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Within this approach, there are two families of methods:
1) CLOSED formulas make use of f0 and fN-1
2) OPEN formulas do not make use of f0 and fN-1, 

i.e., they use f1,…fN-2.
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Taylor expand f(x) around x1, x2, and x3, 
trying to get rid of all the error that you 
can and you end up with this formula.

This is exact for a polynomial of order 3 included, because there is cancellation of error, i.e., 
we have chosen our coefficients so as to remove the O(h4) error term.

Q: How about a 4 point formula? 
A: in this case, there is no cancellation of terms and I get Simpson’s 3/8 formula:

(4)

NOTE 1: in general, (4) is more accurate than (3) because usually f(4) is smaller than f”, unless for 
some pathological function (at fixed h). 

2) Simpson formula

NOTE 2: because both (3) and (4) have errors ~O(h5), Simpson’s formula with 3 points is generally 
more efficient. 



5) Bode’s formula: with 5 points
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Given L=b-a, I want to calculate the integral 
with N function evaluations; this sets h=L/N
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I =
X

j

Ij
L: over L I use one of the above formulas, i.e., 
the number of points for each sub interval 
depends on the formula that I want to use. 

<latexit sha1_base64="sPMxRbUMh0LWtnxVBgfYIepFbIA="></latexit>

I =
X

j

Ij where Ij =

Z x2j,3j,4j

x1j

f(x)dx

Given L=b-a, I want to calculate the integral 
with N function evaluations; this sets h=L/N



In general, all of these formulas can be iterated, so that: 

a b

<latexit sha1_base64="1sAeHcjblP7pxrQlRt16cNl8GOE=">AAACAHicbVDLSsNAFJ34rPVVdeHCzWAR6qYkIupGKLrRXQX7gLaGyWTSDp1MwsyNtIRs/BU3LhRx62e482+cPhbaeuDC4Zx7ufceLxZcg21/WwuLS8srq7m1/PrG5tZ2YWe3rqNEUVajkYhU0yOaCS5ZDTgI1owVI6EnWMPrX4/8xiNTmkfyHoYx64SkK3nAKQEjuYX9W3zZ5hLclGQPqZelQWlw7A8yt1C0y/YYeJ44U1JEU1Tdwlfbj2gSMglUEK1bjh1DJyUKOBUsy7cTzWJC+6TLWoZKEjLdSccPZPjIKD4OImVKAh6rvydSEmo9DD3TGRLo6VlvJP7ntRIILjopl3ECTNLJoiARGCI8SgP7XDEKYmgIoYqbWzHtEUUomMzyJgRn9uV5Uj8pO2dl++60WLmaxpFDB+gQlZCDzlEF3aAqqiGKMvSMXtGb9WS9WO/Wx6R1wZrO7KE/sD5/AHfpllY=</latexit>

I =

Z b

a
f(x)dx

<latexit sha1_base64="Bv1bx6SdHb5s8LMHM5Fu5i9zgnc=">AAAB+nicbVDLSsNAFJ3UV62vVJduBovgqiQi6kYourG7CvYBbQiT6aSddmYSZiZKifkUNy4UceuXuPNvnLZZaOuBC4dz7uXee4KYUaUd59sqrKyurW8UN0tb2zu7e3Z5v6WiRGLSxBGLZCdAijAqSFNTzUgnlgTxgJF2ML6Z+u0HIhWNxL2exMTjaCBoSDHSRvLtch1ewZ5KuJ+OsrTujzLfrjhVZwa4TNycVECOhm9/9foRTjgRGjOkVNd1Yu2lSGqKGclKvUSRGOExGpCuoQJxorx0dnoGj43Sh2EkTQkNZ+rviRRxpSY8MJ0c6aFa9Kbif1430eGll1IRJ5oIPF8UJgzqCE5zgH0qCdZsYgjCkppbIR4iibA2aZVMCO7iy8ukdVp1z6vO3Vmldp3HUQSH4AicABdcgBq4BQ3QBBg8gmfwCt6sJ+vFerc+5q0FK585AH9gff4Aoh2TnA==</latexit>

I =
X

j

Ij
L: over L I use one of the above formulas, i.e., 
the number of points for each sub interval 
depends on the formula that I want to use. 

<latexit sha1_base64="sPMxRbUMh0LWtnxVBgfYIepFbIA="></latexit>

I =
X

j

Ij where Ij =

Z x2j,3j,4j

x1j

f(x)dx

Given L=b-a, I want to calculate the integral 
with N function evaluations; this sets h=L/N

I can then write:



In general, all of these formulas can be iterated, so that: 

a b

<latexit sha1_base64="1sAeHcjblP7pxrQlRt16cNl8GOE=">AAACAHicbVDLSsNAFJ34rPVVdeHCzWAR6qYkIupGKLrRXQX7gLaGyWTSDp1MwsyNtIRs/BU3LhRx62e482+cPhbaeuDC4Zx7ufceLxZcg21/WwuLS8srq7m1/PrG5tZ2YWe3rqNEUVajkYhU0yOaCS5ZDTgI1owVI6EnWMPrX4/8xiNTmkfyHoYx64SkK3nAKQEjuYX9W3zZ5hLclGQPqZelQWlw7A8yt1C0y/YYeJ44U1JEU1Tdwlfbj2gSMglUEK1bjh1DJyUKOBUsy7cTzWJC+6TLWoZKEjLdSccPZPjIKD4OImVKAh6rvydSEmo9DD3TGRLo6VlvJP7ntRIILjopl3ECTNLJoiARGCI8SgP7XDEKYmgIoYqbWzHtEUUomMzyJgRn9uV5Uj8pO2dl++60WLmaxpFDB+gQlZCDzlEF3aAqqiGKMvSMXtGb9WS9WO/Wx6R1wZrO7KE/sD5/AHfpllY=</latexit>

I =

Z b

a
f(x)dx

<latexit sha1_base64="Bv1bx6SdHb5s8LMHM5Fu5i9zgnc=">AAAB+nicbVDLSsNAFJ3UV62vVJduBovgqiQi6kYourG7CvYBbQiT6aSddmYSZiZKifkUNy4UceuXuPNvnLZZaOuBC4dz7uXee4KYUaUd59sqrKyurW8UN0tb2zu7e3Z5v6WiRGLSxBGLZCdAijAqSFNTzUgnlgTxgJF2ML6Z+u0HIhWNxL2exMTjaCBoSDHSRvLtch1ewZ5KuJ+OsrTujzLfrjhVZwa4TNycVECOhm9/9foRTjgRGjOkVNd1Yu2lSGqKGclKvUSRGOExGpCuoQJxorx0dnoGj43Sh2EkTQkNZ+rviRRxpSY8MJ0c6aFa9Kbif1430eGll1IRJ5oIPF8UJgzqCE5zgH0qCdZsYgjCkppbIR4iibA2aZVMCO7iy8ukdVp1z6vO3Vmldp3HUQSH4AicABdcgBq4BQ3QBBg8gmfwCt6sJ+vFerc+5q0FK585AH9gff4Aoh2TnA==</latexit>

I =
X

j

Ij
L: over L I use one of the above formulas, i.e., 
the number of points for each sub interval 
depends on the formula that I want to use. 

<latexit sha1_base64="sPMxRbUMh0LWtnxVBgfYIepFbIA="></latexit>

I =
X

j

Ij where Ij =

Z x2j,3j,4j

x1j

f(x)dx

Given L=b-a, I want to calculate the integral 
with N function evaluations; this sets h=L/N

I can then write:
<latexit sha1_base64="FTu58aOzZUQ5YUivDzBj7YDtaPU=">AAACGHicbVDLSgMxFM3UV62vUZdugkVoEepMFXUjFN3YlRXsA/oYMmmmTZvMDElGKMN8hht/xY0LRdx259+YPhZaPXC5h3PuJbnHDRmVyrK+jNTS8srqWno9s7G5tb1j7u7VZBAJTKo4YIFouEgSRn1SVVQx0ggFQdxlpO4ObyZ+/ZEISQP/QY1C0uao51OPYqS05JgnZXgFWzLiTjxI4nInzhXziTNIju9y/c6p14lboaCcwFlL8o6ZtQrWFPAvseckC+aoOOa41Q1wxImvMENSNm0rVO0YCUUxI0mmFUkSIjxEPdLU1EecyHY8PSyBR1rpQi8QunwFp+rPjRhxKUfc1ZMcqb5c9Cbif14zUt5lO6Z+GCni49lDXsSgCuAkJdilgmDFRpogLKj+K8R9JBBWOsuMDsFePPkvqRUL9nnBuj/Llq7ncaTBATgEOWCDC1ACt6ACqgCDJ/AC3sC78Wy8Gh/G52w0Zcx39sEvGONvE0GfMw==</latexit>

I =
X

j

I
(2)
j +O(h3

f
00)

<latexit sha1_base64="IIrAOOFnHN+DBPvG2Q2mcucneMo=">AAACGHicbVDLSgMxFM3UV62vUZdugkVoEeqM741QdGNXVrAP6GPIpJk2bTIzJBmhDPMZbvwVNy4Ucdudf2P6WGj1wOUezrmX5B43ZFQqy/oyUguLS8sr6dXM2vrG5pa5vVOVQSQwqeCABaLuIkkY9UlFUcVIPRQEcZeRmju4Gfu1RyIkDfwHNQxJi6OuTz2KkdKSYx6V4BVsyog7cT+JS+04d5JPnH5yeJfrtc+8dtwMBeUETluSd8ysVbAmgH+JPSNZMEPZMUfNToAjTnyFGZKyYVuhasVIKIoZSTLNSJIQ4QHqkoamPuJEtuLJYQk80EoHeoHQ5Ss4UX9uxIhLOeSunuRI9eS8Nxb/8xqR8i5bMfXDSBEfTx/yIgZVAMcpwQ4VBCs21ARhQfVfIe4hgbDSWWZ0CPb8yX9J9bhgnxes+9Ns8XoWRxrsgX2QAza4AEVwC8qgAjB4Ai/gDbwbz8ar8WF8TkdTxmxnF/yCMfoGGA6fNg==</latexit>

