YxJWE</latexit>

f(data|↵̄)
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EXAMPLE 2: Suppose we make an observation at a randomly selected position in the sky. Our 
model of the data, an event D consisting of a single measured flux density f, is that it is distributed 
in a Gaussian way about the true flux density S with variance       . 
The extensive body of source counts tells us the a-priori distribution of S, prob(S)=KS-5/2 (this is the 
prior) describing our prior state of knowledge. K normalizes the counts to 1, i.e., there is presumed 
to be one source in the beam at some flux-density level. 

<latexit sha1_base64="TnpPG2Ayrk0Xr7m4GITLP7hMbbw=">AAAB73icbVBNSwMxEJ34WetX1aOXYBE8ld0i6rHoxWMF+wHtWrJptg1NsmuSFcrSP+HFgyJe/Tve/Dem7R609cHA470ZZuaFieDGet43WlldW9/YLGwVt3d29/ZLB4dNE6easgaNRazbITFMcMUallvB2olmRIaCtcLRzdRvPTFteKzu7ThhgSQDxSNOiXVSu2v4QJKHaq9U9ireDHiZ+DkpQ456r/TV7cc0lUxZKogxHd9LbJARbTkVbFLspoYlhI7IgHUcVUQyE2Szeyf41Cl9HMXalbJ4pv6eyIg0ZixD1ymJHZpFbyr+53VSG10FGVdJapmi80VRKrCN8fR53OeaUSvGjhCqubsV0yHRhFoXUdGF4C++vEya1Yp/UfHuzsu16zyOAhzDCZyBD5dQg1uoQwMoCHiGV3hDj+gFvaOPeesKymeO4A/Q5w/Hao/M</latexit>
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EXAMPLE 2: Suppose we make an observation at a randomly selected position in the sky. Our 
model of the data, an event D consisting of a single measured flux density f, is that it is distributed 
in a Gaussian way about the true flux density S with variance       . 
The extensive body of source counts tells us the a-priori distribution of S, prob(S)=KS-5/2 (this is the 
prior) describing our prior state of knowledge. K normalizes the counts to 1, i.e., there is presumed 
to be one source in the beam at some flux-density level. 

<latexit sha1_base64="TnpPG2Ayrk0Xr7m4GITLP7hMbbw=">AAAB73icbVBNSwMxEJ34WetX1aOXYBE8ld0i6rHoxWMF+wHtWrJptg1NsmuSFcrSP+HFgyJe/Tve/Dem7R609cHA470ZZuaFieDGet43WlldW9/YLGwVt3d29/ZLB4dNE6easgaNRazbITFMcMUallvB2olmRIaCtcLRzdRvPTFteKzu7ThhgSQDxSNOiXVSu2v4QJKHaq9U9ireDHiZ+DkpQ456r/TV7cc0lUxZKogxHd9LbJARbTkVbFLspoYlhI7IgHUcVUQyE2Szeyf41Cl9HMXalbJ4pv6eyIg0ZixD1ymJHZpFbyr+53VSG10FGVdJapmi80VRKrCN8fR53OeaUSvGjhCqubsV0yHRhFoXUdGF4C++vEya1Yp/UfHuzsu16zyOAhzDCZyBD5dQg1uoQwMoCHiGV3hDj+gFvaOPeesKymeO4A/Q5w/Hao/M</latexit>
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The probability of observing f when the true value is S is the likelihood: 

<latexit sha1_base64="q7AF5ryEvSWa5ucm9IGCwNTXW9U=">AAACC3icbZC7TsMwFIYdrqXcAowsViukMrRKKgSMFSyMRdCL1LSV4zqtVTuJbAepsrKz8CosDCDEyguw8Ta4bQZo+SVLn/5zjo7P78eMSuU439bK6tr6xmZuK7+9s7u3bx8cNmWUCEwaOGKRaPtIEkZD0lBUMdKOBUHcZ6Tlj6+n9dYDEZJG4b2axKTL0TCkAcVIGatvF0hPl71AIKzdVFc9SYcc9aop1KWgfHdqKO3bRafizASXwc2gCDLV+/aXN4hwwkmoMENSdlwnVl2NhKKYkTTvJZLECI/RkHQMhogT2dWzW1J4YpwBDCJhXqjgzP09oRGXcsJ908mRGsnF2tT8r9ZJVHDZ1TSME0VCPF8UJAyqCE6DgQMqCFZsYgBhQc1fIR4hE4wy8eVNCO7iycvQrFbc84pze1asXWVx5MAxKIAScMEFqIEbUAcNgMEjeAav4M16sl6sd+tj3rpiZTNH4I+szx+HzpoT</latexit>
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EXAMPLE 2: Suppose we make an observation at a randomly selected position in the sky. Our 
model of the data, an event D consisting of a single measured flux density f, is that it is distributed 
in a Gaussian way about the true flux density S with variance       . 
The extensive body of source counts tells us the a-priori distribution of S, prob(S)=KS-5/2 (this is the 
prior) describing our prior state of knowledge. K normalizes the counts to 1, i.e., there is presumed 
to be one source in the beam at some flux-density level. 
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The probability of observing f when the true value is S is the likelihood: 

Bayes’ theorem —> posterior probability = likelihood * prior: 
<latexit sha1_base64="nXFi528AkVTy57UgKmk5xLTT1sQ="></latexit>
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Suppose that the source counts extend from 1 to 100 units, the noise level was                 , and the 
data were 2, 1.3, 3, 1.5, 2, 1.8, then determine the posterior probability of the flux for the first 2, 4, 
and 6 measurements. 
NOTE: The increase in data gradually overwhelms the prior but the prior affects the conclusions 
markedly when there are a few measurements. 
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NOTE: If I knew nothing about the prior, the mean and sigma of the measurements [2, 1.3, 3, 1.5, 
2, 1.8] are:                                        .  From the posterior probability f(x): 
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We need to have a pragmatic approach: a sequence of numbers would be considered random if 
so appears relative to a set of statistical tests which are aimed at pointing out correlations. 
As a result, what is random for one application may not be random enough for another one. 

All computer generated random numbers have a certain statistical range of validity. 



MONTE CARLO (random number) GENERATORS

There are frequent occasions in probability calculations, hypothesis testing and model fitting when 
it is essential to use a set of numbers distributed how we guess the data might be. We need 
random numbers. 

There are a number of methods to generate random numbers. Key issuesL
1. How long is it before the pseudo-random cycle is repeated? Or how many random numbers do 

you need? —> need to understand the characteristics of the generator 
2. Follow the prescribed implementation precisely
3. The routines generate pseudo-random numbers, i.e., run them again from the same starting 

point and you will get the same set of numbers. 

Q: what is a random number produced by the computer?
A: after all, a computer will produce an output following a deterministic algorithm. The way out of 
this contradiction is that computer generated random numbers are not strictly random, are pseudo-
random. 
We need to have a pragmatic approach: a sequence of numbers would be considered random if 
so appears relative to a set of statistical tests which are aimed at pointing out correlations. 
As a result, what is random for one application may not be random enough for another one. 

All computer generated random numbers have a certain statistical range of validity. 

The simplest distribution function for random numbers is a constant probability distribution, 
a.k.a., uniform deviate. Uniform deviates are the building blocks of random number generation 
and Monte Carlo techniques. 
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Never use a random number generator which has not been tested!

Numerical Recipes has a good variety of random number generators (all uniform deviates):
ran0: very basic and fast, period of correlation 231~109, i.e., you start to see correlation after 109 

numbers; computational cost cc=1.0 (normalized)

ran1: statistically better than ran0, but with smaller period ~108; cc=1.3

ran2: statistically almost perfect; period ~1018 ~ infinity; cc=2.0

ranq1: quick and dirty, period ~104-106, cc=0.1, i.e., very fast
ranq2: quick and dirty, period ~104-106, cc=0.25, i.e., very fast

Q: why use random numbers? 
A: random numbers are the stepping stones of generating distributions functions (a.k.a., deviates)

Example: usually, a uniform deviate generator produces N random numbers between 0 and 1 from 
a uniform distribution. If I want N random numbers between 0 and 10 from a uniform distribution, I 
multiply those generated from the previous example by 10. If I want N random numbers between 2 
and 12 from a uniform distribution, I multiply those generated from the first example by 10 and then 
I add 2.



How do we draw a set of random numbers following a given frequency distribution? 
So far, we have considered random number generators that produce uniform deviates.



How do we draw a set of random numbers following a given frequency distribution? 

Suppose that we have a way of producing random deviates that are uniformly distributed over the 
range 0-1 in the variable a, i.e.,                  , and we have a functional form for our frequency

distribution                         , and we want to draw random numbers from this f(x). 

<latexit sha1_base64="GuwZB/YvCtBaonNeg7QiWqg81PQ=">AAAB8nicbVBNS8NAEJ34WetX1aOXxSJUkJKIqMeiF48V7AekoWy2m3bpZhN2J0Ip/RlePCji1V/jzX/jts1BWx8MPN6bYWZemEph0HW/nZXVtfWNzcJWcXtnd2+/dHDYNEmmGW+wRCa6HVLDpVC8gQIlb6ea0ziUvBUO76Z+64lrIxL1iKOUBzHtKxEJRtFKPiUdoUjFPffOuqWyW3VnIMvEy0kZctS7pa9OL2FZzBUySY3xPTfFYEw1Cib5pNjJDE8pG9I+9y1VNOYmGM9OnpBTq/RIlGhbCslM/T0xprExozi0nTHFgVn0puJ/np9hdBOMhUoz5IrNF0WZJJiQ6f+kJzRnKEeWUKaFvZWwAdWUoU2paEPwFl9eJs2LqndVdR8uy7XbPI4CHMMJVMCDa6jBPdShAQwSeIZXeHPQeXHenY9564qTzxzBHzifP8jqj58=</latexit>

a 2 (0, 1)
<latexit sha1_base64="RSZDTfjhFm/WN/WyCXXLezl0X5U=">AAAB+3icbVBNS8NAEJ3Ur1q/Yj16WSxCvZRERL0IRS8eK9gPaEvZbDbt0s0m7G6kJeSvePGgiFf/iDf/jds2B219MPB4b4aZeV7MmdKO820V1tY3NreK26Wd3b39A/uw3FJRIgltkohHsuNhRTkTtKmZ5rQTS4pDj9O2N76b+e0nKhWLxKOexrQf4qFgASNYG2lgl3uBxCT1RZb6k+wmqE7OBnbFqTlzoFXi5qQCORoD+6vnRyQJqdCEY6W6rhPrfoqlZoTTrNRLFI0xGeMh7RoqcEhVP53fnqFTo/goiKQpodFc/T2R4lCpaeiZzhDrkVr2ZuJ/XjfRwXU/ZSJONBVksShIONIRmgWBfCYp0XxqCCaSmVsRGWEThjZxlUwI7vLLq6R1XnMva87DRaV+m8dRhGM4gSq4cAV1uIcGNIHABJ7hFd6szHqx3q2PRWvBymeO4A+szx/9E5Rm</latexit>

dn

dx
= f(x)

So far, we have considered random number generators that produce uniform deviates.
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dn
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= f(x)
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So far, we have considered random number generators that produce uniform deviates.
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dn

dx
= f(x)

We need a transformation x=x(a) to distort the uniformity of a to follow f(x).