I =
X

j

I
(3)
j +O(h5

f
00)

<latexit sha1_base64="MrsCLS3QCzq+eRp0cRG366ABynE=">AAACDnicbVDLSgMxFM34rPU16tJNsBRahDIj9bERim7sygr2Ae10yKSZNm3mQZIRyjBf4MZfceNCEbeu3fk3pu0stPXAhZNz7iX3HidkVEjD+NaWlldW19YzG9nNre2dXX1vvyGCiGNSxwELeMtBgjDqk7qkkpFWyAnyHEaazuh64jcfCBc08O/lOCSWh/o+dSlGUkm2nq/CS9gRkWfHwySuduNCuZjYw+T4tjDonrqzd9HWc0bJmAIuEjMlOZCiZutfnV6AI4/4EjMkRNs0QmnFiEuKGUmynUiQEOER6pO2oj7yiLDi6TkJzCulB92Aq/IlnKq/J2LkCTH2HNXpITkQ895E/M9rR9K9sGLqh5EkPp595EYMygBOsoE9ygmWbKwIwpyqXSEeII6wVAlmVQjm/MmLpHFSMs9Kxl05V7lK48iAQ3AECsAE56ACbkAN1AEGj+AZvII37Ul70d61j1nrkpbOHIA/0D5/ACmLmkY=</latexit>

I =
X

j

I
(4)
j +O(h5

f
(4))

and so on… 



Following this logic, we can write extended formulas
Q: Why are these extended formulas useful?
A: They allow us to forget about the number of points and minimize computational cost. 

Example:

I need to calculate f2 twice, whereas 
with the extended formulas only once. 

6) Extended trapezoidal rule (*)

7) Simpson’s extended formula (*)

The 2/3, 4/3 alternation 
continues throughout the 
interior of the evaluation



There is a beauty about the numerical implementation of the trapezoidal rule
<latexit sha1_base64="pj2s6/iguBCNbWMCZIM4WTJj4Wc="></latexit>Z x2

x1

f(x)dx = h[
1

2
f1 + f2 + ...+ fN�1 +

1

2
fN ]



There is a beauty about the numerical implementation of the trapezoidal rule
<latexit sha1_base64="pj2s6/iguBCNbWMCZIM4WTJj4Wc="></latexit>Z x2

x1

f(x)dx = h[
1

2
f1 + f2 + ...+ fN�1 +

1

2
fN ]

<latexit sha1_base64="8C2mv+4N97DaOg/V/EXS8EiYDlE=">AAACBXicbVDLSgNBEOyNrxhfqx71MBiEiBB2g6gXIehFwUME84AkLLOT2WTI7IOZWSEse/Hir3jxoIhX/8Gbf+Mk2YMmFjQUVd10d7kRZ1JZ1reRW1hcWl7JrxbW1jc2t8ztnYYMY0FonYQ8FC0XS8pZQOuKKU5bkaDYdzltusOrsd98oEKyMLhXo4h2fdwPmMcIVlpyzP0bx0YXqOMJTJLbNKmkJc/B6Bh5jnvkmEWrbE2A5omdkSJkqDnmV6cXktingSIcS9m2rUh1EywUI5ymhU4saYTJEPdpW9MA+1R2k8kXKTrUSg95odAVKDRRf08k2Jdy5Lu608dqIGe9sfif146Vd95NWBDFigZkusiLOVIhGkeCekxQovhIE0wE07ciMsA6EKWDK+gQ7NmX50mjUrZPy9bdSbF6mcWRhz04gBLYcAZVuIYa1IHAIzzDK7wZT8aL8W58TFtzRjazC39gfP4AVI2WjQ==</latexit>

I1 =
L

2
(fa + fb)



There is a beauty about the numerical implementation of the trapezoidal rule
<latexit sha1_base64="pj2s6/iguBCNbWMCZIM4WTJj4Wc="></latexit>Z x2

x1

f(x)dx = h[
1

2
f1 + f2 + ...+ fN�1 +

1

2
fN ]

<latexit sha1_base64="8C2mv+4N97DaOg/V/EXS8EiYDlE=">AAACBXicbVDLSgNBEOyNrxhfqx71MBiEiBB2g6gXIehFwUME84AkLLOT2WTI7IOZWSEse/Hir3jxoIhX/8Gbf+Mk2YMmFjQUVd10d7kRZ1JZ1reRW1hcWl7JrxbW1jc2t8ztnYYMY0FonYQ8FC0XS8pZQOuKKU5bkaDYdzltusOrsd98oEKyMLhXo4h2fdwPmMcIVlpyzP0bx0YXqOMJTJLbNKmkJc/B6Bh5jnvkmEWrbE2A5omdkSJkqDnmV6cXktingSIcS9m2rUh1EywUI5ymhU4saYTJEPdpW9MA+1R2k8kXKTrUSg95odAVKDRRf08k2Jdy5Lu608dqIGe9sfif146Vd95NWBDFigZkusiLOVIhGkeCekxQovhIE0wE07ciMsA6EKWDK+gQ7NmX50mjUrZPy9bdSbF6mcWRhz04gBLYcAZVuIYa1IHAIzzDK7wZT8aL8W58TFtzRjazC39gfP4AVI2WjQ==</latexit>

I1 =
L

2
(fa + fb)

<latexit sha1_base64="iVkw3bF08HcdKwDTm3teXsVAXzA=">AAACB3icbVDLSgNBEOyNrxhfqx4FGQxCRAi7QdSLEPRiwEME84AkLLOT2WTI7IOZWSEse/Pir3jxoIhXf8Gbf+Mk2YNGCxqKqm66u9yIM6ks68vILSwuLa/kVwtr6xubW+b2TlOGsSC0QUIeiraLJeUsoA3FFKftSFDsu5y23NHVxG/dUyFZGNypcUR7Ph4EzGMEKy055n7NqaAL1PUEJomdJpW0VHNsdIxukOeQI8csWmVrCvSX2BkpQoa6Y352+yGJfRoowrGUHduKVC/BQjHCaVroxpJGmIzwgHY0DbBPZS+Z/pGiQ630kRcKXYFCU/XnRIJ9Kce+qzt9rIZy3puI/3mdWHnnvYQFUaxoQGaLvJgjFaJJKKjPBCWKjzXBRDB9KyJDrCNROrqCDsGef/kvaVbK9mnZuj0pVi+zOPKwBwdQAhvOoArXUIcGEHiAJ3iBV+PReDbejPdZa87IZnbhF4yPb7Rhlqc=</latexit>

I2 =
1

2
(I1 + Lfc)



There is a beauty about the numerical implementation of the trapezoidal rule
<latexit sha1_base64="pj2s6/iguBCNbWMCZIM4WTJj4Wc="></latexit>Z x2

x1

f(x)dx = h[
1

2
f1 + f2 + ...+ fN�1 +

1

2
fN ]

<latexit sha1_base64="8C2mv+4N97DaOg/V/EXS8EiYDlE=">AAACBXicbVDLSgNBEOyNrxhfqx71MBiEiBB2g6gXIehFwUME84AkLLOT2WTI7IOZWSEse/Hir3jxoIhX/8Gbf+Mk2YMmFjQUVd10d7kRZ1JZ1reRW1hcWl7JrxbW1jc2t8ztnYYMY0FonYQ8FC0XS8pZQOuKKU5bkaDYdzltusOrsd98oEKyMLhXo4h2fdwPmMcIVlpyzP0bx0YXqOMJTJLbNKmkJc/B6Bh5jnvkmEWrbE2A5omdkSJkqDnmV6cXktingSIcS9m2rUh1EywUI5ymhU4saYTJEPdpW9MA+1R2k8kXKTrUSg95odAVKDRRf08k2Jdy5Lu608dqIGe9sfif146Vd95NWBDFigZkusiLOVIhGkeCekxQovhIE0wE07ciMsA6EKWDK+gQ7NmX50mjUrZPy9bdSbF6mcWRhz04gBLYcAZVuIYa1IHAIzzDK7wZT8aL8W58TFtzRjazC39gfP4AVI2WjQ==</latexit>

I1 =
L

2
(fa + fb)

<latexit sha1_base64="iVkw3bF08HcdKwDTm3teXsVAXzA=">AAACB3icbVDLSgNBEOyNrxhfqx4FGQxCRAi7QdSLEPRiwEME84AkLLOT2WTI7IOZWSEse/Pir3jxoIhXf8Gbf+Mk2YNGCxqKqm66u9yIM6ks68vILSwuLa/kVwtr6xubW+b2TlOGsSC0QUIeiraLJeUsoA3FFKftSFDsu5y23NHVxG/dUyFZGNypcUR7Ph4EzGMEKy055n7NqaAL1PUEJomdJpW0VHNsdIxukOeQI8csWmVrCvSX2BkpQoa6Y352+yGJfRoowrGUHduKVC/BQjHCaVroxpJGmIzwgHY0DbBPZS+Z/pGiQ630kRcKXYFCU/XnRIJ9Kce+qzt9rIZy3puI/3mdWHnnvYQFUaxoQGaLvJgjFaJJKKjPBCWKjzXBRDB9KyJDrCNROrqCDsGef/kvaVbK9mnZuj0pVi+zOPKwBwdQAhvOoArXUIcGEHiAJ3iBV+PReDbejPdZa87IZnbhF4yPb7Rhlqc=</latexit>