We know that 

<latexit sha1_base64="SvJz/MZO7snwv4YtpqAKFnIDPSc=">AAACJnicbVDLSsNAFJ3UV62vqEs3g0Wom5KIqJtA0Y3LCvYBbSmTyaQdOpmEmYm0hHyNG3/FjYuKiDs/xWmaRR9eGDiPe7lzjxsxKpVl/RiFjc2t7Z3ibmlv/+DwyDw+acowFpg0cMhC0XaRJIxy0lBUMdKOBEGBy0jLHT3M/NYLEZKG/FlNItIL0IBTn2KktNQ3Hb8yvnS6vkA48XiaeOMUOnCBozQnKDOdJdY3y1bVygquAzsHZZBXvW9Ou16I44BwhRmSsmNbkeolSCiKGUlL3ViSCOERGpCOhhwFRPaS7MwUXmjFg34o9OMKZuriRIICKSeBqzsDpIZy1ZuJ/3mdWPl3vYTyKFaE4/kiP2ZQhXCWGfSoIFixiQYIC6r/CvEQ6RyUTrakQ7BXT14HzauqfVO1nq7Ltfs8jiI4A+egAmxwC2rgEdRBA2DwCt7BFHwab8aH8WV8z1sLRj5zCpbK+P0D9g2nXw==</latexit>

f(x) =
dn

dx
=

dn

da

da

dx
=

da

dx

since        is uniform by assumption
<latexit sha1_base64="kr5cpGJXwv/liA9F2h5MDtodKNE=">AAAB9HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cK9gPaUDabTbt0sxt3N4US8ju8eFDEqz/Gm//GbZuDtj4YeLw3w8y8IOFMG9f9dkpr6xubW+Xtys7u3v5B9fCorWWqCG0RyaXqBlhTzgRtGWY47SaK4jjgtBOM72Z+Z0KVZlI8mmlC/RgPBYsYwcZKfj9SmGShyLMQ54Nqza27c6BV4hWkBgWag+pXP5QkjakwhGOte56bGD/DyjDCaV7pp5ommIzxkPYsFTim2s/mR+fozCohiqSyJQyaq78nMhxrPY0D2xljM9LL3kz8z+ulJrrxMyaS1FBBFouilCMj0SwBFDJFieFTSzBRzN6KyAjbHIzNqWJD8JZfXiXti7p3VXcfLmuN2yKOMpzAKZyDB9fQgHtoQgsIPMEzvMKbM3FenHfnY9FacoqZY/gD5/MHYlWSgA==</latexit>

dn

da

So far, we have considered random number generators that produce uniform deviates.
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dx
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We need a transformation x=x(a) to distort the uniformity of a to follow f(x).

We know that 

<latexit sha1_base64="SvJz/MZO7snwv4YtpqAKFnIDPSc=">AAACJnicbVDLSsNAFJ3UV62vqEs3g0Wom5KIqJtA0Y3LCvYBbSmTyaQdOpmEmYm0hHyNG3/FjYuKiDs/xWmaRR9eGDiPe7lzjxsxKpVl/RiFjc2t7Z3ibmlv/+DwyDw+acowFpg0cMhC0XaRJIxy0lBUMdKOBEGBy0jLHT3M/NYLEZKG/FlNItIL0IBTn2KktNQ3Hb8yvnS6vkA48XiaeOMUOnCBozQnKDOdJdY3y1bVygquAzsHZZBXvW9Ou16I44BwhRmSsmNbkeolSCiKGUlL3ViSCOERGpCOhhwFRPaS7MwUXmjFg34o9OMKZuriRIICKSeBqzsDpIZy1ZuJ/3mdWPl3vYTyKFaE4/kiP2ZQhXCWGfSoIFixiQYIC6r/CvEQ6RyUTrakQ7BXT14HzauqfVO1nq7Ltfs8jiI4A+egAmxwC2rgEdRBA2DwCt7BFHwab8aH8WV8z1sLRj5zCpbK+P0D9g2nXw==</latexit>

f(x) =
dn

dx
=

dn

da

da

dx
=

da

dx

since        is uniform by assumption
<latexit sha1_base64="kr5cpGJXwv/liA9F2h5MDtodKNE=">AAAB9HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cK9gPaUDabTbt0sxt3N4US8ju8eFDEqz/Gm//GbZuDtj4YeLw3w8y8IOFMG9f9dkpr6xubW+Xtys7u3v5B9fCorWWqCG0RyaXqBlhTzgRtGWY47SaK4jjgtBOM72Z+Z0KVZlI8mmlC/RgPBYsYwcZKfj9SmGShyLMQ54Nqza27c6BV4hWkBgWag+pXP5QkjakwhGOte56bGD/DyjDCaV7pp5ommIzxkPYsFTim2s/mR+fozCohiqSyJQyaq78nMhxrPY0D2xljM9LL3kz8z+ulJrrxMyaS1FBBFouilCMj0SwBFDJFieFTSzBRzN6KyAjbHIzNqWJD8JZfXiXti7p3VXcfLmuN2yKOMpzAKZyDB9fQgHtoQgsIPMEzvMKbM3FenHfnY9FacoqZY/gD5/MHYlWSgA==</latexit>

dn

da

Then
<latexit sha1_base64="BRnw8uonJ8ATGXKzY8EStZfwUM4=">AAACAHicbVC7SgNBFJ2NrxhfUQsLm8EgxCbsiqiNELSxjGAekKxhdnY2GTI7u8zclYRlG3/FxkIRWz/Dzr9x8ig08cCFM+fcy9x7vFhwDbb9beWWlldW1/LrhY3Nre2d4u5eQ0eJoqxOIxGplkc0E1yyOnAQrBUrRkJPsKY3uBn7zUemNI/kPYxi5oakJ3nAKQEjdYsHpDw8wVe4wyU8pMMsDczbH2bdYsmu2BPgReLMSAnNUOsWvzp+RJOQSaCCaN127BjclCjgVLCs0Ek0iwkdkB5rGypJyLSbTg7I8LFRfBxEypQEPFF/T6Qk1HoUeqYzJNDX895Y/M9rJxBcuimXcQJM0ulHQSIwRHicBva5YhTEyBBCFTe7YtonilAwmRVMCM78yYukcVpxziv23Vmpej2LI48O0REqIwddoCq6RTVURxRl6Bm9ojfryXqx3q2PaWvOms3soz+wPn8AeZiVtQ==</latexit>

a(x) =

Z x

f(x)dx

From whence the required transformation x=x(a), the inverse of            , 
i.e., solve          for x. 

So far, we have considered random number generators that produce uniform deviates.



How do we draw a set of random numbers following a given frequency distribution? 

Suppose that we have a way of producing random deviates that are uniformly distributed over the 
range 0-1 in the variable a, i.e.,                  , and we have a functional form for our frequency

distribution                         , and we want to draw random numbers from this f(x). 
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dn

dx
= f(x)

We need a transformation x=x(a) to distort the uniformity of a to follow f(x).

We know that 

<latexit sha1_base64="SvJz/MZO7snwv4YtpqAKFnIDPSc=">AAACJnicbVDLSsNAFJ3UV62vqEs3g0Wom5KIqJtA0Y3LCvYBbSmTyaQdOpmEmYm0hHyNG3/FjYuKiDs/xWmaRR9eGDiPe7lzjxsxKpVl/RiFjc2t7Z3ibmlv/+DwyDw+acowFpg0cMhC0XaRJIxy0lBUMdKOBEGBy0jLHT3M/NYLEZKG/FlNItIL0IBTn2KktNQ3Hb8yvnS6vkA48XiaeOMUOnCBozQnKDOdJdY3y1bVygquAzsHZZBXvW9Ou16I44BwhRmSsmNbkeolSCiKGUlL3ViSCOERGpCOhhwFRPaS7MwUXmjFg34o9OMKZuriRIICKSeBqzsDpIZy1ZuJ/3mdWPl3vYTyKFaE4/kiP2ZQhXCWGfSoIFixiQYIC6r/CvEQ6RyUTrakQ7BXT14HzauqfVO1nq7Ltfs8jiI4A+egAmxwC2rgEdRBA2DwCt7BFHwab8aH8WV8z1sLRj5zCpbK+P0D9g2nXw==</latexit>

f(x) =
dn

dx
=

dn

da

da

dx
=

da

dx

since        is uniform by assumption
<latexit sha1_base64="kr5cpGJXwv/liA9F2h5MDtodKNE=">AAAB9HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cK9gPaUDabTbt0sxt3N4US8ju8eFDEqz/Gm//GbZuDtj4YeLw3w8y8IOFMG9f9dkpr6xubW+Xtys7u3v5B9fCorWWqCG0RyaXqBlhTzgRtGWY47SaK4jjgtBOM72Z+Z0KVZlI8mmlC/RgPBYsYwcZKfj9SmGShyLMQ54Nqza27c6BV4hWkBgWag+pXP5QkjakwhGOte56bGD/DyjDCaV7pp5ommIzxkPYsFTim2s/mR+fozCohiqSyJQyaq78nMhxrPY0D2xljM9LL3kz8z+ulJrrxMyaS1FBBFouilCMj0SwBFDJFieFTSzBRzN6KyAjbHIzNqWJD8JZfXiXti7p3VXcfLmuN2yKOMpzAKZyDB9fQgHtoQgsIPMEzvMKbM3FenHfnY9FacoqZY/gD5/MHYlWSgA==</latexit>

dn

da

Then
<latexit sha1_base64="BRnw8uonJ8ATGXKzY8EStZfwUM4=">AAACAHicbVC7SgNBFJ2NrxhfUQsLm8EgxCbsiqiNELSxjGAekKxhdnY2GTI7u8zclYRlG3/FxkIRWz/Dzr9x8ig08cCFM+fcy9x7vFhwDbb9beWWlldW1/LrhY3Nre2d4u5eQ0eJoqxOIxGplkc0E1yyOnAQrBUrRkJPsKY3uBn7zUemNI/kPYxi5oakJ3nAKQEjdYsHpDw8wVe4wyU8pMMsDczbH2bdYsmu2BPgReLMSAnNUOsWvzp+RJOQSaCCaN127BjclCjgVLCs0Ek0iwkdkB5rGypJyLSbTg7I8LFRfBxEypQEPFF/T6Qk1HoUeqYzJNDX895Y/M9rJxBcuimXcQJM0ulHQSIwRHicBva5YhTEyBBCFTe7YtonilAwmRVMCM78yYukcVpxziv23Vmpej2LI48O0REqIwddoCq6RTVURxRl6Bm9ojfryXqx3q2PaWvOms3soz+wPn8AeZiVtQ==</latexit>

a(x) =

Z x

f(x)dx

From whence the required transformation x=x(a), the inverse of            , 
i.e., solve          for x. 

random uniform

<latexit sha1_base64="GuwZB/YvCtBaonNeg7QiWqg81PQ=">AAAB8nicbVBNS8NAEJ34WetX1aOXxSJUkJKIqMeiF48V7AekoWy2m3bpZhN2J0Ip/RlePCji1V/jzX/jts1BWx8MPN6bYWZemEph0HW/nZXVtfWNzcJWcXtnd2+/dHDYNEmmGW+wRCa6HVLDpVC8gQIlb6ea0ziUvBUO76Z+64lrIxL1iKOUBzHtKxEJRtFKPiUdoUjFPffOuqWyW3VnIMvEy0kZctS7pa9OL2FZzBUySY3xPTfFYEw1Cib5pNjJDE8pG9I+9y1VNOYmGM9OnpBTq/RIlGhbCslM/T0xprExozi0nTHFgVn0puJ/np9hdBOMhUoz5IrNF0WZJJiQ6f+kJzRnKEeWUKaFvZWwAdWUoU2paEPwFl9eJs2LqndVdR8uy7XbPI4CHMMJVMCDa6jBPdShAQwSeIZXeHPQeXHenY9564qTzxzBHzifP8jqj58=</latexit>

a 2 (0, 1) x=x(a) other random distribution

So far, we have considered random number generators that produce uniform deviates.



EXAMPLE 1: 
<latexit sha1_base64="L70qMlsPzt5wu0bqWMHNqkQ7/EE=">AAACAXicbVDLSsNAFJ3UV62vqBvBzWAR6qIhKVbdCEU3LivYB7SxTCaTdujkwcxEUkLd+CtuXCji1r9w5984bbPQ1gMXDufcy733OBGjQprmt5ZbWl5ZXcuvFzY2t7Z39N29pghjjkkDhyzkbQcJwmhAGpJKRtoRJ8h3GGk5w+uJ33ogXNAwuJOjiNg+6gfUoxhJJfX0A6+UnLgJvIRly6jC5D4tV4zq2E16etE0zCngIrEyUgQZ6j39q+uGOPZJIDFDQnQsM5J2irikmJFxoRsLEiE8RH3SUTRAPhF2Ov1gDI+V4kIv5KoCCafq74kU+UKMfEd1+kgOxLw3Ef/zOrH0LuyUBlEsSYBni7yYQRnCSRzQpZxgyUaKIMypuhXiAeIISxVaQYVgzb+8SJoVwzozzNvTYu0qiyMPDsERKAELnIMauAF10AAYPIJn8AretCftRXvXPmatOS2b2Qd/oH3+AKQdlHU=</latexit>

f(x)dx = �1.5x�2.5dx



EXAMPLE 1: 
<latexit sha1_base64="L70qMlsPzt5wu0bqWMHNqkQ7/EE=">AAACAXicbVDLSsNAFJ3UV62vqBvBzWAR6qIhKVbdCEU3LivYB7SxTCaTdujkwcxEUkLd+CtuXCji1r9w5984bbPQ1gMXDufcy733OBGjQprmt5ZbWl5ZXcuvFzY2t7Z39N29pghjjkkDhyzkbQcJwmhAGpJKRtoRJ8h3GGk5w+uJ33ogXNAwuJOjiNg+6gfUoxhJJfX0A6+UnLgJvIRly6jC5D4tV4zq2E16etE0zCngIrEyUgQZ6j39q+uGOPZJIDFDQnQsM5J2irikmJFxoRsLEiE8RH3SUTRAPhF2Ov1gDI+V4kIv5KoCCafq74kU+UKMfEd1+kgOxLw3Ef/zOrH0LuyUBlEsSYBni7yYQRnCSRzQpZxgyUaKIMypuhXiAeIISxVaQYVgzb+8SJoVwzozzNvTYu0qiyMPDsERKAELnIMauAF10AAYPIJn8AretCftRXvXPmatOS2b2Qd/oH3+AKQdlHU=</latexit>

f(x)dx = �1.5x�2.5dx
<latexit sha1_base64="WnCVbui1zeifIn5nPEcJ6NWknZs=">AAACCXicbVC7TsMwFHXKq5RXgJHFokIqA1GCeC2VKlgYi0QfUl9yXKe16jiR7aBUUVYWfoWFAYRY+QM2/ga3zQAtR7rS8Tn3yvceN2RUKtv+NnJLyyura/n1wsbm1vaOubtXl0EkMKnhgAWi6SJJGOWkpqhipBkKgnyXkYY7upn4jQciJA34vRqHpOOjAacexUhpqWdCVIqPYRm2KVfdJE4TT7/7cVqOu8mJY52nPbNoW/YUcJE4GSmCDNWe+dXuBzjyCVeYISlbjh2qToKEopiRtNCOJAkRHqEBaWnKkU9kJ5leksIjrfShFwhdXMGp+nsiQb6UY9/VnT5SQznvTcT/vFakvKtOQnkYKcLx7CMvYlAFcBIL7FNBsGJjTRAWVO8K8RAJhJUOr6BDcOZPXiT1U8u5sOy7s2LlOosjDw7AISgBB1yCCrgFVVADGDyCZ/AK3own48V4Nz5mrTkjm9kHf2B8/gBay5jb</latexit>

a(x) =

Z x

f(x)dx = x�1.5



EXAMPLE 1: 
<latexit sha1_base64="L70qMlsPzt5wu0bqWMHNqkQ7/EE=">AAACAXicbVDLSsNAFJ3UV62vqBvBzWAR6qIhKVbdCEU3LivYB7SxTCaTdujkwcxEUkLd+CtuXCji1r9w5984bbPQ1gMXDufcy733OBGjQprmt5ZbWl5ZXcuvFzY2t7Z39N29pghjjkkDhyzkbQcJwmhAGpJKRtoRJ8h3GGk5w+uJ33ogXNAwuJOjiNg+6gfUoxhJJfX0A6+UnLgJvIRly6jC5D4tV4zq2E16etE0zCngIrEyUgQZ6j39q+uGOPZJIDFDQnQsM5J2irikmJFxoRsLEiE8RH3SUTRAPhF2Ov1gDI+V4kIv5KoCCafq74kU+UKMfEd1+kgOxLw3Ef/zOrH0LuyUBlEsSYBni7yYQRnCSRzQpZxgyUaKIMypuhXiAeIISxVaQYVgzb+8SJoVwzozzNvTYu0qiyMPDsERKAELnIMauAF10AAYPIJn8AretCftRXvXPmatOS2b2Qd/oH3+AKQdlHU=</latexit>

f(x)dx = �1.5x�2.5dx
<latexit sha1_base64="WnCVbui1zeifIn5nPEcJ6NWknZs=">AAACCXicbVC7TsMwFHXKq5RXgJHFokIqA1GCeC2VKlgYi0QfUl9yXKe16jiR7aBUUVYWfoWFAYRY+QM2/ga3zQAtR7rS8Tn3yvceN2RUKtv+NnJLyyura/n1wsbm1vaOubtXl0EkMKnhgAWi6SJJGOWkpqhipBkKgnyXkYY7upn4jQciJA34vRqHpOOjAacexUhpqWdCVIqPYRm2KVfdJE4TT7/7cVqOu8mJY52nPbNoW/YUcJE4GSmCDNWe+dXuBzjyCVeYISlbjh2qToKEopiRtNCOJAkRHqEBaWnKkU9kJ5leksIjrfShFwhdXMGp+nsiQb6UY9/VnT5SQznvTcT/vFakvKtOQnkYKcLx7CMvYlAFcBIL7FNBsGJjTRAWVO8K8RAJhJUOr6BDcOZPXiT1U8u5sOy7s2LlOosjDw7AISgBB1yCCrgFVVADGDyCZ/AK3own48V4Nz5mrTkjm9kHf2B8/gBay5jb</latexit>

a(x) =

Z x

f(x)dx = x�1.5

<latexit sha1_base64="wraYzm8Pn2CgELjtt+T8VLh50UQ=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgxpiIr41QdOOygn1AG8tkOmmHTiZhZiKG0N9w40IRt/6MO//GaZuFth64cDjnXu69x485U9pxvq3CwuLS8kpxtbS2vrG5Vd7eaagokYTWScQj2fKxopwJWtdMc9qKJcWhz2nTH96M/eYjlYpF4l6nMfVC3BcsYARrI3WervBDduQeu/bZqFuuOLYzAZonbk4qkKPWLX91ehFJQio04ViptuvE2suw1IxwOip1EkVjTIa4T9uGChxS5WWTm0fowCg9FETSlNBoov6eyHCoVBr6pjPEeqBmvbH4n9dOdHDpZUzEiaaCTBcFCUc6QuMAUI9JSjRPDcFEMnMrIgMsMdEmppIJwZ19eZ40Tmz33HbuTivV6zyOIuzBPhyCCxdQhVuoQR0IxPAMr/BmJdaL9W59TFsLVj6zC39gff4AP3mQhA==</latexit>

x = a�1/1.5 <latexit sha1_base64="GuwZB/YvCtBaonNeg7QiWqg81PQ=">AAAB8nicbVBNS8NAEJ34WetX1aOXxSJUkJKIqMeiF48V7AekoWy2m3bpZhN2J0Ip/RlePCji1V/jzX/jts1BWx8MPN6bYWZemEph0HW/nZXVtfWNzcJWcXtnd2+/dHDYNEmmGW+wRCa6HVLDpVC8gQIlb6ea0ziUvBUO76Z+64lrIxL1iKOUBzHtKxEJRtFKPiUdoUjFPffOuqWyW3VnIMvEy0kZctS7pa9OL2FZzBUySY3xPTfFYEw1Cib5pNjJDE8pG9I+9y1VNOYmGM9OnpBTq/RIlGhbCslM/T0xprExozi0nTHFgVn0puJ/np9hdBOMhUoz5IrNF0WZJJiQ6f+kJzRnKEeWUKaFvZWwAdWUoU2paEPwFl9eJs2LqndVdR8uy7XbPI4CHMMJVMCDa6jBPdShAQwSeIZXeHPQeXHenY9564qTzxzBHzifP8jqj58=</latexit>

a 2 (0, 1)



EXAMPLE 1: 
<latexit sha1_base64="L70qMlsPzt5wu0bqWMHNqkQ7/EE=">AAACAXicbVDLSsNAFJ3UV62vqBvBzWAR6qIhKVbdCEU3LivYB7SxTCaTdujkwcxEUkLd+CtuXCji1r9w5984bbPQ1gMXDufcy733OBGjQprmt5ZbWl5ZXcuvFzY2t7Z39N29pghjjkkDhyzkbQcJwmhAGpJKRtoRJ8h3GGk5w+uJ33ogXNAwuJOjiNg+6gfUoxhJJfX0A6+UnLgJvIRly6jC5D4tV4zq2E16etE0zCngIrEyUgQZ6j39q+uGOPZJIDFDQnQsM5J2irikmJFxoRsLEiE8RH3SUTRAPhF2Ov1gDI+V4kIv5KoCCafq74kU+UKMfEd1+kgOxLw3Ef/zOrH0LuyUBlEsSYBni7yYQRnCSRzQpZxgyUaKIMypuhXiAeIISxVaQYVgzb+8SJoVwzozzNvTYu0qiyMPDsERKAELnIMauAF10AAYPIJn8AretCftRXvXPmatOS2b2Qd/oH3+AKQdlHU=</latexit>

f(x)dx = �1.5x�2.5dx
<latexit sha1_base64="WnCVbui1zeifIn5nPEcJ6NWknZs=">AAACCXicbVC7TsMwFHXKq5RXgJHFokIqA1GCeC2VKlgYi0QfUl9yXKe16jiR7aBUUVYWfoWFAYRY+QM2/ga3zQAtR7rS8Tn3yvceN2RUKtv+NnJLyyura/n1wsbm1vaOubtXl0EkMKnhgAWi6SJJGOWkpqhipBkKgnyXkYY7upn4jQciJA34vRqHpOOjAacexUhpqWdCVIqPYRm2KVfdJE4TT7/7cVqOu8mJY52nPbNoW/YUcJE4GSmCDNWe+dXuBzjyCVeYISlbjh2qToKEopiRtNCOJAkRHqEBaWnKkU9kJ5leksIjrfShFwhdXMGp+nsiQb6UY9/VnT5SQznvTcT/vFakvKtOQnkYKcLx7CMvYlAFcBIL7FNBsGJjTRAWVO8K8RAJhJUOr6BDcOZPXiT1U8u5sOy7s2LlOosjDw7AISgBB1yCCrgFVVADGDyCZ/AK3own48V4Nz5mrTkjm9kHf2B8/gBay5jb</latexit>

a(x) =

Z x

f(x)dx = x�1.5

<latexit sha1_base64="wraYzm8Pn2CgELjtt+T8VLh50UQ=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgxpiIr41QdOOygn1AG8tkOmmHTiZhZiKG0N9w40IRt/6MO//GaZuFth64cDjnXu69x485U9pxvq3CwuLS8kpxtbS2vrG5Vd7eaagokYTWScQj2fKxopwJWtdMc9qKJcWhz2nTH96M/eYjlYpF4l6nMfVC3BcsYARrI3WervBDduQeu/bZqFuuOLYzAZonbk4qkKPWLX91ehFJQio04ViptuvE2suw1IxwOip1EkVjTIa4T9uGChxS5WWTm0fowCg9FETSlNBoov6eyHCoVBr6pjPEeqBmvbH4n9dOdHDpZUzEiaaCTBcFCUc6QuMAUI9JSjRPDcFEMnMrIgMsMdEmppIJwZ19eZ40Tmz33HbuTivV6zyOIuzBPhyCCxdQhVuoQR0IxPAMr/BmJdaL9W59TFsLVj6zC39gff4AP3mQhA==</latexit>

x = a�1/1.5 <latexit sha1_base64="GuwZB/YvCtBaonNeg7QiWqg81PQ=">AAAB8nicbVBNS8NAEJ34WetX1aOXxSJUkJKIqMeiF48V7AekoWy2m3bpZhN2J0Ip/RlePCji1V/jzX/jts1BWx8MPN6bYWZemEph0HW/nZXVtfWNzcJWcXtnd2+/dHDYNEmmGW+wRCa6HVLDpVC8gQIlb6ea0ziUvBUO76Z+64lrIxL1iKOUBzHtKxEJRtFKPiUdoUjFPffOuqWyW3VnIMvEy0kZctS7pa9OL2FZzBUySY3xPTfFYEw1Cib5pNjJDE8pG9I+9y1VNOYmGM9OnpBTq/RIlGhbCslM/T0xprExozi0nTHFgVn0puJ/np9hdBOMhUoz5IrNF0WZJJiQ6f+kJzRnKEeWUKaFvZWwAdWUoU2paEPwFl9eJs2LqndVdR8uy7XbPI4CHMMJVMCDa6jBPdShAQwSeIZXeHPQeXHenY9564qTzxzBHzifP8jqj58=</latexit>

a 2 (0, 1)

EXAMPLE 2: exponential deviate
Suppose you want numbers randomly drawn from a distribution that is inversely exponential 