I2 =
1

2
(I1 + Lfc)

<latexit sha1_base64="41ITpDj6QtK3XXx+/WTKrO72m5U=">AAACIXicbZDLSsNAFIYnXmu9RV26GSyCIJSkFu2mUHRjwUUFe4E2hMlk0g6dXJiZCCXkVdz4Km5cKNKd+DJO0yxs6w8D/3znHGbO70SMCmkY39ra+sbm1nZhp7i7t39wqB8dd0QYc0zaOGQh7zlIEEYD0pZUMtKLOEG+w0jXGd/N6t1nwgUNgyc5iYjlo2FAPYqRVMjWa037CtbhwOMIJ027kiaVFF7m9wfPdtOkugBIBurQ1ktG2cgEV42ZmxLI1bL16cANceyTQGKGhOibRiStBHFJMSNpcRALEiE8RkPSVzZAPhFWkm2YwnNFXOiFXJ1Awoz+nUiQL8TEd1Snj+RILNdm8L9aP5ZezUpoEMWSBHj+kBczKEM4iwu6lBMs2UQZhDlVf4V4hFQWUoVaVCGYyyuvmk6lbF6XjcdqqXGbx1EAp+AMXAAT3IAGuAct0AYYvIA38AE+tVftXfvSpvPWNS2fOQEL0n5+ARKpoaI=</latexit>

I3 =
I2
2

+
Lfd
4

+
Lfe
4

=



There is a beauty about the numerical implementation of the trapezoidal rule
<latexit sha1_base64="pj2s6/iguBCNbWMCZIM4WTJj4Wc="></latexit>Z x2

x1

f(x)dx = h[
1

2
f1 + f2 + ...+ fN�1 +

1

2
fN ]

<latexit sha1_base64="8C2mv+4N97DaOg/V/EXS8EiYDlE=">AAACBXicbVDLSgNBEOyNrxhfqx71MBiEiBB2g6gXIehFwUME84AkLLOT2WTI7IOZWSEse/Hir3jxoIhX/8Gbf+Mk2YMmFjQUVd10d7kRZ1JZ1reRW1hcWl7JrxbW1jc2t8ztnYYMY0FonYQ8FC0XS8pZQOuKKU5bkaDYdzltusOrsd98oEKyMLhXo4h2fdwPmMcIVlpyzP0bx0YXqOMJTJLbNKmkJc/B6Bh5jnvkmEWrbE2A5omdkSJkqDnmV6cXktingSIcS9m2rUh1EywUI5ymhU4saYTJEPdpW9MA+1R2k8kXKTrUSg95odAVKDRRf08k2Jdy5Lu608dqIGe9sfif146Vd95NWBDFigZkusiLOVIhGkeCekxQovhIE0wE07ciMsA6EKWDK+gQ7NmX50mjUrZPy9bdSbF6mcWRhz04gBLYcAZVuIYa1IHAIzzDK7wZT8aL8W58TFtzRjazC39gfP4AVI2WjQ==</latexit>

I1 =
L

2
(fa + fb)

<latexit sha1_base64="iVkw3bF08HcdKwDTm3teXsVAXzA=">AAACB3icbVDLSgNBEOyNrxhfqx4FGQxCRAi7QdSLEPRiwEME84AkLLOT2WTI7IOZWSEse/Pir3jxoIhXf8Gbf+Mk2YNGCxqKqm66u9yIM6ks68vILSwuLa/kVwtr6xubW+b2TlOGsSC0QUIeiraLJeUsoA3FFKftSFDsu5y23NHVxG/dUyFZGNypcUR7Ph4EzGMEKy055n7NqaAL1PUEJomdJpW0VHNsdIxukOeQI8csWmVrCvSX2BkpQoa6Y352+yGJfRoowrGUHduKVC/BQjHCaVroxpJGmIzwgHY0DbBPZS+Z/pGiQ630kRcKXYFCU/XnRIJ9Kce+qzt9rIZy3puI/3mdWHnnvYQFUaxoQGaLvJgjFaJJKKjPBCWKjzXBRDB9KyJDrCNROrqCDsGef/kvaVbK9mnZuj0pVi+zOPKwBwdQAhvOoArXUIcGEHiAJ3iBV+PReDbejPdZa87IZnbhF4yPb7Rhlqc=</latexit>

I2 =
1

2
(I1 + Lfc)

<latexit sha1_base64="41ITpDj6QtK3XXx+/WTKrO72m5U=">AAACIXicbZDLSsNAFIYnXmu9RV26GSyCIJSkFu2mUHRjwUUFe4E2hMlk0g6dXJiZCCXkVdz4Km5cKNKd+DJO0yxs6w8D/3znHGbO70SMCmkY39ra+sbm1nZhp7i7t39wqB8dd0QYc0zaOGQh7zlIEEYD0pZUMtKLOEG+w0jXGd/N6t1nwgUNgyc5iYjlo2FAPYqRVMjWa037CtbhwOMIJ027kiaVFF7m9wfPdtOkugBIBurQ1ktG2cgEV42ZmxLI1bL16cANceyTQGKGhOibRiStBHFJMSNpcRALEiE8RkPSVzZAPhFWkm2YwnNFXOiFXJ1Awoz+nUiQL8TEd1Snj+RILNdm8L9aP5ZezUpoEMWSBHj+kBczKEM4iwu6lBMs2UQZhDlVf4V4hFQWUoVaVCGYyyuvmk6lbF6XjcdqqXGbx1EAp+AMXAAT3IAGuAct0AYYvIA38AE+tVftXfvSpvPWNS2fOQEL0n5+ARKpoaI=</latexit>

I3 =
I2
2

+
Lfd
4

+
Lfe
4

=
<latexit sha1_base64="5UOfsG5SQbks3mDJmXMDrdEWnWU=">AAACLHicbVBbS8MwFE69znmb+uhLcAgbg9GOob4MhntR8GGCu8BWSpqlW1ialiQVRukP8sW/IogPDvHV32G2DtHNA4Hvcg4n53NDRqUyzamxtr6xubWd2cnu7u0fHOaOjtsyiAQmLRywQHRdJAmjnLQUVYx0Q0GQ7zLScceNmd95JELSgD+oSUhsHw059ShGSktOrlHrewLh2EriSgILKbl15rSUsrsZ9hxchCX4o1STgucMSp5DijUnlzfL5rzgKrAWIA8W1XRyr/1BgCOfcIUZkrJnmaGyYyQUxYwk2X4kSYjwGA1JT0OOfCLteH5sAs+1MoBeIPTjCs7V3xMx8qWc+K7u9JEayWVvJv7n9SLlXdkx5WGkCMfpIi9iUAVwlhwcUEGwYhMNEBZU/xXiEdJ5KJ1vVodgLZ+8CtqVsnVRNu+r+fr1Io4MOAVnoAAscAnq4AY0QQtg8ARewDuYGs/Gm/FhfKata8Zi5gT8KePrGwGPptI=</latexit>

=
1

2
(
I1
2

+
L

2
fc) +

L

4
(fd + fe) =

<latexit sha1_base64="7OxDbBX4QxwfbOEj8Za1HqtJ4EQ="></latexit>

=
1

2
[
L

4
(fa + fb)] +

L

4
fc +

L

4
(fd + fe)

<latexit sha1_base64="RYVZiM+hP5dQexpz3i3tl8d0qTs=">AAACFHicbZBPS8MwGMbT+W/Of1WPXoJD2BiMdoh6EYZePE5wc7CVkqbpGpamJUmFUfohvPhVvHhQxKsHb34b020H3Xwh5OH3vC/J+3gJo1JZ1rdRWlldW98ob1a2tnd298z9g56MU4FJF8csFn0PScIoJ11FFSP9RBAUeYzce+Prwr9/IELSmN+pSUKcCI04DShGSiPXbMBLOAwEwlmYZ628FrioEbheHTZgGLi4uDTzNSN116xaTWtacFnYc1EF8+q45tfQj3EaEa4wQ1IObCtRToaEopiRvDJMJUkQHqMRGWjJUUSkk02XyuGJJj4MYqEPV3BKf09kKJJyEnm6M0IqlIteAf/zBqkKLpyM8iRVhOPZQ0HKoIphkRD0qSBYsYkWCAuq/wpxiHRESudY0SHYiysvi16raZ81rdvTavtqHkcZHIFjUAM2OAdtcAM6oAsweATP4BW8GU/Gi/FufMxaS8Z85hD8KePzBzGcm8M=</latexit>

=
h

2
(fa + fb) + hfc + h(fd + fe)

i.e., the trapezoidal rule!