EXAMPLE 1: 
<latexit sha1_base64="L70qMlsPzt5wu0bqWMHNqkQ7/EE=">AAACAXicbVDLSsNAFJ3UV62vqBvBzWAR6qIhKVbdCEU3LivYB7SxTCaTdujkwcxEUkLd+CtuXCji1r9w5984bbPQ1gMXDufcy733OBGjQprmt5ZbWl5ZXcuvFzY2t7Z39N29pghjjkkDhyzkbQcJwmhAGpJKRtoRJ8h3GGk5w+uJ33ogXNAwuJOjiNg+6gfUoxhJJfX0A6+UnLgJvIRly6jC5D4tV4zq2E16etE0zCngIrEyUgQZ6j39q+uGOPZJIDFDQnQsM5J2irikmJFxoRsLEiE8RH3SUTRAPhF2Ov1gDI+V4kIv5KoCCafq74kU+UKMfEd1+kgOxLw3Ef/zOrH0LuyUBlEsSYBni7yYQRnCSRzQpZxgyUaKIMypuhXiAeIISxVaQYVgzb+8SJoVwzozzNvTYu0qiyMPDsERKAELnIMauAF10AAYPIJn8AretCftRXvXPmatOS2b2Qd/oH3+AKQdlHU=</latexit>

f(x)dx = �1.5x�2.5dx
<latexit sha1_base64="WnCVbui1zeifIn5nPEcJ6NWknZs=">AAACCXicbVC7TsMwFHXKq5RXgJHFokIqA1GCeC2VKlgYi0QfUl9yXKe16jiR7aBUUVYWfoWFAYRY+QM2/ga3zQAtR7rS8Tn3yvceN2RUKtv+NnJLyyura/n1wsbm1vaOubtXl0EkMKnhgAWi6SJJGOWkpqhipBkKgnyXkYY7upn4jQciJA34vRqHpOOjAacexUhpqWdCVIqPYRm2KVfdJE4TT7/7cVqOu8mJY52nPbNoW/YUcJE4GSmCDNWe+dXuBzjyCVeYISlbjh2qToKEopiRtNCOJAkRHqEBaWnKkU9kJ5leksIjrfShFwhdXMGp+nsiQb6UY9/VnT5SQznvTcT/vFakvKtOQnkYKcLx7CMvYlAFcBIL7FNBsGJjTRAWVO8K8RAJhJUOr6BDcOZPXiT1U8u5sOy7s2LlOosjDw7AISgBB1yCCrgFVVADGDyCZ/AK3own48V4Nz5mrTkjm9kHf2B8/gBay5jb</latexit>

a(x) =

Z x

f(x)dx = x�1.5

<latexit sha1_base64="wraYzm8Pn2CgELjtt+T8VLh50UQ=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgxpiIr41QdOOygn1AG8tkOmmHTiZhZiKG0N9w40IRt/6MO//GaZuFth64cDjnXu69x485U9pxvq3CwuLS8kpxtbS2vrG5Vd7eaagokYTWScQj2fKxopwJWtdMc9qKJcWhz2nTH96M/eYjlYpF4l6nMfVC3BcsYARrI3WervBDduQeu/bZqFuuOLYzAZonbk4qkKPWLX91ehFJQio04ViptuvE2suw1IxwOip1EkVjTIa4T9uGChxS5WWTm0fowCg9FETSlNBoov6eyHCoVBr6pjPEeqBmvbH4n9dOdHDpZUzEiaaCTBcFCUc6QuMAUI9JSjRPDcFEMnMrIgMsMdEmppIJwZ19eZ40Tmz33HbuTivV6zyOIuzBPhyCCxdQhVuoQR0IxPAMr/BmJdaL9W59TFsLVj6zC39gff4AP3mQhA==</latexit>

x = a�1/1.5 <latexit sha1_base64="GuwZB/YvCtBaonNeg7QiWqg81PQ=">AAAB8nicbVBNS8NAEJ34WetX1aOXxSJUkJKIqMeiF48V7AekoWy2m3bpZhN2J0Ip/RlePCji1V/jzX/jts1BWx8MPN6bYWZemEph0HW/nZXVtfWNzcJWcXtnd2+/dHDYNEmmGW+wRCa6HVLDpVC8gQIlb6ea0ziUvBUO76Z+64lrIxL1iKOUBzHtKxEJRtFKPiUdoUjFPffOuqWyW3VnIMvEy0kZctS7pa9OL2FZzBUySY3xPTfFYEw1Cib5pNjJDE8pG9I+9y1VNOYmGM9OnpBTq/RIlGhbCslM/T0xprExozi0nTHFgVn0puJ/np9hdBOMhUoz5IrNF0WZJJiQ6f+kJzRnKEeWUKaFvZWwAdWUoU2paEPwFl9eJs2LqndVdR8uy7XbPI4CHMMJVMCDa6jBPdShAQwSeIZXeHPQeXHenY9564qTzxzBHzifP8jqj58=</latexit>

a 2 (0, 1)

EXAMPLE 2: exponential deviate
Suppose you want numbers randomly drawn from a distribution that is inversely exponential 

<latexit sha1_base64="fulwytCzRi/00PTBDB+eTrVMzFA=">AAAB8nicbVBNSwMxEJ31s9avqkcvwSLUg2VXRL0IRS8eK9gP2NaSTbNtaDZZkqy0LP0ZXjwo4tVf481/Y9ruQVsfDDzem2FmXhBzpo3rfjtLyyura+u5jfzm1vbObmFvv65logitEcmlagZYU84ErRlmOG3GiuIo4LQRDG4nfuOJKs2keDCjmLYj3BMsZAQbK/lhaXhyTR/T0+G4Uyi6ZXcKtEi8jBQhQ7VT+Gp1JUkiKgzhWGvfc2PTTrEyjHA6zrcSTWNMBrhHfUsFjqhup9OTx+jYKl0USmVLGDRVf0+kONJ6FAW2M8Kmr+e9ifif5ycmvGqnTMSJoYLMFoUJR0aiyf+oyxQlho8swUQxeysifawwMTalvA3Bm395kdTPyt5F2b0/L1ZusjhycAhHUAIPLqECd1CFGhCQ8Ayv8OYY58V5dz5mrUtONnMAf+B8/gB2P5C5</latexit>

f(x) = e�x <latexit sha1_base64="luiQu/XRDUgVEa0f9Ye/5vY8DKo=">AAAB8nicbVBNS8NAEJ34WetX1aOXxSJ4sSQi6kUoevFYwX5AWspmu2mXbjZhdyKW0J/hxYMiXv013vw3btsctPXBwOO9GWbmBYkUBl3321laXlldWy9sFDe3tnd2S3v7DROnmvE6i2WsWwE1XArF6yhQ8laiOY0CyZvB8HbiNx+5NiJWDzhKeCeifSVCwShayX8i1+S0LVVGx91S2a24U5BF4uWkDDlq3dJXuxezNOIKmaTG+J6bYCejGgWTfFxsp4YnlA1pn/uWKhpx08mmJ4/JsVV6JIy1LYVkqv6eyGhkzCgKbGdEcWDmvYn4n+enGF51MqGSFLlis0VhKgnGZPI/6QnNGcqRJZRpYW8lbEA1ZWhTKtoQvPmXF0njrOJdVNz783L1Jo+jAIdwBCfgwSVU4Q5qUAcGMTzDK7w56Lw4787HrHXJyWcO4A+czx9LsZCe</latexit>

x = � ln a



EXAMPLE 1: 
<latexit sha1_base64="L70qMlsPzt5wu0bqWMHNqkQ7/EE=">AAACAXicbVDLSsNAFJ3UV62vqBvBzWAR6qIhKVbdCEU3LivYB7SxTCaTdujkwcxEUkLd+CtuXCji1r9w5984bbPQ1gMXDufcy733OBGjQprmt5ZbWl5ZXcuvFzY2t7Z39N29pghjjkkDhyzkbQcJwmhAGpJKRtoRJ8h3GGk5w+uJ33ogXNAwuJOjiNg+6gfUoxhJJfX0A6+UnLgJvIRly6jC5D4tV4zq2E16etE0zCngIrEyUgQZ6j39q+uGOPZJIDFDQnQsM5J2irikmJFxoRsLEiE8RH3SUTRAPhF2Ov1gDI+V4kIv5KoCCafq74kU+UKMfEd1+kgOxLw3Ef/zOrH0LuyUBlEsSYBni7yYQRnCSRzQpZxgyUaKIMypuhXiAeIISxVaQYVgzb+8SJoVwzozzNvTYu0qiyMPDsERKAELnIMauAF10AAYPIJn8AretCftRXvXPmatOS2b2Qd/oH3+AKQdlHU=</latexit>

f(x)dx = �1.5x�2.5dx
<latexit sha1_base64="WnCVbui1zeifIn5nPEcJ6NWknZs=">AAACCXicbVC7TsMwFHXKq5RXgJHFokIqA1GCeC2VKlgYi0QfUl9yXKe16jiR7aBUUVYWfoWFAYRY+QM2/ga3zQAtR7rS8Tn3yvceN2RUKtv+NnJLyyura/n1wsbm1vaOubtXl0EkMKnhgAWi6SJJGOWkpqhipBkKgnyXkYY7upn4jQciJA34vRqHpOOjAacexUhpqWdCVIqPYRm2KVfdJE4TT7/7cVqOu8mJY52nPbNoW/YUcJE4GSmCDNWe+dXuBzjyCVeYISlbjh2qToKEopiRtNCOJAkRHqEBaWnKkU9kJ5leksIjrfShFwhdXMGp+nsiQb6UY9/VnT5SQznvTcT/vFakvKtOQnkYKcLx7CMvYlAFcBIL7FNBsGJjTRAWVO8K8RAJhJUOr6BDcOZPXiT1U8u5sOy7s2LlOosjDw7AISgBB1yCCrgFVVADGDyCZ/AK3own48V4Nz5mrTkjm9kHf2B8/gBay5jb</latexit>

a(x) =

Z x

f(x)dx = x�1.5

<latexit sha1_base64="wraYzm8Pn2CgELjtt+T8VLh50UQ=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgxpiIr41QdOOygn1AG8tkOmmHTiZhZiKG0N9w40IRt/6MO//GaZuFth64cDjnXu69x485U9pxvq3CwuLS8kpxtbS2vrG5Vd7eaagokYTWScQj2fKxopwJWtdMc9qKJcWhz2nTH96M/eYjlYpF4l6nMfVC3BcsYARrI3WervBDduQeu/bZqFuuOLYzAZonbk4qkKPWLX91ehFJQio04ViptuvE2suw1IxwOip1EkVjTIa4T9uGChxS5WWTm0fowCg9FETSlNBoov6eyHCoVBr6pjPEeqBmvbH4n9dOdHDpZUzEiaaCTBcFCUc6QuMAUI9JSjRPDcFEMnMrIgMsMdEmppIJwZ19eZ40Tmz33HbuTivV6zyOIuzBPhyCCxdQhVuoQR0IxPAMr/BmJdaL9W59TFsLVj6zC39gff4AP3mQhA==</latexit>

x = a�1/1.5 <latexit sha1_base64="GuwZB/YvCtBaonNeg7QiWqg81PQ=">AAAB8nicbVBNS8NAEJ34WetX1aOXxSJUkJKIqMeiF48V7AekoWy2m3bpZhN2J0Ip/RlePCji1V/jzX/jts1BWx8MPN6bYWZemEph0HW/nZXVtfWNzcJWcXtnd2+/dHDYNEmmGW+wRCa6HVLDpVC8gQIlb6ea0ziUvBUO76Z+64lrIxL1iKOUBzHtKxEJRtFKPiUdoUjFPffOuqWyW3VnIMvEy0kZctS7pa9OL2FZzBUySY3xPTfFYEw1Cib5pNjJDE8pG9I+9y1VNOYmGM9OnpBTq/RIlGhbCslM/T0xprExozi0nTHFgVn0puJ/np9hdBOMhUoz5IrNF0WZJJiQ6f+kJzRnKEeWUKaFvZWwAdWUoU2paEPwFl9eJs2LqndVdR8uy7XbPI4CHMMJVMCDa6jBPdShAQwSeIZXeHPQeXHenY9564qTzxzBHzifP8jqj58=</latexit>

a 2 (0, 1)

EXAMPLE 2: exponential deviate
Suppose you want numbers randomly drawn from a distribution that is inversely exponential 