There is a beauty about the numerical implementation of the trapezoidal rule
<latexit sha1_base64="pj2s6/iguBCNbWMCZIM4WTJj4Wc="></latexit>Z x2

x1

f(x)dx = h[
1

2
f1 + f2 + ...+ fN�1 +

1

2
fN ]

<latexit sha1_base64="8C2mv+4N97DaOg/V/EXS8EiYDlE=">AAACBXicbVDLSgNBEOyNrxhfqx71MBiEiBB2g6gXIehFwUME84AkLLOT2WTI7IOZWSEse/Hir3jxoIhX/8Gbf+Mk2YMmFjQUVd10d7kRZ1JZ1reRW1hcWl7JrxbW1jc2t8ztnYYMY0FonYQ8FC0XS8pZQOuKKU5bkaDYdzltusOrsd98oEKyMLhXo4h2fdwPmMcIVlpyzP0bx0YXqOMJTJLbNKmkJc/B6Bh5jnvkmEWrbE2A5omdkSJkqDnmV6cXktingSIcS9m2rUh1EywUI5ymhU4saYTJEPdpW9MA+1R2k8kXKTrUSg95odAVKDRRf08k2Jdy5Lu608dqIGe9sfif146Vd95NWBDFigZkusiLOVIhGkeCekxQovhIE0wE07ciMsA6EKWDK+gQ7NmX50mjUrZPy9bdSbF6mcWRhz04gBLYcAZVuIYa1IHAIzzDK7wZT8aL8W58TFtzRjazC39gfP4AVI2WjQ==</latexit>

I1 =
L

2
(fa + fb)

<latexit sha1_base64="iVkw3bF08HcdKwDTm3teXsVAXzA=">AAACB3icbVDLSgNBEOyNrxhfqx4FGQxCRAi7QdSLEPRiwEME84AkLLOT2WTI7IOZWSEse/Pir3jxoIhXf8Gbf+Mk2YNGCxqKqm66u9yIM6ks68vILSwuLa/kVwtr6xubW+b2TlOGsSC0QUIeiraLJeUsoA3FFKftSFDsu5y23NHVxG/dUyFZGNypcUR7Ph4EzGMEKy055n7NqaAL1PUEJomdJpW0VHNsdIxukOeQI8csWmVrCvSX2BkpQoa6Y352+yGJfRoowrGUHduKVC/BQjHCaVroxpJGmIzwgHY0DbBPZS+Z/pGiQ630kRcKXYFCU/XnRIJ9Kce+qzt9rIZy3puI/3mdWHnnvYQFUaxoQGaLvJgjFaJJKKjPBCWKjzXBRDB9KyJDrCNROrqCDsGef/kvaVbK9mnZuj0pVi+zOPKwBwdQAhvOoArXUIcGEHiAJ3iBV+PReDbejPdZa87IZnbhF4yPb7Rhlqc=</latexit>

I2 =
1

2
(I1 + Lfc)

<latexit sha1_base64="41ITpDj6QtK3XXx+/WTKrO72m5U=">AAACIXicbZDLSsNAFIYnXmu9RV26GSyCIJSkFu2mUHRjwUUFe4E2hMlk0g6dXJiZCCXkVdz4Km5cKNKd+DJO0yxs6w8D/3znHGbO70SMCmkY39ra+sbm1nZhp7i7t39wqB8dd0QYc0zaOGQh7zlIEEYD0pZUMtKLOEG+w0jXGd/N6t1nwgUNgyc5iYjlo2FAPYqRVMjWa037CtbhwOMIJ027kiaVFF7m9wfPdtOkugBIBurQ1ktG2cgEV42ZmxLI1bL16cANceyTQGKGhOibRiStBHFJMSNpcRALEiE8RkPSVzZAPhFWkm2YwnNFXOiFXJ1Awoz+nUiQL8TEd1Snj+RILNdm8L9aP5ZezUpoEMWSBHj+kBczKEM4iwu6lBMs2UQZhDlVf4V4hFQWUoVaVCGYyyuvmk6lbF6XjcdqqXGbx1EAp+AMXAAT3IAGuAct0AYYvIA38AE+tVftXfvSpvPWNS2fOQEL0n5+ARKpoaI=</latexit>

I3 =
I2
2

+
Lfd
4

+
Lfe
4

=
<latexit sha1_base64="5UOfsG5SQbks3mDJmXMDrdEWnWU=">AAACLHicbVBbS8MwFE69znmb+uhLcAgbg9GOob4MhntR8GGCu8BWSpqlW1ialiQVRukP8sW/IogPDvHV32G2DtHNA4Hvcg4n53NDRqUyzamxtr6xubWd2cnu7u0fHOaOjtsyiAQmLRywQHRdJAmjnLQUVYx0Q0GQ7zLScceNmd95JELSgD+oSUhsHw059ShGSktOrlHrewLh2EriSgILKbl15rSUsrsZ9hxchCX4o1STgucMSp5DijUnlzfL5rzgKrAWIA8W1XRyr/1BgCOfcIUZkrJnmaGyYyQUxYwk2X4kSYjwGA1JT0OOfCLteH5sAs+1MoBeIPTjCs7V3xMx8qWc+K7u9JEayWVvJv7n9SLlXdkx5WGkCMfpIi9iUAVwlhwcUEGwYhMNEBZU/xXiEdJ5KJ1vVodgLZ+8CtqVsnVRNu+r+fr1Io4MOAVnoAAscAnq4AY0QQtg8ARewDuYGs/Gm/FhfKata8Zi5gT8KePrGwGPptI=</latexit>

=
1

2
(
I1
2

+
L

2
fc) +

L

4
(fd + fe) =

<latexit sha1_base64="7OxDbBX4QxwfbOEj8Za1HqtJ4EQ="></latexit>

=
1

2
[
L

4
(fa + fb)] +

L

4
fc +

L

4
(fd + fe)

<latexit sha1_base64="RYVZiM+hP5dQexpz3i3tl8d0qTs=">AAACFHicbZBPS8MwGMbT+W/Of1WPXoJD2BiMdoh6EYZePE5wc7CVkqbpGpamJUmFUfohvPhVvHhQxKsHb34b020H3Xwh5OH3vC/J+3gJo1JZ1rdRWlldW98ob1a2tnd298z9g56MU4FJF8csFn0PScIoJ11FFSP9RBAUeYzce+Prwr9/IELSmN+pSUKcCI04DShGSiPXbMBLOAwEwlmYZ628FrioEbheHTZgGLi4uDTzNSN116xaTWtacFnYc1EF8+q45tfQj3EaEa4wQ1IObCtRToaEopiRvDJMJUkQHqMRGWjJUUSkk02XyuGJJj4MYqEPV3BKf09kKJJyEnm6M0IqlIteAf/zBqkKLpyM8iRVhOPZQ0HKoIphkRD0qSBYsYkWCAuq/wpxiHRESudY0SHYiysvi16raZ81rdvTavtqHkcZHIFjUAM2OAdtcAM6oAsweATP4BW8GU/Gi/FufMxaS8Z85hD8KePzBzGcm8M=</latexit>

=
h

2
(fa + fb) + hfc + h(fd + fe)

i.e., the trapezoidal rule!
<latexit sha1_base64="b9NDArMiwnggBG6F5D+8w377cpY="></latexit>

I4 =
I3
2

+
1

8
L[ff + fg + fh + fi] = ... =

h

2
(fa + fb) + h(fc + fd + fe + ff + fg + fh + fi)



There is a beauty about the numerical implementation of the trapezoidal rule
<latexit sha1_base64="pj2s6/iguBCNbWMCZIM4WTJj4Wc="></latexit>Z x2

x1

f(x)dx = h[
1

2
f1 + f2 + ...+ fN�1 +

1

2
fN ]

<latexit sha1_base64="8C2mv+4N97DaOg/V/EXS8EiYDlE=">AAACBXicbVDLSgNBEOyNrxhfqx71MBiEiBB2g6gXIehFwUME84AkLLOT2WTI7IOZWSEse/Hir3jxoIhX/8Gbf+Mk2YMmFjQUVd10d7kRZ1JZ1reRW1hcWl7JrxbW1jc2t8ztnYYMY0FonYQ8FC0XS8pZQOuKKU5bkaDYdzltusOrsd98oEKyMLhXo4h2fdwPmMcIVlpyzP0bx0YXqOMJTJLbNKmkJc/B6Bh5jnvkmEWrbE2A5omdkSJkqDnmV6cXktingSIcS9m2rUh1EywUI5ymhU4saYTJEPdpW9MA+1R2k8kXKTrUSg95odAVKDRRf08k2Jdy5Lu608dqIGe9sfif146Vd95NWBDFigZkusiLOVIhGkeCekxQovhIE0wE07ciMsA6EKWDK+gQ7NmX50mjUrZPy9bdSbF6mcWRhz04gBLYcAZVuIYa1IHAIzzDK7wZT8aL8W58TFtzRjazC39gfP4AVI2WjQ==</latexit>

I1 =
L

2
(fa + fb)

<latexit sha1_base64="iVkw3bF08HcdKwDTm3teXsVAXzA=">AAACB3icbVDLSgNBEOyNrxhfqx4FGQxCRAi7QdSLEPRiwEME84AkLLOT2WTI7IOZWSEse/Pir3jxoIhXf8Gbf+Mk2YNGCxqKqm66u9yIM6ks68vILSwuLa/kVwtr6xubW+b2TlOGsSC0QUIeiraLJeUsoA3FFKftSFDsu5y23NHVxG/dUyFZGNypcUR7Ph4EzGMEKy055n7NqaAL1PUEJomdJpW0VHNsdIxukOeQI8csWmVrCvSX2BkpQoa6Y352+yGJfRoowrGUHduKVC/BQjHCaVroxpJGmIzwgHY0DbBPZS+Z/pGiQ630kRcKXYFCU/XnRIJ9Kce+qzt9rIZy3puI/3mdWHnnvYQFUaxoQGaLvJgjFaJJKKjPBCWKjzXBRDB9KyJDrCNROrqCDsGef/kvaVbK9mnZuj0pVi+zOPKwBwdQAhvOoArXUIcGEHiAJ3iBV+PReDbejPdZa87IZnbhF4yPb7Rhlqc=</latexit>