<latexit sha1_base64="fulwytCzRi/00PTBDB+eTrVMzFA=">AAAB8nicbVBNSwMxEJ31s9avqkcvwSLUg2VXRL0IRS8eK9gP2NaSTbNtaDZZkqy0LP0ZXjwo4tVf481/Y9ruQVsfDDzem2FmXhBzpo3rfjtLyyura+u5jfzm1vbObmFvv65logitEcmlagZYU84ErRlmOG3GiuIo4LQRDG4nfuOJKs2keDCjmLYj3BMsZAQbK/lhaXhyTR/T0+G4Uyi6ZXcKtEi8jBQhQ7VT+Gp1JUkiKgzhWGvfc2PTTrEyjHA6zrcSTWNMBrhHfUsFjqhup9OTx+jYKl0USmVLGDRVf0+kONJ6FAW2M8Kmr+e9ifif5ycmvGqnTMSJoYLMFoUJR0aiyf+oyxQlho8swUQxeysifawwMTalvA3Bm395kdTPyt5F2b0/L1ZusjhycAhHUAIPLqECd1CFGhCQ8Ayv8OYY58V5dz5mrUtONnMAf+B8/gB2P5C5</latexit>

f(x) = e�x <latexit sha1_base64="luiQu/XRDUgVEa0f9Ye/5vY8DKo=">AAAB8nicbVBNS8NAEJ34WetX1aOXxSJ4sSQi6kUoevFYwX5AWspmu2mXbjZhdyKW0J/hxYMiXv013vw3btsctPXBwOO9GWbmBYkUBl3321laXlldWy9sFDe3tnd2S3v7DROnmvE6i2WsWwE1XArF6yhQ8laiOY0CyZvB8HbiNx+5NiJWDzhKeCeifSVCwShayX8i1+S0LVVGx91S2a24U5BF4uWkDDlq3dJXuxezNOIKmaTG+J6bYCejGgWTfFxsp4YnlA1pn/uWKhpx08mmJ4/JsVV6JIy1LYVkqv6eyGhkzCgKbGdEcWDmvYn4n+enGF51MqGSFLlis0VhKgnGZPI/6QnNGcqRJZRpYW8lbEA1ZWhTKtoQvPmXF0njrOJdVNz783L1Jo+jAIdwBCfgwSVU4Q5qUAcGMTzDK7w56Lw4787HrHXJyWcO4A+czx9LsZCe</latexit>

x = � ln a
function       expdev(seed)
                     tmp = ran1(seed)              —> this produces a uniform deviate

exdev = -ln(tmp)              —> this produces the exponential deviate
end function



EXAMPLE 1: 
<latexit sha1_base64="L70qMlsPzt5wu0bqWMHNqkQ7/EE=">AAACAXicbVDLSsNAFJ3UV62vqBvBzWAR6qIhKVbdCEU3LivYB7SxTCaTdujkwcxEUkLd+CtuXCji1r9w5984bbPQ1gMXDufcy733OBGjQprmt5ZbWl5ZXcuvFzY2t7Z39N29pghjjkkDhyzkbQcJwmhAGpJKRtoRJ8h3GGk5w+uJ33ogXNAwuJOjiNg+6gfUoxhJJfX0A6+UnLgJvIRly6jC5D4tV4zq2E16etE0zCngIrEyUgQZ6j39q+uGOPZJIDFDQnQsM5J2irikmJFxoRsLEiE8RH3SUTRAPhF2Ov1gDI+V4kIv5KoCCafq74kU+UKMfEd1+kgOxLw3Ef/zOrH0LuyUBlEsSYBni7yYQRnCSRzQpZxgyUaKIMypuhXiAeIISxVaQYVgzb+8SJoVwzozzNvTYu0qiyMPDsERKAELnIMauAF10AAYPIJn8AretCftRXvXPmatOS2b2Qd/oH3+AKQdlHU=</latexit>

f(x)dx = �1.5x�2.5dx
<latexit sha1_base64="WnCVbui1zeifIn5nPEcJ6NWknZs=">AAACCXicbVC7TsMwFHXKq5RXgJHFokIqA1GCeC2VKlgYi0QfUl9yXKe16jiR7aBUUVYWfoWFAYRY+QM2/ga3zQAtR7rS8Tn3yvceN2RUKtv+NnJLyyura/n1wsbm1vaOubtXl0EkMKnhgAWi6SJJGOWkpqhipBkKgnyXkYY7upn4jQciJA34vRqHpOOjAacexUhpqWdCVIqPYRm2KVfdJE4TT7/7cVqOu8mJY52nPbNoW/YUcJE4GSmCDNWe+dXuBzjyCVeYISlbjh2qToKEopiRtNCOJAkRHqEBaWnKkU9kJ5leksIjrfShFwhdXMGp+nsiQb6UY9/VnT5SQznvTcT/vFakvKtOQnkYKcLx7CMvYlAFcBIL7FNBsGJjTRAWVO8K8RAJhJUOr6BDcOZPXiT1U8u5sOy7s2LlOosjDw7AISgBB1yCCrgFVVADGDyCZ/AK3own48V4Nz5mrTkjm9kHf2B8/gBay5jb</latexit>

a(x) =

Z x

f(x)dx = x�1.5

<latexit sha1_base64="wraYzm8Pn2CgELjtt+T8VLh50UQ=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgxpiIr41QdOOygn1AG8tkOmmHTiZhZiKG0N9w40IRt/6MO//GaZuFth64cDjnXu69x485U9pxvq3CwuLS8kpxtbS2vrG5Vd7eaagokYTWScQj2fKxopwJWtdMc9qKJcWhz2nTH96M/eYjlYpF4l6nMfVC3BcsYARrI3WervBDduQeu/bZqFuuOLYzAZonbk4qkKPWLX91ehFJQio04ViptuvE2suw1IxwOip1EkVjTIa4T9uGChxS5WWTm0fowCg9FETSlNBoov6eyHCoVBr6pjPEeqBmvbH4n9dOdHDpZUzEiaaCTBcFCUc6QuMAUI9JSjRPDcFEMnMrIgMsMdEmppIJwZ19eZ40Tmz33HbuTivV6zyOIuzBPhyCCxdQhVuoQR0IxPAMr/BmJdaL9W59TFsLVj6zC39gff4AP3mQhA==</latexit>

x = a�1/1.5 <latexit sha1_base64="GuwZB/YvCtBaonNeg7QiWqg81PQ=">AAAB8nicbVBNS8NAEJ34WetX1aOXxSJUkJKIqMeiF48V7AekoWy2m3bpZhN2J0Ip/RlePCji1V/jzX/jts1BWx8MPN6bYWZemEph0HW/nZXVtfWNzcJWcXtnd2+/dHDYNEmmGW+wRCa6HVLDpVC8gQIlb6ea0ziUvBUO76Z+64lrIxL1iKOUBzHtKxEJRtFKPiUdoUjFPffOuqWyW3VnIMvEy0kZctS7pa9OL2FZzBUySY3xPTfFYEw1Cib5pNjJDE8pG9I+9y1VNOYmGM9OnpBTq/RIlGhbCslM/T0xprExozi0nTHFgVn0puJ/np9hdBOMhUoz5IrNF0WZJJiQ6f+kJzRnKEeWUKaFvZWwAdWUoU2paEPwFl9eJs2LqndVdR8uy7XbPI4CHMMJVMCDa6jBPdShAQwSeIZXeHPQeXHenY9564qTzxzBHzifP8jqj58=</latexit>

a 2 (0, 1)

EXAMPLE 2: exponential deviate
Suppose you want numbers randomly drawn from a distribution that is inversely exponential 

<latexit sha1_base64="fulwytCzRi/00PTBDB+eTrVMzFA=">AAAB8nicbVBNSwMxEJ31s9avqkcvwSLUg2VXRL0IRS8eK9gP2NaSTbNtaDZZkqy0LP0ZXjwo4tVf481/Y9ruQVsfDDzem2FmXhBzpo3rfjtLyyura+u5jfzm1vbObmFvv65logitEcmlagZYU84ErRlmOG3GiuIo4LQRDG4nfuOJKs2keDCjmLYj3BMsZAQbK/lhaXhyTR/T0+G4Uyi6ZXcKtEi8jBQhQ7VT+Gp1JUkiKgzhWGvfc2PTTrEyjHA6zrcSTWNMBrhHfUsFjqhup9OTx+jYKl0USmVLGDRVf0+kONJ6FAW2M8Kmr+e9ifif5ycmvGqnTMSJoYLMFoUJR0aiyf+oyxQlho8swUQxeysifawwMTalvA3Bm395kdTPyt5F2b0/L1ZusjhycAhHUAIPLqECd1CFGhCQ8Ayv8OYY58V5dz5mrUtONnMAf+B8/gB2P5C5</latexit>

f(x) = e�x <latexit sha1_base64="luiQu/XRDUgVEa0f9Ye/5vY8DKo=">AAAB8nicbVBNS8NAEJ34WetX1aOXxSJ4sSQi6kUoevFYwX5AWspmu2mXbjZhdyKW0J/hxYMiXv013vw3btsctPXBwOO9GWbmBYkUBl3321laXlldWy9sFDe3tnd2S3v7DROnmvE6i2WsWwE1XArF6yhQ8laiOY0CyZvB8HbiNx+5NiJWDzhKeCeifSVCwShayX8i1+S0LVVGx91S2a24U5BF4uWkDDlq3dJXuxezNOIKmaTG+J6bYCejGgWTfFxsp4YnlA1pn/uWKhpx08mmJ4/JsVV6JIy1LYVkqv6eyGhkzCgKbGdEcWDmvYn4n+enGF51MqGSFLlis0VhKgnGZPI/6QnNGcqRJZRpYW8lbEA1ZWhTKtoQvPmXF0njrOJdVNz783L1Jo+jAIdwBCfgwSVU4Q5qUAcGMTzDK7w56Lw4787HrHXJyWcO4A+czx9LsZCe</latexit>

x = � ln a
function       expdev(seed)
                     tmp = ran1(seed)              —> this produces a uniform deviate

exdev = -ln(tmp)              —> this produces the exponential deviate
end function

In general,
you want a set of random numbers drawn from a distribution f(x)

<latexit sha1_base64="sVxNPPcpvuevyrKVYGfdriatfkY=">AAACBnicbVDLSsNAFJ3UV62vqEsRBotQNyURUTdCqRuXFewDmlImk0k7dDIJMxNpiVm58VfcuFDErd/gzr9xmmahrQcuHM65l3vvcSNGpbKsb6OwtLyyulZcL21sbm3vmLt7LRnGApMmDlkoOi6ShFFOmooqRjqRIChwGWm7o+up374nQtKQ36lJRHoBGnDqU4yUlvrmoVOngwfo+ALhxENp4o3TTLryK+OTvlm2qlYGuEjsnJRBjkbf/HK8EMcB4QozJGXXtiLVS5BQFDOSlpxYkgjhERqQrqYcBUT2kuyNFB5rxYN+KHRxBTP190SCAikngas7A6SGct6biv953Vj5l72E8ihWhOPZIj9mUIVwmgn0qCBYsYkmCAuqb4V4iHQiSidX0iHY8y8vktZp1T6vWrdn5Vo9j6MIDsARqAAbXIAauAEN0AQYPIJn8ArejCfjxXg3PmatBSOf2Qd/YHz+AN0XmLs=</latexit>���
da

dx

��� = f(x)

Taking the integral,                                                           primitive function

<latexit sha1_base64="95lLPJwFhiDQfMR0SkFmtCxcOo4=">AAACBXicbVDLSgMxFM34rPVVdamLYBHqpsyIqJtCURCXFewD2rFk0kwbmskMyR1pGbpx46+4caGIW//BnX9j2s5CWw+EnJxzLzf3eJHgGmz721pYXFpeWc2sZdc3Nre2czu7NR3GirIqDUWoGh7RTHDJqsBBsEakGAk8wepe/2rs1x+Y0jyUdzCMmBuQruQ+pwSM1M4dkMLgGJdwi0u4TwajxDfvzmBUujZ3O5e3i/YEeJ44KcmjFJV27qvVCWkcMAlUEK2bjh2BmxAFnAo2yrZizSJC+6TLmoZKEjDtJpMtRvjIKB3sh8ocCXii/u5ISKD1MPBMZUCgp2e9sfif14zBv3ATLqMYmKTTQX4sMIR4HAnucMUoiKEhhCpu/oppjyhCwQSXNSE4syvPk9pJ0Tkr2ren+fJlGkcG7aNDVEAOOkdldIMqqIooekTP6BW9WU/Wi/VufUxLF6y0Zw/9gfX5A1YdlzM=</latexit>

a(x) =

Z x

f(x)dx = F (x)

So that, x=x(a), x=F-1(a) inverse function of the primitive (ex., F = e- ; F-1=-ln) 



The transformation method has a limited validity: it is limited by the knowledge of F-1(a); this is 
known analytically for the exponential and a normal (Gaussian) deviates. 