I2 =
1

2
(I1 + Lfc)

<latexit sha1_base64="41ITpDj6QtK3XXx+/WTKrO72m5U=">AAACIXicbZDLSsNAFIYnXmu9RV26GSyCIJSkFu2mUHRjwUUFe4E2hMlk0g6dXJiZCCXkVdz4Km5cKNKd+DJO0yxs6w8D/3znHGbO70SMCmkY39ra+sbm1nZhp7i7t39wqB8dd0QYc0zaOGQh7zlIEEYD0pZUMtKLOEG+w0jXGd/N6t1nwgUNgyc5iYjlo2FAPYqRVMjWa037CtbhwOMIJ027kiaVFF7m9wfPdtOkugBIBurQ1ktG2cgEV42ZmxLI1bL16cANceyTQGKGhOibRiStBHFJMSNpcRALEiE8RkPSVzZAPhFWkm2YwnNFXOiFXJ1Awoz+nUiQL8TEd1Snj+RILNdm8L9aP5ZezUpoEMWSBHj+kBczKEM4iwu6lBMs2UQZhDlVf4V4hFQWUoVaVCGYyyuvmk6lbF6XjcdqqXGbx1EAp+AMXAAT3IAGuAct0AYYvIA38AE+tVftXfvSpvPWNS2fOQEL0n5+ARKpoaI=</latexit>

I3 =
I2
2

+
Lfd
4

+
Lfe
4

=
<latexit sha1_base64="5UOfsG5SQbks3mDJmXMDrdEWnWU=">AAACLHicbVBbS8MwFE69znmb+uhLcAgbg9GOob4MhntR8GGCu8BWSpqlW1ialiQVRukP8sW/IogPDvHV32G2DtHNA4Hvcg4n53NDRqUyzamxtr6xubWd2cnu7u0fHOaOjtsyiAQmLRywQHRdJAmjnLQUVYx0Q0GQ7zLScceNmd95JELSgD+oSUhsHw059ShGSktOrlHrewLh2EriSgILKbl15rSUsrsZ9hxchCX4o1STgucMSp5DijUnlzfL5rzgKrAWIA8W1XRyr/1BgCOfcIUZkrJnmaGyYyQUxYwk2X4kSYjwGA1JT0OOfCLteH5sAs+1MoBeIPTjCs7V3xMx8qWc+K7u9JEayWVvJv7n9SLlXdkx5WGkCMfpIi9iUAVwlhwcUEGwYhMNEBZU/xXiEdJ5KJ1vVodgLZ+8CtqVsnVRNu+r+fr1Io4MOAVnoAAscAnq4AY0QQtg8ARewDuYGs/Gm/FhfKata8Zi5gT8KePrGwGPptI=</latexit>

=
1

2
(
I1
2

+
L

2
fc) +

L

4
(fd + fe) =

<latexit sha1_base64="7OxDbBX4QxwfbOEj8Za1HqtJ4EQ="></latexit>

=
1

2
[
L

4
(fa + fb)] +

L

4
fc +

L

4
(fd + fe)

<latexit sha1_base64="RYVZiM+hP5dQexpz3i3tl8d0qTs=">AAACFHicbZBPS8MwGMbT+W/Of1WPXoJD2BiMdoh6EYZePE5wc7CVkqbpGpamJUmFUfohvPhVvHhQxKsHb34b020H3Xwh5OH3vC/J+3gJo1JZ1rdRWlldW98ob1a2tnd298z9g56MU4FJF8csFn0PScIoJ11FFSP9RBAUeYzce+Prwr9/IELSmN+pSUKcCI04DShGSiPXbMBLOAwEwlmYZ628FrioEbheHTZgGLi4uDTzNSN116xaTWtacFnYc1EF8+q45tfQj3EaEa4wQ1IObCtRToaEopiRvDJMJUkQHqMRGWjJUUSkk02XyuGJJj4MYqEPV3BKf09kKJJyEnm6M0IqlIteAf/zBqkKLpyM8iRVhOPZQ0HKoIphkRD0qSBYsYkWCAuq/wpxiHRESudY0SHYiysvi16raZ81rdvTavtqHkcZHIFjUAM2OAdtcAM6oAsweATP4BW8GU/Gi/FufMxaS8Z85hD8KePzBzGcm8M=</latexit>

=
h

2
(fa + fb) + hfc + h(fd + fe)

i.e., the trapezoidal rule!
<latexit sha1_base64="b9NDArMiwnggBG6F5D+8w377cpY="></latexit>

I4 =
I3
2

+
1

8
L[ff + fg + fh + fi] = ... =

h

2
(fa + fb) + h(fc + fd + fe + ff + fg + fh + fi)

Try this algorithm in the assignment



There is a beauty about the numerical implementation of the trapezoidal rule
<latexit sha1_base64="pj2s6/iguBCNbWMCZIM4WTJj4Wc="></latexit>Z x2

x1

f(x)dx = h[
1

2
f1 + f2 + ...+ fN�1 +

1

2
fN ]

<latexit sha1_base64="8C2mv+4N97DaOg/V/EXS8EiYDlE=">AAACBXicbVDLSgNBEOyNrxhfqx71MBiEiBB2g6gXIehFwUME84AkLLOT2WTI7IOZWSEse/Hir3jxoIhX/8Gbf+Mk2YMmFjQUVd10d7kRZ1JZ1reRW1hcWl7JrxbW1jc2t8ztnYYMY0FonYQ8FC0XS8pZQOuKKU5bkaDYdzltusOrsd98oEKyMLhXo4h2fdwPmMcIVlpyzP0bx0YXqOMJTJLbNKmkJc/B6Bh5jnvkmEWrbE2A5omdkSJkqDnmV6cXktingSIcS9m2rUh1EywUI5ymhU4saYTJEPdpW9MA+1R2k8kXKTrUSg95odAVKDRRf08k2Jdy5Lu608dqIGe9sfif146Vd95NWBDFigZkusiLOVIhGkeCekxQovhIE0wE07ciMsA6EKWDK+gQ7NmX50mjUrZPy9bdSbF6mcWRhz04gBLYcAZVuIYa1IHAIzzDK7wZT8aL8W58TFtzRjazC39gfP4AVI2WjQ==</latexit>

I1 =
L

2
(fa + fb)

<latexit sha1_base64="iVkw3bF08HcdKwDTm3teXsVAXzA=">AAACB3icbVDLSgNBEOyNrxhfqx4FGQxCRAi7QdSLEPRiwEME84AkLLOT2WTI7IOZWSEse/Pir3jxoIhXf8Gbf+Mk2YNGCxqKqm66u9yIM6ks68vILSwuLa/kVwtr6xubW+b2TlOGsSC0QUIeiraLJeUsoA3FFKftSFDsu5y23NHVxG/dUyFZGNypcUR7Ph4EzGMEKy055n7NqaAL1PUEJomdJpW0VHNsdIxukOeQI8csWmVrCvSX2BkpQoa6Y352+yGJfRoowrGUHduKVC/BQjHCaVroxpJGmIzwgHY0DbBPZS+Z/pGiQ630kRcKXYFCU/XnRIJ9Kce+qzt9rIZy3puI/3mdWHnnvYQFUaxoQGaLvJgjFaJJKKjPBCWKjzXBRDB9KyJDrCNROrqCDsGef/kvaVbK9mnZuj0pVi+zOPKwBwdQAhvOoArXUIcGEHiAJ3iBV+PReDbejPdZa87IZnbhF4yPb7Rhlqc=</latexit>

I2 =
1

2
(I1 + Lfc)

<latexit sha1_base64="41ITpDj6QtK3XXx+/WTKrO72m5U=">AAACIXicbZDLSsNAFIYnXmu9RV26GSyCIJSkFu2mUHRjwUUFe4E2hMlk0g6dXJiZCCXkVdz4Km5cKNKd+DJO0yxs6w8D/3znHGbO70SMCmkY39ra+sbm1nZhp7i7t39wqB8dd0QYc0zaOGQh7zlIEEYD0pZUMtKLOEG+w0jXGd/N6t1nwgUNgyc5iYjlo2FAPYqRVMjWa037CtbhwOMIJ027kiaVFF7m9wfPdtOkugBIBurQ1ktG2cgEV42ZmxLI1bL16cANceyTQGKGhOibRiStBHFJMSNpcRALEiE8RkPSVzZAPhFWkm2YwnNFXOiFXJ1Awoz+nUiQL8TEd1Snj+RILNdm8L9aP5ZezUpoEMWSBHj+kBczKEM4iwu6lBMs2UQZhDlVf4V4hFQWUoVaVCGYyyuvmk6lbF6XjcdqqXGbx1EAp+AMXAAT3IAGuAct0AYYvIA38AE+tVftXfvSpvPWNS2fOQEL0n5+ARKpoaI=</latexit>