Q: What if F-1(a) cannot be calculated? 
A: We use the rejection method (general, but not as efficient as the transformation method)

We want to produce random numbers drawn 
from the distribution p(x). f(x) is a Gaussian 
which I know to construct (it should be integrable 
and invertible, so that a random sample can 
easily be obtained from f(x) through the previous 
transformation method).

If I can construct a distribution function that follows f(x) and that incorporates p(x), then I can 
reject the excess and be left with the desired deviate. 

Of course, there is an overhead = rejected points = 
<latexit sha1_base64="D9hQG/SPKFUQzRHyAkzDiglPxpo=">AAACBXicbVC7TsMwFHXKq5RXgREGiwqpDFQJQsBYwcJYJPqQ2qhyHKe16jiRfYNaRV1Y+BUWBhBi5R/Y+BvcNgO0HMnSuefcq+t7vFhwDbb9beWWlldW1/LrhY3Nre2d4u5eQ0eJoqxOIxGplkc0E1yyOnAQrBUrRkJPsKY3uJn4zQemNI/kPYxi5oakJ3nAKQEjdYuHHS4hDcrDE384xqd4WsZZ2S2W7Io9BV4kTkZKKEOtW/zq+BFNQiaBCqJ127FjcFOigFPBxoVOollM6ID0WNtQSUKm3XR6xRgfG8XHQaTMk4Cn6u+JlIRaj0LPdIYE+nrem4j/ee0Egis35TJOgEk6WxQkAkOEJ5FgnytGQYwMIVRx81dM+0QRCia4ggnBmT95kTTOKs5Fxb47L1Wvszjy6AAdoTJy0CWqoltUQ3VE0SN6Rq/ozXqyXqx362PWmrOymX30B9bnDyRPl7M=</latexit>Z

f(x)dx�
Z

p(x)dx

The problem therefore is that of generating random numbers below f(x). 



STEP 1: choose a random number with uniform deviate 
<latexit sha1_base64="6Oc7JtqBMrMfm4EbEeUNvccXgdc=">AAAB+nicbVBNS8NAEJ34WetXqkcvi0XwICURUY9VLx4r2A9IQtlsN+3SzSbsbpQS+1O8eFDEq7/Em//GbZuDtj4YeLw3w8y8MOVMacf5tpaWV1bX1ksb5c2t7Z1du7LXUkkmCW2ShCeyE2JFORO0qZnmtJNKiuOQ03Y4vJn47QcqFUvEvR6lNIhxX7CIEayN1LUrfohljsfIZwJ5zslV0LWrTs2ZAi0StyBVKNDo2l9+LyFZTIUmHCvluU6qgxxLzQin47KfKZpiMsR96hkqcExVkE9PH6Mjo/RQlEhTQqOp+nsix7FSozg0nTHWAzXvTcT/PC/T0WWQM5FmmgoyWxRlHOkETXJAPSYp0XxkCCaSmVsRGWCJiTZplU0I7vzLi6R1WnPPa87dWbV+XcRRggM4hGNw4QLqcAsNaAKBR3iGV3iznqwX6936mLUuWcXMPvyB9fkDzZ6TDA==</latexit>

ā 2 [0, A]
STEP 2: calculate 

<latexit sha1_base64="xjBGjwv1Ea+oNzyY8Uen+esfaTA="></latexit>

x̄ so that

Z x̄

0
f(x)dx = ā = F (x̄)

STEP 3: once              in known, I choose a random number       from a uniform deviate 

between 0 and                           , i.e., 

<latexit sha1_base64="HyRFLpcraYhfpWBgwRbIxfT7/uY=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoMQL2FXRD0GvXiMYB6YhDA7mU2GzM4uM71iWPIXXjwo4tW/8ebfOEn2oIkFDUVVN91dfiyFQdf9dnIrq2vrG/nNwtb2zu5ecf+gYaJEM15nkYx0y6eGS6F4HQVK3oo1p6EvedMf3Uz95iPXRkTqHscx74Z0oEQgGEUrPQTljk91+jQ57RVLbsWdgSwTLyMlyFDrFb86/YglIVfIJDWm7bkxdlOqUTDJJ4VOYnhM2YgOeNtSRUNuuuns4gk5sUqfBJG2pZDM1N8TKQ2NGYe+7QwpDs2iNxX/89oJBlfdVKg4Qa7YfFGQSIIRmb5P+kJzhnJsCWVa2FsJG1JNGdqQCjYEb/HlZdI4q3gXFffuvFS9zuLIwxEcQxk8uIQq3EIN6sBAwTO8wptjnBfn3fmYt+acbOYQ/sD5/AExxZCb</latexit>

f(x̄)
<latexit sha1_base64="7YOKCpO4HIABFsqVS+F/DE2QyFQ=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cK9gPaUCbbTbt0swm7G6GE/ggvHhTx6u/x5r9x0+agrQ8GHu/NMDMvSATXxnW/ndLa+sbmVnm7srO7t39QPTxq6zhVlLVoLGLVDVAzwSVrGW4E6yaKYRQI1gkmd7nfeWJK81g+mmnC/AhHkoecorFSpx+gynA2qNbcujsHWSVeQWpQoDmofvWHMU0jJg0VqHXPcxPjZ6gMp4LNKv1UswTpBEesZ6nEiGk/m587I2dWGZIwVrakIXP190SGkdbTKLCdEZqxXvZy8T+vl5rwxs+4TFLDJF0sClNBTEzy38mQK0aNmFqCVHF7K6FjVEiNTahiQ/CWX14l7Yu6d1V3Hy5rjdsijjKcwCmcgwfX0IB7aEILKEzgGV7hzUmcF+fd+Vi0lpxi5hj+wPn8AYKrj68=</latexit>

ā
<latexit sha1_base64="mV99/GV7n1XLaaLg34//zdcf4UQ=">AAAB83icbVBNSwMxEJ31s9avqkcvwSLUS9kVUS9C1YvHCvYDukvJptk2NJsNSVYsS/+GFw+KePXPePPfmLZ70NYHA4/3ZpiZF0rOtHHdb2dpeWV1bb2wUdzc2t7ZLe3tN3WSKkIbJOGJaodYU84EbRhmOG1LRXEcctoKh7cTv/VIlWaJeDAjSYMY9wWLGMHGSv71VVTxQ6yyp/FJt1R2q+4UaJF4OSlDjnq39OX3EpLGVBjCsdYdz5UmyLAyjHA6LvqpphKTIe7TjqUCx1QH2fTmMTq2Sg9FibIlDJqqvycyHGs9ikPbGWMz0PPeRPzP66QmugwyJmRqqCCzRVHKkUnQJADUY4oSw0eWYKKYvRWRAVaYGBtT0Ybgzb+8SJqnVe+86t6flWs3eRwFOIQjqIAHF1CDO6hDAwhIeIZXeHNS58V5dz5mrUtOPnMAf+B8/gA/55Et</latexit>

A = f(x̄)
<latexit sha1_base64="IHT/ivxSGHAtYpJQmD+bhuY488g=">AAACBXicbVDLSsNAFJ3UV62vqEtdDBahgpRERN0IVTcuK9gHJKFMppN26GQSZiZiCdm48VfcuFDErf/gzr9xmmah1QMXDufcy733+DGjUlnWl1Gam19YXCovV1ZW19Y3zM2ttowSgUkLRywSXR9JwignLUUVI91YEBT6jHT80dXE79wRIWnEb9U4Jl6IBpwGFCOlpZ656/pIpCiDLuXQsQ4vzoNaLt1nB17PrFp1Kwf8S+yCVEGBZs/8dPsRTkLCFWZISse2YuWlSCiKGckqbiJJjPAIDYijKUchkV6af5HBfa30YRAJXVzBXP05kaJQynHo684QqaGc9Sbif56TqODMSymPE0U4ni4KEgZVBCeRwD4VBCs21gRhQfWtEA+RQFjp4Co6BHv25b+kfVS3T+rWzXG1cVnEUQY7YA/UgA1OQQNcgyZoAQwewBN4Aa/Go/FsvBnv09aSUcxsg18wPr4Bt4iXbw==</latexit>

ā 2 [0, A = f(x̄)]

STEP 4: if 
<latexit sha1_base64="Grsgs9lJ/0EIoKRTE1fYRZ1C72g=">AAACAHicbVC7TsMwFL0pr1JeAQYGFosKqSxVghAwVrAwFok+pCaqHNdprToPbAdRRVn4FRYGEGLlM9j4G9w0A7Qc6UrH59wr33u8mDOpLOvbKC0tr6yuldcrG5tb2zvm7l5bRokgtEUiHomuhyXlLKQtxRSn3VhQHHicdrzx9dTvPFAhWRTeqUlM3QAPQ+YzgpWW+uaB42GR4gw5nN6juJY/H7OTvlm16lYOtEjsglShQLNvfjmDiCQBDRXhWMqebcXKTbFQjHCaVZxE0hiTMR7SnqYhDqh00/yADB1rZYD8SOgKFcrV3xMpDqScBJ7uDLAayXlvKv7n9RLlX7opC+NE0ZDMPvITjlSEpmmgAROUKD7RBBPB9K6IjLDAROnMKjoEe/7kRdI+rdvndev2rNq4KuIowyEcQQ1suIAG3EATWkAgg2d4hTfjyXgx3o2PWWvJKGb24Q+Mzx8o4pYg</latexit>

ā  p(x̄)

           if 
<latexit sha1_base64="fbbk+5E4xTMxVkxltwgaOJrfBq4=">AAAB/XicbZDLSsNAFIYnXmu9xcvOzWAR6qYkIupKim5cVrAXaEM5mU7aoZNJmJmINQRfxY0LRdz6Hu58G6dpF9r6w8DHf87hnPn9mDOlHefbWlhcWl5ZLawV1zc2t7btnd2GihJJaJ1EPJItHxTlTNC6ZprTViwphD6nTX94Pa4376lULBJ3ehRTL4S+YAEjoI3Vtfc7PsgUMnyJ43LOD9lx1y45FScXngd3CiU0Va1rf3V6EUlCKjThoFTbdWLtpSA1I5xmxU6iaAxkCH3aNiggpMpL8+szfGScHg4iaZ7QOHd/T6QQKjUKfdMZgh6o2drY/K/WTnRw4aVMxImmgkwWBQnHOsLjKHCPSUo0HxkAIpm5FZMBSCDaBFY0IbizX56HxknFPas4t6el6tU0jgI6QIeojFx0jqroBtVQHRH0iJ7RK3qznqwX6936mLQuWNOZPfRH1ucPiSWUog==</latexit>

ā > p(x̄)

KEEP

REJECT



STEP 1: choose a random number with uniform deviate 
<latexit sha1_base64="6Oc7JtqBMrMfm4EbEeUNvccXgdc=">AAAB+nicbVBNS8NAEJ34WetXqkcvi0XwICURUY9VLx4r2A9IQtlsN+3SzSbsbpQS+1O8eFDEq7/Em//GbZuDtj4YeLw3w8y8MOVMacf5tpaWV1bX1ksb5c2t7Z1du7LXUkkmCW2ShCeyE2JFORO0qZnmtJNKiuOQ03Y4vJn47QcqFUvEvR6lNIhxX7CIEayN1LUrfohljsfIZwJ5zslV0LWrTs2ZAi0StyBVKNDo2l9+LyFZTIUmHCvluU6qgxxLzQin47KfKZpiMsR96hkqcExVkE9PH6Mjo/RQlEhTQqOp+nsix7FSozg0nTHWAzXvTcT/PC/T0WWQM5FmmgoyWxRlHOkETXJAPSYp0XxkCCaSmVsRGWCJiTZplU0I7vzLi6R1WnPPa87dWbV+XcRRggM4hGNw4QLqcAsNaAKBR3iGV3iznqwX6936mLUuWcXMPvyB9fkDzZ6TDA==</latexit>

ā 2 [0, A]
STEP 2: calculate 

<latexit sha1_base64="xjBGjwv1Ea+oNzyY8Uen+esfaTA="></latexit>

x̄ so that

Z x̄

0
f(x)dx = ā = F (x̄)