I3 =
I2
2

+
Lfd
4

+
Lfe
4

=
<latexit sha1_base64="5UOfsG5SQbks3mDJmXMDrdEWnWU=">AAACLHicbVBbS8MwFE69znmb+uhLcAgbg9GOob4MhntR8GGCu8BWSpqlW1ialiQVRukP8sW/IogPDvHV32G2DtHNA4Hvcg4n53NDRqUyzamxtr6xubWd2cnu7u0fHOaOjtsyiAQmLRywQHRdJAmjnLQUVYx0Q0GQ7zLScceNmd95JELSgD+oSUhsHw059ShGSktOrlHrewLh2EriSgILKbl15rSUsrsZ9hxchCX4o1STgucMSp5DijUnlzfL5rzgKrAWIA8W1XRyr/1BgCOfcIUZkrJnmaGyYyQUxYwk2X4kSYjwGA1JT0OOfCLteH5sAs+1MoBeIPTjCs7V3xMx8qWc+K7u9JEayWVvJv7n9SLlXdkx5WGkCMfpIi9iUAVwlhwcUEGwYhMNEBZU/xXiEdJ5KJ1vVodgLZ+8CtqVsnVRNu+r+fr1Io4MOAVnoAAscAnq4AY0QQtg8ARewDuYGs/Gm/FhfKata8Zi5gT8KePrGwGPptI=</latexit>

=
1

2
(
I1
2

+
L

2
fc) +

L

4
(fd + fe) =

<latexit sha1_base64="7OxDbBX4QxwfbOEj8Za1HqtJ4EQ="></latexit>

=
1

2
[
L

4
(fa + fb)] +

L

4
fc +

L

4
(fd + fe)

<latexit sha1_base64="RYVZiM+hP5dQexpz3i3tl8d0qTs=">AAACFHicbZBPS8MwGMbT+W/Of1WPXoJD2BiMdoh6EYZePE5wc7CVkqbpGpamJUmFUfohvPhVvHhQxKsHb34b020H3Xwh5OH3vC/J+3gJo1JZ1rdRWlldW98ob1a2tnd298z9g56MU4FJF8csFn0PScIoJ11FFSP9RBAUeYzce+Prwr9/IELSmN+pSUKcCI04DShGSiPXbMBLOAwEwlmYZ628FrioEbheHTZgGLi4uDTzNSN116xaTWtacFnYc1EF8+q45tfQj3EaEa4wQ1IObCtRToaEopiRvDJMJUkQHqMRGWjJUUSkk02XyuGJJj4MYqEPV3BKf09kKJJyEnm6M0IqlIteAf/zBqkKLpyM8iRVhOPZQ0HKoIphkRD0qSBYsYkWCAuq/wpxiHRESudY0SHYiysvi16raZ81rdvTavtqHkcZHIFjUAM2OAdtcAM6oAsweATP4BW8GU/Gi/FufMxaS8Z85hD8KePzBzGcm8M=</latexit>

=
h

2
(fa + fb) + hfc + h(fd + fe)

i.e., the trapezoidal rule!
<latexit sha1_base64="b9NDArMiwnggBG6F5D+8w377cpY="></latexit>

I4 =
I3
2

+
1

8
L[ff + fg + fh + fi] = ... =

h

2
(fa + fb) + h(fc + fd + fe + ff + fg + fh + fi)

Try this algorithm in the assignment In Num. Rec. this is TRAPZD



In Num. Rec., there is  QTRAP: this is the TRAPZD implementation until some specific degree 
of accuracy is achieved.

In Num. Rec., QSIMP is the integration routine to be preferred.



IMPROPER INTEGRAL:

Examples: 

a) the integrand is finite at one extreme but cannot be evaluated, e.g., 
<latexit sha1_base64="pKif8vh/o6D0qiUGjPYbHgf59Uc=">AAACEXicbVDLSsNAFJ34rPUVdelmsAhdlUREXRbduKxgH9CEMplO2qGTyTAzkZaQfoIbf8WNC0XcunPn3zhps9DWAxcO59zLvfcEglGlHefbWlldW9/YLG2Vt3d29/btg8OWihOJSRPHLJadACnCKCdNTTUjHSEJigJG2sHoJvfbD0QqGvN7PRHEj9CA05BipI3Us6teKBFOPUV5Os4yU9Np6skIhrE0dOwhIWQ8hk7Prjg1Zwa4TNyCVECBRs/+8voxTiLCNWZIqa7rCO2nSGqKGcnKXqKIQHiEBqRrKEcRUX46+yiDp0bp5zeY4hrO1N8TKYqUmkSB6YyQHqpFLxf/87qJDq/8lHKRaMLxfFGYMKhjmMcD+1QSrNnEEIQlNbdCPEQmIm1CLJsQ3MWXl0nrrOZe1Jy780r9uoijBI7BCagCF1yCOrgFDdAEGDyCZ/AK3qwn68V6tz7mrStWMXME/sD6/AEPSZ8G</latexit>

sinx

x
for x ⇡ 0

<latexit sha1_base64="oFaIZdp4zr3hYTTKtyn07vnVmLQ=">AAACCnicbVC7TsMwFHXKq5RXgJHFUCExVQlCwFjBwlgk+pCaEDmO01p1nMh2UCsrMwu/wsIAQqx8ARt/g/sYoOVIVzo6517de0+YMSqV43xbpaXlldW18nplY3Nre8fe3WvJNBeYNHHKUtEJkSSMctJUVDHSyQRBSchIOxxcj/32AxGSpvxOjTLiJ6jHaUwxUkYK7EOPchVop7jXbqG9WCCsPUm5HhaFqWhYBHbVqTkTwEXizkgVzNAI7C8vSnGeEK4wQ1J2XSdTvkZCUcxIUfFySTKEB6hHuoZylBDp68krBTw2SgTjVJjiCk7U3xMaJVKOktB0Jkj15bw3Fv/zurmKL31NeZYrwvF0UZwzqFI4zgVGVBCs2MgQhAU1t0LcRyYOZdKrmBDc+ZcXSeu05p7XnNuzav1qFkcZHIAjcAJccAHq4AY0QBNg8AiewSt4s56sF+vd+pi2lqzZzD74A+vzB1tmm/k=</latexit>Z 1

0

sinx

x
dx ==> trouble with closed formulas



IMPROPER INTEGRAL:

Examples: 

a) the integrand is finite at one extreme but cannot be evaluated, e.g., 
<latexit sha1_base64="pKif8vh/o6D0qiUGjPYbHgf59Uc=">AAACEXicbVDLSsNAFJ34rPUVdelmsAhdlUREXRbduKxgH9CEMplO2qGTyTAzkZaQfoIbf8WNC0XcunPn3zhps9DWAxcO59zLvfcEglGlHefbWlldW9/YLG2Vt3d29/btg8OWihOJSRPHLJadACnCKCdNTTUjHSEJigJG2sHoJvfbD0QqGvN7PRHEj9CA05BipI3Us6teKBFOPUV5Os4yU9Np6skIhrE0dOwhIWQ8hk7Prjg1Zwa4TNyCVECBRs/+8voxTiLCNWZIqa7rCO2nSGqKGcnKXqKIQHiEBqRrKEcRUX46+yiDp0bp5zeY4hrO1N8TKYqUmkSB6YyQHqpFLxf/87qJDq/8lHKRaMLxfFGYMKhjmMcD+1QSrNnEEIQlNbdCPEQmIm1CLJsQ3MWXl0nrrOZe1Jy780r9uoijBI7BCagCF1yCOrgFDdAEGDyCZ/AK3qwn68V6tz7mrStWMXME/sD6/AEPSZ8G</latexit>

sinx

x
for x ⇡ 0

<latexit sha1_base64="oFaIZdp4zr3hYTTKtyn07vnVmLQ=">AAACCnicbVC7TsMwFHXKq5RXgJHFUCExVQlCwFjBwlgk+pCaEDmO01p1nMh2UCsrMwu/wsIAQqx8ARt/g/sYoOVIVzo6517de0+YMSqV43xbpaXlldW18nplY3Nre8fe3WvJNBeYNHHKUtEJkSSMctJUVDHSyQRBSchIOxxcj/32AxGSpvxOjTLiJ6jHaUwxUkYK7EOPchVop7jXbqG9WCCsPUm5HhaFqWhYBHbVqTkTwEXizkgVzNAI7C8vSnGeEK4wQ1J2XSdTvkZCUcxIUfFySTKEB6hHuoZylBDp68krBTw2SgTjVJjiCk7U3xMaJVKOktB0Jkj15bw3Fv/zurmKL31NeZYrwvF0UZwzqFI4zgVGVBCs2MgQhAU1t0LcRyYOZdKrmBDc+ZcXSeu05p7XnNuzav1qFkcZHIAjcAJccAHq4AY0QBNg8AiewSt4s56sF+vd+pi2lqzZzD74A+vzB1tmm/k=</latexit>Z 1

0

sinx

x
dx ==> trouble with closed formulas

b) it has upper (and lower) limits going to +/- infinity (e.g., Gaussian)



IMPROPER INTEGRAL:

Examples: 

a) the integrand is finite at one extreme but cannot be evaluated, e.g., 
<latexit sha1_base64="pKif8vh/o6D0qiUGjPYbHgf59Uc=">AAACEXicbVDLSsNAFJ34rPUVdelmsAhdlUREXRbduKxgH9CEMplO2qGTyTAzkZaQfoIbf8WNC0XcunPn3zhps9DWAxcO59zLvfcEglGlHefbWlldW9/YLG2Vt3d29/btg8OWihOJSRPHLJadACnCKCdNTTUjHSEJigJG2sHoJvfbD0QqGvN7PRHEj9CA05BipI3Us6teKBFOPUV5Os4yU9Np6skIhrE0dOwhIWQ8hk7Prjg1Zwa4TNyCVECBRs/+8voxTiLCNWZIqa7rCO2nSGqKGcnKXqKIQHiEBqRrKEcRUX46+yiDp0bp5zeY4hrO1N8TKYqUmkSB6YyQHqpFLxf/87qJDq/8lHKRaMLxfFGYMKhjmMcD+1QSrNnEEIQlNbdCPEQmIm1CLJsQ3MWXl0nrrOZe1Jy780r9uoijBI7BCagCF1yCOrgFDdAEGDyCZ/AK3qwn68V6tz7mrStWMXME/sD6/AEPSZ8G</latexit>

sinx

x
for x ⇡ 0

<latexit sha1_base64="oFaIZdp4zr3hYTTKtyn07vnVmLQ=">AAACCnicbVC7TsMwFHXKq5RXgJHFUCExVQlCwFjBwlgk+pCaEDmO01p1nMh2UCsrMwu/wsIAQqx8ARt/g/sYoOVIVzo6517de0+YMSqV43xbpaXlldW18nplY3Nre8fe3WvJNBeYNHHKUtEJkSSMctJUVDHSyQRBSchIOxxcj/32AxGSpvxOjTLiJ6jHaUwxUkYK7EOPchVop7jXbqG9WCCsPUm5HhaFqWhYBHbVqTkTwEXizkgVzNAI7C8vSnGeEK4wQ1J2XSdTvkZCUcxIUfFySTKEB6hHuoZylBDp68krBTw2SgTjVJjiCk7U3xMaJVKOktB0Jkj15bw3Fv/zurmKL31NeZYrwvF0UZwzqFI4zgVGVBCs2MgQhAU1t0LcRyYOZdKrmBDc+ZcXSeu05p7XnNuzav1qFkcZHIAjcAJccAHq4AY0QBNg8AiewSt4s56sF+vd+pi2lqzZzD74A+vzB1tmm/k=</latexit>Z 1

0

sinx

x
dx ==> trouble with closed formulas

b) it has upper (and lower) limits going to +/- infinity (e.g., Gaussian)

c) it has an integrable singularity at either limit, e.g., 
<latexit sha1_base64="JwNgp3vb2WmYcwcecIK5IE1APZo=">AAACAHicbZDLSgMxFIYz9VbrbdSFCzfBIrixzhRRN0LRjcsK9gLtWDJppg1NMkOSkZZhuvBV3LhQxK2P4c63MW1nodUfAh//OYeT8/sRo0o7zpeVW1hcWl7JrxbW1jc2t+ztnboKY4lJDYcslE0fKcKoIDVNNSPNSBLEfUYa/uB6Um88EKloKO70KCIeRz1BA4qRNlbH3hveJ8fuSTkdj5O25BBpQ8NLp2MXnZIzFfwLbgZFkKnasT/b3RDHnAiNGVKq5TqR9hIkNcWMpIV2rEiE8AD1SMugQJwoL5kekMJD43RhEErzhIZT9+dEgrhSI+6bTo50X83XJuZ/tVasgwsvoSKKNRF4tiiIGdQhnKQBu1QSrNnIAMKSmr9C3EcSYW0yK5gQ3PmT/0K9XHLPSs7tabFylcWRB/vgABwBF5yDCrgBVVADGKTgCbyAV+vRerberPdZa87KZnbBL1kf3zMQlig=</latexit>

x�1/2 at x = 0



IMPROPER INTEGRAL:

Examples: 

a) the integrand is finite at one extreme but cannot be evaluated, e.g., 
<latexit sha1_base64="pKif8vh/o6D0qiUGjPYbHgf59Uc=">AAACEXicbVDLSsNAFJ34rPUVdelmsAhdlUREXRbduKxgH9CEMplO2qGTyTAzkZaQfoIbf8WNC0XcunPn3zhps9DWAxcO59zLvfcEglGlHefbWlldW9/YLG2Vt3d29/btg8OWihOJSRPHLJadACnCKCdNTTUjHSEJigJG2sHoJvfbD0QqGvN7PRHEj9CA05BipI3Us6teKBFOPUV5Os4yU9Np6skIhrE0dOwhIWQ8hk7Prjg1Zwa4TNyCVECBRs/+8voxTiLCNWZIqa7rCO2nSGqKGcnKXqKIQHiEBqRrKEcRUX46+yiDp0bp5zeY4hrO1N8TKYqUmkSB6YyQHqpFLxf/87qJDq/8lHKRaMLxfFGYMKhjmMcD+1QSrNnEEIQlNbdCPEQmIm1CLJsQ3MWXl0nrrOZe1Jy780r9uoijBI7BCagCF1yCOrgFDdAEGDyCZ/AK3qwn68V6tz7mrStWMXME/sD6/AEPSZ8G</latexit>

sinx

x
for x ⇡ 0

<latexit sha1_base64="oFaIZdp4zr3hYTTKtyn07vnVmLQ=">AAACCnicbVC7TsMwFHXKq5RXgJHFUCExVQlCwFjBwlgk+pCaEDmO01p1nMh2UCsrMwu/wsIAQqx8ARt/g/sYoOVIVzo6517de0+YMSqV43xbpaXlldW18nplY3Nre8fe3WvJNBeYNHHKUtEJkSSMctJUVDHSyQRBSchIOxxcj/32AxGSpvxOjTLiJ6jHaUwxUkYK7EOPchVop7jXbqG9WCCsPUm5HhaFqWhYBHbVqTkTwEXizkgVzNAI7C8vSnGeEK4wQ1J2XSdTvkZCUcxIUfFySTKEB6hHuoZylBDp68krBTw2SgTjVJjiCk7U3xMaJVKOktB0Jkj15bw3Fv/zurmKL31NeZYrwvF0UZwzqFI4zgVGVBCs2MgQhAU1t0LcRyYOZdKrmBDc+ZcXSeu05p7XnNuzav1qFkcZHIAjcAJccAHq4AY0QBNg8AiewSt4s56sF+vd+pi2lqzZzD74A+vzB1tmm/k=</latexit>Z 1

0

sinx

x
dx ==> trouble with closed formulas

b) it has upper (and lower) limits going to +/- infinity (e.g., Gaussian)

c) it has an integrable singularity at either limit, e.g., 
<latexit sha1_base64="JwNgp3vb2WmYcwcecIK5IE1APZo=">AAACAHicbZDLSgMxFIYz9VbrbdSFCzfBIrixzhRRN0LRjcsK9gLtWDJppg1NMkOSkZZhuvBV3LhQxK2P4c63MW1nodUfAh//OYeT8/sRo0o7zpeVW1hcWl7JrxbW1jc2t+ztnboKY4lJDYcslE0fKcKoIDVNNSPNSBLEfUYa/uB6Um88EKloKO70KCIeRz1BA4qRNlbH3hveJ8fuSTkdj5O25BBpQ8NLp2MXnZIzFfwLbgZFkKnasT/b3RDHnAiNGVKq5TqR9hIkNcWMpIV2rEiE8AD1SMugQJwoL5kekMJD43RhEErzhIZT9+dEgrhSI+6bTo50X83XJuZ/tVasgwsvoSKKNRF4tiiIGdQhnKQBu1QSrNnIAMKSmr9C3EcSYW0yK5gQ3PmT/0K9XHLPSs7tabFylcWRB/vgABwBF5yDCrgBVVADGKTgCbyAV+vRerberPdZa87KZnbBL1kf3zMQlig=</latexit>

x�1/2 at x = 0

d) it has an integrable singularity somewhere in the integration interval (or at an unknown position)



IMPROPER INTEGRAL:

Examples: 

a) the integrand is finite at one extreme but cannot be evaluated, e.g., 
<latexit sha1_base64="pKif8vh/o6D0qiUGjPYbHgf59Uc=">AAACEXicbVDLSsNAFJ34rPUVdelmsAhdlUREXRbduKxgH9CEMplO2qGTyTAzkZaQfoIbf8WNC0XcunPn3zhps9DWAxcO59zLvfcEglGlHefbWlldW9/YLG2Vt3d29/btg8OWihOJSRPHLJadACnCKCdNTTUjHSEJigJG2sHoJvfbD0QqGvN7PRHEj9CA05BipI3Us6teKBFOPUV5Os4yU9Np6skIhrE0dOwhIWQ8hk7Prjg1Zwa4TNyCVECBRs/+8voxTiLCNWZIqa7rCO2nSGqKGcnKXqKIQHiEBqRrKEcRUX46+yiDp0bp5zeY4hrO1N8TKYqUmkSB6YyQHqpFLxf/87qJDq/8lHKRaMLxfFGYMKhjmMcD+1QSrNnEEIQlNbdCPEQmIm1CLJsQ3MWXl0nrrOZe1Jy780r9uoijBI7BCagCF1yCOrgFDdAEGDyCZ/AK3qwn68V6tz7mrStWMXME/sD6/AEPSZ8G</latexit>

sinx

x
for x ⇡ 0

<latexit sha1_base64="oFaIZdp4zr3hYTTKtyn07vnVmLQ=">AAACCnicbVC7TsMwFHXKq5RXgJHFUCExVQlCwFjBwlgk+pCaEDmO01p1nMh2UCsrMwu/wsIAQqx8ARt/g/sYoOVIVzo6517de0+YMSqV43xbpaXlldW18nplY3Nre8fe3WvJNBeYNHHKUtEJkSSMctJUVDHSyQRBSchIOxxcj/32AxGSpvxOjTLiJ6jHaUwxUkYK7EOPchVop7jXbqG9WCCsPUm5HhaFqWhYBHbVqTkTwEXizkgVzNAI7C8vSnGeEK4wQ1J2XSdTvkZCUcxIUfFySTKEB6hHuoZylBDp68krBTw2SgTjVJjiCk7U3xMaJVKOktB0Jkj15bw3Fv/zurmKL31NeZYrwvF0UZwzqFI4zgVGVBCs2MgQhAU1t0LcRyYOZdKrmBDc+ZcXSeu05p7XnNuzav1qFkcZHIAjcAJccAHq4AY0QBNg8AiewSt4s56sF+vd+pi2lqzZzD74A+vzB1tmm/k=</latexit>Z 1