STEP 3: once              in known, I choose a random number       from a uniform deviate 

between 0 and                           , i.e., 

<latexit sha1_base64="HyRFLpcraYhfpWBgwRbIxfT7/uY=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoMQL2FXRD0GvXiMYB6YhDA7mU2GzM4uM71iWPIXXjwo4tW/8ebfOEn2oIkFDUVVN91dfiyFQdf9dnIrq2vrG/nNwtb2zu5ecf+gYaJEM15nkYx0y6eGS6F4HQVK3oo1p6EvedMf3Uz95iPXRkTqHscx74Z0oEQgGEUrPQTljk91+jQ57RVLbsWdgSwTLyMlyFDrFb86/YglIVfIJDWm7bkxdlOqUTDJJ4VOYnhM2YgOeNtSRUNuuuns4gk5sUqfBJG2pZDM1N8TKQ2NGYe+7QwpDs2iNxX/89oJBlfdVKg4Qa7YfFGQSIIRmb5P+kJzhnJsCWVa2FsJG1JNGdqQCjYEb/HlZdI4q3gXFffuvFS9zuLIwxEcQxk8uIQq3EIN6sBAwTO8wptjnBfn3fmYt+acbOYQ/sD5/AExxZCb</latexit>

f(x̄)
<latexit sha1_base64="7YOKCpO4HIABFsqVS+F/DE2QyFQ=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cK9gPaUCbbTbt0swm7G6GE/ggvHhTx6u/x5r9x0+agrQ8GHu/NMDMvSATXxnW/ndLa+sbmVnm7srO7t39QPTxq6zhVlLVoLGLVDVAzwSVrGW4E6yaKYRQI1gkmd7nfeWJK81g+mmnC/AhHkoecorFSpx+gynA2qNbcujsHWSVeQWpQoDmofvWHMU0jJg0VqHXPcxPjZ6gMp4LNKv1UswTpBEesZ6nEiGk/m587I2dWGZIwVrakIXP190SGkdbTKLCdEZqxXvZy8T+vl5rwxs+4TFLDJF0sClNBTEzy38mQK0aNmFqCVHF7K6FjVEiNTahiQ/CWX14l7Yu6d1V3Hy5rjdsijjKcwCmcgwfX0IB7aEILKEzgGV7hzUmcF+fd+Vi0lpxi5hj+wPn8AYKrj68=</latexit>

ā
<latexit sha1_base64="mV99/GV7n1XLaaLg34//zdcf4UQ=">AAAB83icbVBNSwMxEJ31s9avqkcvwSLUS9kVUS9C1YvHCvYDukvJptk2NJsNSVYsS/+GFw+KePXPePPfmLZ70NYHA4/3ZpiZF0rOtHHdb2dpeWV1bb2wUdzc2t7ZLe3tN3WSKkIbJOGJaodYU84EbRhmOG1LRXEcctoKh7cTv/VIlWaJeDAjSYMY9wWLGMHGSv71VVTxQ6yyp/FJt1R2q+4UaJF4OSlDjnq39OX3EpLGVBjCsdYdz5UmyLAyjHA6LvqpphKTIe7TjqUCx1QH2fTmMTq2Sg9FibIlDJqqvycyHGs9ikPbGWMz0PPeRPzP66QmugwyJmRqqCCzRVHKkUnQJADUY4oSw0eWYKKYvRWRAVaYGBtT0Ybgzb+8SJqnVe+86t6flWs3eRwFOIQjqIAHF1CDO6hDAwhIeIZXeHNS58V5dz5mrUtOPnMAf+B8/gA/55Et</latexit>

A = f(x̄)
<latexit sha1_base64="IHT/ivxSGHAtYpJQmD+bhuY488g=">AAACBXicbVDLSsNAFJ3UV62vqEtdDBahgpRERN0IVTcuK9gHJKFMppN26GQSZiZiCdm48VfcuFDErf/gzr9xmmah1QMXDufcy733+DGjUlnWl1Gam19YXCovV1ZW19Y3zM2ttowSgUkLRywSXR9JwignLUUVI91YEBT6jHT80dXE79wRIWnEb9U4Jl6IBpwGFCOlpZ656/pIpCiDLuXQsQ4vzoNaLt1nB17PrFp1Kwf8S+yCVEGBZs/8dPsRTkLCFWZISse2YuWlSCiKGckqbiJJjPAIDYijKUchkV6af5HBfa30YRAJXVzBXP05kaJQynHo684QqaGc9Sbif56TqODMSymPE0U4ni4KEgZVBCeRwD4VBCs21gRhQfWtEA+RQFjp4Co6BHv25b+kfVS3T+rWzXG1cVnEUQY7YA/UgA1OQQNcgyZoAQwewBN4Aa/Go/FsvBnv09aSUcxsg18wPr4Bt4iXbw==</latexit>

ā 2 [0, A = f(x̄)]

STEP 4: if 
<latexit sha1_base64="Grsgs9lJ/0EIoKRTE1fYRZ1C72g=">AAACAHicbVC7TsMwFL0pr1JeAQYGFosKqSxVghAwVrAwFok+pCaqHNdprToPbAdRRVn4FRYGEGLlM9j4G9w0A7Qc6UrH59wr33u8mDOpLOvbKC0tr6yuldcrG5tb2zvm7l5bRokgtEUiHomuhyXlLKQtxRSn3VhQHHicdrzx9dTvPFAhWRTeqUlM3QAPQ+YzgpWW+uaB42GR4gw5nN6juJY/H7OTvlm16lYOtEjsglShQLNvfjmDiCQBDRXhWMqebcXKTbFQjHCaVZxE0hiTMR7SnqYhDqh00/yADB1rZYD8SOgKFcrV3xMpDqScBJ7uDLAayXlvKv7n9RLlX7opC+NE0ZDMPvITjlSEpmmgAROUKD7RBBPB9K6IjLDAROnMKjoEe/7kRdI+rdvndev2rNq4KuIowyEcQQ1suIAG3EATWkAgg2d4hTfjyXgx3o2PWWvJKGb24Q+Mzx8o4pYg</latexit>

ā  p(x̄)

           if 
<latexit sha1_base64="fbbk+5E4xTMxVkxltwgaOJrfBq4=">AAAB/XicbZDLSsNAFIYnXmu9xcvOzWAR6qYkIupKim5cVrAXaEM5mU7aoZNJmJmINQRfxY0LRdz6Hu58G6dpF9r6w8DHf87hnPn9mDOlHefbWlhcWl5ZLawV1zc2t7btnd2GihJJaJ1EPJItHxTlTNC6ZprTViwphD6nTX94Pa4376lULBJ3ehRTL4S+YAEjoI3Vtfc7PsgUMnyJ43LOD9lx1y45FScXngd3CiU0Va1rf3V6EUlCKjThoFTbdWLtpSA1I5xmxU6iaAxkCH3aNiggpMpL8+szfGScHg4iaZ7QOHd/T6QQKjUKfdMZgh6o2drY/K/WTnRw4aVMxImmgkwWBQnHOsLjKHCPSUo0HxkAIpm5FZMBSCDaBFY0IbizX56HxknFPas4t6el6tU0jgI6QIeojFx0jqroBtVQHRH0iJ7RK3qznqwX6936mLQuWNOZPfRH1ucPiSWUog==</latexit>

ā > p(x̄)

KEEP

REJECT

EXAMPLE:
PC)

XAx

STEP 1: I pick a number      from a uniform deviate between 0 and xmax
<latexit sha1_base64="UdatUZfk9r/EBKzkKNkAIifn5/o=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48V7Ae0oWy2k3bpZhN2N2IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3H1FpHssHM0nQj+hQ8pAzaqzU7gVUZU/TfrniVt05yCrxclKBHI1++as3iFkaoTRMUK27npsYP6PKcCZwWuqlGhPKxnSIXUsljVD72fzcKTmzyoCEsbIlDZmrvycyGmk9iQLbGVEz0sveTPzP66YmvPYzLpPUoGSLRWEqiInJ7Hcy4AqZERNLKFPc3krYiCrKjE2oZEPwll9eJa2LqleruveXlfpNHkcRTuAUzsGDK6jDHTSgCQzG8Ayv8OYkzovz7nwsWgtOPnMMf+B8/gClno/G</latexit>

x̄
STEP 2: I pick a random number from a uniform deviate between 0 and C, which I call

<latexit sha1_base64="7YOKCpO4HIABFsqVS+F/DE2QyFQ=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cK9gPaUCbbTbt0swm7G6GE/ggvHhTx6u/x5r9x0+agrQ8GHu/NMDMvSATXxnW/ndLa+sbmVnm7srO7t39QPTxq6zhVlLVoLGLVDVAzwSVrGW4E6yaKYRQI1gkmd7nfeWJK81g+mmnC/AhHkoecorFSpx+gynA2qNbcujsHWSVeQWpQoDmofvWHMU0jJg0VqHXPcxPjZ6gMp4LNKv1UswTpBEesZ6nEiGk/m587I2dWGZIwVrakIXP190SGkdbTKLCdEZqxXvZy8T+vl5rwxs+4TFLDJF0sClNBTEzy38mQK0aNmFqCVHF7K6FjVEiNTahiQ/CWX14l7Yu6d1V3Hy5rjdsijjKcwCmcgwfX0IB7aEILKEzgGV7hzUmcF+fd+Vi0lpxi5hj+wPn8AYKrj68=</latexit>

ā
STEP 3: If 

<latexit sha1_base64="hain/fHcFRVE66GEk4F9HKiMBPI=">AAACEHicbVC7TsMwFHXKq5RXgZHFokKUpUoQAiZUwcJYJPqQ2qi6cd3W1Ikj2wGqqP0DFn6FhQGEWBnZ+BvcNAMUjmTp6Jx7dX2OF3KmtG1/WZm5+YXFpexybmV1bX0jv7lVUyKShFaJ4EI2PFCUs4BWNdOcNkJJwfc4rXuDi4lfv6VSMRFc62FIXR96AesyAtpI7fx+ywMZwwif4bCY8PvRwbglWa+vQUpxN5b0hhLdzhfskp0A/yVOSgooRaWd/2x1BIl8GmjCQammY4fajUFqRjgd5VqRoiGQAfRo09AAfKrcOAk0wntG6eCukOYFGifqz40YfKWGvmcmfdB9NetNxP+8ZqS7p27MgjDSNCDTQ92IYy3wpB3cYdKE5UNDgEhm/opJHyQQbTrMmRKc2ch/Se2w5ByX7KujQvk8rSOLdtAuKiIHnaAyukQVVEUEPaAn9IJerUfr2Xqz3qejGSvd2Ua/YH18A2wsnX4=</latexit>

ā > p(x̄) ! reject

<latexit sha1_base64="7Nw6GQ9MPlhIR9NA1ZOOhzmZYiA=">AAACE3icbVA9SwNBEN3zM8avqKXNYhDUItyJqGXQxlLBaCAXwtxmkizufbg7p4Yj+Q02/hUbC0Vsbez8N25iCjU+GHj73gw784JESUOu++lMTE5Nz8zm5vLzC4tLy4WV1QsTp1pgRcQq1tUADCoZYYUkKawmGiEMFF4GV8cD//IGtZFxdE7dBOshtCPZkgLISo3Cjh+AzqDHfYXXPNkaPu96231fy3aHQOv4tg9CYEKNQtEtuUPwceKNSJGNcNoofPjNWKQhRiQUGFPz3ITqGWiSQmEv76cGExBX0MaapRGEaOrZ8KYe37RKk7dibSsiPlR/TmQQGtMNA9sZAnXMX28g/ufVUmod1jMZJSlhJL4/aqWKU8wHAfGm1ChIdS0BoaXdlYsOaBBkY8zbELy/J4+Ti92St19yz/aK5aNRHDm2zjbYFvPYASuzE3bKKkywe/bIntmL8+A8Oa/O23frhDOaWWO/4Lx/ARJinu8=</latexit>

ā  p(x̄) ! accept



STEP 1: choose a random number with uniform deviate 
<latexit sha1_base64="6Oc7JtqBMrMfm4EbEeUNvccXgdc=">AAAB+nicbVBNS8NAEJ34WetXqkcvi0XwICURUY9VLx4r2A9IQtlsN+3SzSbsbpQS+1O8eFDEq7/Em//GbZuDtj4YeLw3w8y8MOVMacf5tpaWV1bX1ksb5c2t7Z1du7LXUkkmCW2ShCeyE2JFORO0qZnmtJNKiuOQ03Y4vJn47QcqFUvEvR6lNIhxX7CIEayN1LUrfohljsfIZwJ5zslV0LWrTs2ZAi0StyBVKNDo2l9+LyFZTIUmHCvluU6qgxxLzQin47KfKZpiMsR96hkqcExVkE9PH6Mjo/RQlEhTQqOp+nsix7FSozg0nTHWAzXvTcT/PC/T0WWQM5FmmgoyWxRlHOkETXJAPSYp0XxkCCaSmVsRGWCJiTZplU0I7vzLi6R1WnPPa87dWbV+XcRRggM4hGNw4QLqcAsNaAKBR3iGV3iznqwX6936mLUuWcXMPvyB9fkDzZ6TDA==</latexit>