0

sinx

x
dx ==> trouble with closed formulas

b) it has upper (and lower) limits going to +/- infinity (e.g., Gaussian)

c) it has an integrable singularity at either limit, e.g., 
<latexit sha1_base64="JwNgp3vb2WmYcwcecIK5IE1APZo=">AAACAHicbZDLSgMxFIYz9VbrbdSFCzfBIrixzhRRN0LRjcsK9gLtWDJppg1NMkOSkZZhuvBV3LhQxK2P4c63MW1nodUfAh//OYeT8/sRo0o7zpeVW1hcWl7JrxbW1jc2t+ztnboKY4lJDYcslE0fKcKoIDVNNSPNSBLEfUYa/uB6Um88EKloKO70KCIeRz1BA4qRNlbH3hveJ8fuSTkdj5O25BBpQ8NLp2MXnZIzFfwLbgZFkKnasT/b3RDHnAiNGVKq5TqR9hIkNcWMpIV2rEiE8AD1SMugQJwoL5kekMJD43RhEErzhIZT9+dEgrhSI+6bTo50X83XJuZ/tVasgwsvoSKKNRF4tiiIGdQhnKQBu1QSrNnIAMKSmr9C3EcSYW0yK5gQ3PmT/0K9XHLPSs7tabFylcWRB/vgABwBF5yDCrgBVVADGKTgCbyAV+vRerberPdZa87KZnbBL1kf3zMQlig=</latexit>

x�1/2 at x = 0

d) it has an integrable singularity somewhere in the integration interval (or at an unknown position)

Closed formulas fail in the case of improper integrals. In this case, OPEN FORMULAS are a good 
way out. 



IMPROPER INTEGRAL:

Examples: 

a) the integrand is finite at one extreme but cannot be evaluated, e.g., 
<latexit sha1_base64="pKif8vh/o6D0qiUGjPYbHgf59Uc=">AAACEXicbVDLSsNAFJ34rPUVdelmsAhdlUREXRbduKxgH9CEMplO2qGTyTAzkZaQfoIbf8WNC0XcunPn3zhps9DWAxcO59zLvfcEglGlHefbWlldW9/YLG2Vt3d29/btg8OWihOJSRPHLJadACnCKCdNTTUjHSEJigJG2sHoJvfbD0QqGvN7PRHEj9CA05BipI3Us6teKBFOPUV5Os4yU9Np6skIhrE0dOwhIWQ8hk7Prjg1Zwa4TNyCVECBRs/+8voxTiLCNWZIqa7rCO2nSGqKGcnKXqKIQHiEBqRrKEcRUX46+yiDp0bp5zeY4hrO1N8TKYqUmkSB6YyQHqpFLxf/87qJDq/8lHKRaMLxfFGYMKhjmMcD+1QSrNnEEIQlNbdCPEQmIm1CLJsQ3MWXl0nrrOZe1Jy780r9uoijBI7BCagCF1yCOrgFDdAEGDyCZ/AK3qwn68V6tz7mrStWMXME/sD6/AEPSZ8G</latexit>

sinx

x
for x ⇡ 0

<latexit sha1_base64="oFaIZdp4zr3hYTTKtyn07vnVmLQ=">AAACCnicbVC7TsMwFHXKq5RXgJHFUCExVQlCwFjBwlgk+pCaEDmO01p1nMh2UCsrMwu/wsIAQqx8ARt/g/sYoOVIVzo6517de0+YMSqV43xbpaXlldW18nplY3Nre8fe3WvJNBeYNHHKUtEJkSSMctJUVDHSyQRBSchIOxxcj/32AxGSpvxOjTLiJ6jHaUwxUkYK7EOPchVop7jXbqG9WCCsPUm5HhaFqWhYBHbVqTkTwEXizkgVzNAI7C8vSnGeEK4wQ1J2XSdTvkZCUcxIUfFySTKEB6hHuoZylBDp68krBTw2SgTjVJjiCk7U3xMaJVKOktB0Jkj15bw3Fv/zurmKL31NeZYrwvF0UZwzqFI4zgVGVBCs2MgQhAU1t0LcRyYOZdKrmBDc+ZcXSeu05p7XnNuzav1qFkcZHIAjcAJccAHq4AY0QBNg8AiewSt4s56sF+vd+pi2lqzZzD74A+vzB1tmm/k=</latexit>Z 1

0

sinx

x
dx ==> trouble with closed formulas

b) it has upper (and lower) limits going to +/- infinity (e.g., Gaussian)

c) it has an integrable singularity at either limit, e.g., 
<latexit sha1_base64="JwNgp3vb2WmYcwcecIK5IE1APZo=">AAACAHicbZDLSgMxFIYz9VbrbdSFCzfBIrixzhRRN0LRjcsK9gLtWDJppg1NMkOSkZZhuvBV3LhQxK2P4c63MW1nodUfAh//OYeT8/sRo0o7zpeVW1hcWl7JrxbW1jc2t+ztnboKY4lJDYcslE0fKcKoIDVNNSPNSBLEfUYa/uB6Um88EKloKO70KCIeRz1BA4qRNlbH3hveJ8fuSTkdj5O25BBpQ8NLp2MXnZIzFfwLbgZFkKnasT/b3RDHnAiNGVKq5TqR9hIkNcWMpIV2rEiE8AD1SMugQJwoL5kekMJD43RhEErzhIZT9+dEgrhSI+6bTo50X83XJuZ/tVasgwsvoSKKNRF4tiiIGdQhnKQBu1QSrNnIAMKSmr9C3EcSYW0yK5gQ3PmT/0K9XHLPSs7tabFylcWRB/vgABwBF5yDCrgBVVADGKTgCbyAV+vRerberPdZa87KZnbBL1kf3zMQlig=</latexit>

x�1/2 at x = 0

d) it has an integrable singularity somewhere in the integration interval (or at an unknown position)

Closed formulas fail in the case of improper integrals. In this case, OPEN FORMULAS are a good 
way out. 

NOTE: if an integral is infinite (                 ) or does not exist in a limiting sense (                  ), we do 

not call it improper, we call it IMPOSSIBLE! No amount of clever algorithms will return a meaningful 
answer to an ill-posed problem!! 

<latexit sha1_base64="S/9APJ0Q637U4ZmAaKq+PVmr7Ms=">AAACBHicbZDLSsNAFIYn9Vbrreqym2AR3FgSEXVZdOOygr1Am4bJZNIOnUzCzIk0hCzc+CpuXCji1odw59s4vSy09YeBj/+cw5nzezFnCizr2yisrK6tbxQ3S1vbO7t75f2DlooSSWiTRDySHQ8rypmgTWDAaSeWFIcep21vdDOptx+oVCwS95DG1AnxQLCAEQzacsuVHhPgZnbezzQFkObZuJ+d2rk/zt1y1apZU5nLYM+hiuZquOWvnh+RJKQCCMdKdW0rBifDEhjhNC/1EkVjTEZ4QLsaBQ6pcrLpEbl5rB3fDCKpnwBz6v6eyHCoVBp6ujPEMFSLtYn5X62bQHDlZEzECVBBZouChJsQmZNETJ9JSoCnGjCRTP/VJEMsMQGdW0mHYC+evAyts5p9UbPuzqv163kcRVRBR+gE2egS1dEtaqAmIugRPaNX9GY8GS/Gu/Exay0Y85lD9EfG5w+5upjJ</latexit>Z 1

1
x�1dx

<latexit sha1_base64="rot7RTxgRC2yMT2MvR7ejdfpL00=">AAACC3icbZC7TsMwFIYdrqXcAowsUSskFqoEIWCsYGEsEr1IbYgcx2mtOk5kn6BWUXYWXoWFAYRYeQE23ga3zQAtR7L86f/PkX1+P+FMgW1/G0vLK6tr66WN8ubW9s6uubffUnEqCW2SmMey42NFORO0CQw47SSS4sjntO0Pryd++4FKxWJxB+OEuhHuCxYygkFLnlnpMQFedqKvEMb5fVZA1iOxykZ5MMo9s2rX7GlZi+AUUEVFNTzzqxfEJI2oAMKxUl3HTsDNsARGOM3LvVTRBJMh7tOuRoEjqtxsuktuHWklsMJY6iPAmqq/JzIcKTWOfN0ZYRioeW8i/ud1Uwgv3YyJJAUqyOyhMOUWxNYkGCtgkhLgYw2YSKb/apEBlpiAjq+sQ3DmV16E1mnNOa/Zt2fV+lURRwkdogo6Rg66QHV0gxqoiQh6RM/oFb0ZT8aL8W58zFqXjGLmAP0p4/MHPqWcdg==</latexit>Z 1

�1
cosxdx



Midpoint formula:

Open extended formula:
<latexit sha1_base64="TdKF5zqpoVuYrmlBQrv1/h2nODs="></latexit>Z xN

x1

f(x)dx = h


55

24
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