ā 2 [0, A]
STEP 2: calculate 

<latexit sha1_base64="xjBGjwv1Ea+oNzyY8Uen+esfaTA="></latexit>

x̄ so that

Z x̄

0
f(x)dx = ā = F (x̄)

STEP 3: once              in known, I choose a random number       from a uniform deviate 

between 0 and                           , i.e., 

<latexit sha1_base64="HyRFLpcraYhfpWBgwRbIxfT7/uY=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoMQL2FXRD0GvXiMYB6YhDA7mU2GzM4uM71iWPIXXjwo4tW/8ebfOEn2oIkFDUVVN91dfiyFQdf9dnIrq2vrG/nNwtb2zu5ecf+gYaJEM15nkYx0y6eGS6F4HQVK3oo1p6EvedMf3Uz95iPXRkTqHscx74Z0oEQgGEUrPQTljk91+jQ57RVLbsWdgSwTLyMlyFDrFb86/YglIVfIJDWm7bkxdlOqUTDJJ4VOYnhM2YgOeNtSRUNuuuns4gk5sUqfBJG2pZDM1N8TKQ2NGYe+7QwpDs2iNxX/89oJBlfdVKg4Qa7YfFGQSIIRmb5P+kJzhnJsCWVa2FsJG1JNGdqQCjYEb/HlZdI4q3gXFffuvFS9zuLIwxEcQxk8uIQq3EIN6sBAwTO8wptjnBfn3fmYt+acbOYQ/sD5/AExxZCb</latexit>

f(x̄)
<latexit sha1_base64="7YOKCpO4HIABFsqVS+F/DE2QyFQ=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cK9gPaUCbbTbt0swm7G6GE/ggvHhTx6u/x5r9x0+agrQ8GHu/NMDMvSATXxnW/ndLa+sbmVnm7srO7t39QPTxq6zhVlLVoLGLVDVAzwSVrGW4E6yaKYRQI1gkmd7nfeWJK81g+mmnC/AhHkoecorFSpx+gynA2qNbcujsHWSVeQWpQoDmofvWHMU0jJg0VqHXPcxPjZ6gMp4LNKv1UswTpBEesZ6nEiGk/m587I2dWGZIwVrakIXP190SGkdbTKLCdEZqxXvZy8T+vl5rwxs+4TFLDJF0sClNBTEzy38mQK0aNmFqCVHF7K6FjVEiNTahiQ/CWX14l7Yu6d1V3Hy5rjdsijjKcwCmcgwfX0IB7aEILKEzgGV7hzUmcF+fd+Vi0lpxi5hj+wPn8AYKrj68=</latexit>

ā
<latexit sha1_base64="mV99/GV7n1XLaaLg34//zdcf4UQ=">AAAB83icbVBNSwMxEJ31s9avqkcvwSLUS9kVUS9C1YvHCvYDukvJptk2NJsNSVYsS/+GFw+KePXPePPfmLZ70NYHA4/3ZpiZF0rOtHHdb2dpeWV1bb2wUdzc2t7ZLe3tN3WSKkIbJOGJaodYU84EbRhmOG1LRXEcctoKh7cTv/VIlWaJeDAjSYMY9wWLGMHGSv71VVTxQ6yyp/FJt1R2q+4UaJF4OSlDjnq39OX3EpLGVBjCsdYdz5UmyLAyjHA6LvqpphKTIe7TjqUCx1QH2fTmMTq2Sg9FibIlDJqqvycyHGs9ikPbGWMz0PPeRPzP66QmugwyJmRqqCCzRVHKkUnQJADUY4oSw0eWYKKYvRWRAVaYGBtT0Ybgzb+8SJqnVe+86t6flWs3eRwFOIQjqIAHF1CDO6hDAwhIeIZXeHNS58V5dz5mrUtOPnMAf+B8/gA/55Et</latexit>

A = f(x̄)
<latexit sha1_base64="IHT/ivxSGHAtYpJQmD+bhuY488g=">AAACBXicbVDLSsNAFJ3UV62vqEtdDBahgpRERN0IVTcuK9gHJKFMppN26GQSZiZiCdm48VfcuFDErf/gzr9xmmah1QMXDufcy733+DGjUlnWl1Gam19YXCovV1ZW19Y3zM2ttowSgUkLRywSXR9JwignLUUVI91YEBT6jHT80dXE79wRIWnEb9U4Jl6IBpwGFCOlpZ656/pIpCiDLuXQsQ4vzoNaLt1nB17PrFp1Kwf8S+yCVEGBZs/8dPsRTkLCFWZISse2YuWlSCiKGckqbiJJjPAIDYijKUchkV6af5HBfa30YRAJXVzBXP05kaJQynHo684QqaGc9Sbif56TqODMSymPE0U4ni4KEgZVBCeRwD4VBCs21gRhQfWtEA+RQFjp4Co6BHv25b+kfVS3T+rWzXG1cVnEUQY7YA/UgA1OQQNcgyZoAQwewBN4Aa/Go/FsvBnv09aSUcxsg18wPr4Bt4iXbw==</latexit>

ā 2 [0, A = f(x̄)]

STEP 4: if 
<latexit sha1_base64="Grsgs9lJ/0EIoKRTE1fYRZ1C72g=">AAACAHicbVC7TsMwFL0pr1JeAQYGFosKqSxVghAwVrAwFok+pCaqHNdprToPbAdRRVn4FRYGEGLlM9j4G9w0A7Qc6UrH59wr33u8mDOpLOvbKC0tr6yuldcrG5tb2zvm7l5bRokgtEUiHomuhyXlLKQtxRSn3VhQHHicdrzx9dTvPFAhWRTeqUlM3QAPQ+YzgpWW+uaB42GR4gw5nN6juJY/H7OTvlm16lYOtEjsglShQLNvfjmDiCQBDRXhWMqebcXKTbFQjHCaVZxE0hiTMR7SnqYhDqh00/yADB1rZYD8SOgKFcrV3xMpDqScBJ7uDLAayXlvKv7n9RLlX7opC+NE0ZDMPvITjlSEpmmgAROUKD7RBBPB9K6IjLDAROnMKjoEe/7kRdI+rdvndev2rNq4KuIowyEcQQ1suIAG3EATWkAgg2d4hTfjyXgx3o2PWWvJKGb24Q+Mzx8o4pYg</latexit>

ā  p(x̄)

           if 
<latexit sha1_base64="fbbk+5E4xTMxVkxltwgaOJrfBq4=">AAAB/XicbZDLSsNAFIYnXmu9xcvOzWAR6qYkIupKim5cVrAXaEM5mU7aoZNJmJmINQRfxY0LRdz6Hu58G6dpF9r6w8DHf87hnPn9mDOlHefbWlhcWl5ZLawV1zc2t7btnd2GihJJaJ1EPJItHxTlTNC6ZprTViwphD6nTX94Pa4376lULBJ3ehRTL4S+YAEjoI3Vtfc7PsgUMnyJ43LOD9lx1y45FScXngd3CiU0Va1rf3V6EUlCKjThoFTbdWLtpSA1I5xmxU6iaAxkCH3aNiggpMpL8+szfGScHg4iaZ7QOHd/T6QQKjUKfdMZgh6o2drY/K/WTnRw4aVMxImmgkwWBQnHOsLjKHCPSUo0HxkAIpm5FZMBSCDaBFY0IbizX56HxknFPas4t6el6tU0jgI6QIeojFx0jqroBtVQHRH0iJ7RK3qznqwX6936mLQuWNOZPfRH1ucPiSWUog==</latexit>

ā > p(x̄)

KEEP

REJECT

EXAMPLE:
PC)

XAx

STEP 1: I pick a number      from a uniform deviate between 0 and xmax
<latexit sha1_base64="UdatUZfk9r/EBKzkKNkAIifn5/o=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48V7Ae0oWy2k3bpZhN2N2IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3H1FpHssHM0nQj+hQ8pAzaqzU7gVUZU/TfrniVt05yCrxclKBHI1++as3iFkaoTRMUK27npsYP6PKcCZwWuqlGhPKxnSIXUsljVD72fzcKTmzyoCEsbIlDZmrvycyGmk9iQLbGVEz0sveTPzP66YmvPYzLpPUoGSLRWEqiInJ7Hcy4AqZERNLKFPc3krYiCrKjE2oZEPwll9eJa2LqleruveXlfpNHkcRTuAUzsGDK6jDHTSgCQzG8Ayv8OYkzovz7nwsWgtOPnMMf+B8/gClno/G</latexit>

x̄
STEP 2: I pick a random number from a uniform deviate between 0 and C, which I call

<latexit sha1_base64="7YOKCpO4HIABFsqVS+F/DE2QyFQ=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cK9gPaUCbbTbt0swm7G6GE/ggvHhTx6u/x5r9x0+agrQ8GHu/NMDMvSATXxnW/ndLa+sbmVnm7srO7t39QPTxq6zhVlLVoLGLVDVAzwSVrGW4E6yaKYRQI1gkmd7nfeWJK81g+mmnC/AhHkoecorFSpx+gynA2qNbcujsHWSVeQWpQoDmofvWHMU0jJg0VqHXPcxPjZ6gMp4LNKv1UswTpBEesZ6nEiGk/m587I2dWGZIwVrakIXP190SGkdbTKLCdEZqxXvZy8T+vl5rwxs+4TFLDJF0sClNBTEzy38mQK0aNmFqCVHF7K6FjVEiNTahiQ/CWX14l7Yu6d1V3Hy5rjdsijjKcwCmcgwfX0IB7aEILKEzgGV7hzUmcF+fd+Vi0lpxi5hj+wPn8AYKrj68=</latexit>

ā
STEP 3: If 

<latexit sha1_base64="hain/fHcFRVE66GEk4F9HKiMBPI=">AAACEHicbVC7TsMwFHXKq5RXgZHFokKUpUoQAiZUwcJYJPqQ2qi6cd3W1Ikj2wGqqP0DFn6FhQGEWBnZ+BvcNAMUjmTp6Jx7dX2OF3KmtG1/WZm5+YXFpexybmV1bX0jv7lVUyKShFaJ4EI2PFCUs4BWNdOcNkJJwfc4rXuDi4lfv6VSMRFc62FIXR96AesyAtpI7fx+ywMZwwif4bCY8PvRwbglWa+vQUpxN5b0hhLdzhfskp0A/yVOSgooRaWd/2x1BIl8GmjCQammY4fajUFqRjgd5VqRoiGQAfRo09AAfKrcOAk0wntG6eCukOYFGifqz40YfKWGvmcmfdB9NetNxP+8ZqS7p27MgjDSNCDTQ92IYy3wpB3cYdKE5UNDgEhm/opJHyQQbTrMmRKc2ch/Se2w5ByX7KujQvk8rSOLdtAuKiIHnaAyukQVVEUEPaAn9IJerUfr2Xqz3qejGSvd2Ua/YH18A2wsnX4=</latexit>

ā > p(x̄) ! reject

<latexit sha1_base64="7Nw6GQ9MPlhIR9NA1ZOOhzmZYiA=">AAACE3icbVA9SwNBEN3zM8avqKXNYhDUItyJqGXQxlLBaCAXwtxmkizufbg7p4Yj+Q02/hUbC0Vsbez8N25iCjU+GHj73gw784JESUOu++lMTE5Nz8zm5vLzC4tLy4WV1QsTp1pgRcQq1tUADCoZYYUkKawmGiEMFF4GV8cD//IGtZFxdE7dBOshtCPZkgLISo3Cjh+AzqDHfYXXPNkaPu96231fy3aHQOv4tg9CYEKNQtEtuUPwceKNSJGNcNoofPjNWKQhRiQUGFPz3ITqGWiSQmEv76cGExBX0MaapRGEaOrZ8KYe37RKk7dibSsiPlR/TmQQGtMNA9sZAnXMX28g/ufVUmod1jMZJSlhJL4/aqWKU8wHAfGm1ChIdS0BoaXdlYsOaBBkY8zbELy/J4+Ti92St19yz/aK5aNRHDm2zjbYFvPYASuzE3bKKkywe/bIntmL8+A8Oa/O23frhDOaWWO/4Lx/ARJinu8=</latexit>

ā  p(x̄) ! accept

The REJECTION METHOD is easy to implement, but it can have large overheads, and the smarter 
f(x) is chosen, the less overheads it will have. 


