
Numerical Methods II:
interpolation



The basic problem is well known: given the values (f1,f2,…,fN) of a function f=f(x) at the points 
(x1,x2,…,xN), where fi=f(xi), find:
1) f(ā), where ā inside [x1,xN]: interpolation
2) f(ā), where ā outside [x1,xN]: extrapolation

Both interpolation and extrapolation must model a function among or beyond the assigned set of 
points. For this we need model functions that are sufficiently general to accommodate (e.g., to 
approximate) a large class of functions.

Exemples:
- polynomials
- rational functions
- trigonometric functions 
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In other words, numerical interpolation and extrapolation is a 
well-posed mathematical problem if the underlying function 
is smooth. If this is not the case, extrapolation and interpolation 
are not reliable. 



Theoretically, there are two steps:
1) find an interpolating function at the assigned points
2) evaluate this function at the desired point x0

In practice, it is preferable to combine step 1) and 2):
f(x0) is evaluate directly from (f1,f2,…,fN) and (x1,x2,…,xN). 
In general, this takes something like O(N2) operations.
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complicated and computationally expensive 
Let’s consider polynomials as modeling functions.
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Ex. i) function with sharp corners (i.e., large gradients)
—> low order polynomial is a good idea

Ex. ii) function that is smooth —> use high order polynomial

with a high polynomial
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the function is tabulated, then the 
maximum order of the polynomial I can 
use is Nmax = N-1



For high order polynomials, never go 
past 5th order. If I have N points at which 
the function is tabulated, then the 
maximum order of the polynomial I can 
use is Nmax = N-1

Lagrange’s Formula: 
Given (x1,x2,…,xN); (f1,f2,…,fN) = (y1,y2,…,yN)

<latexit sha1_base64="o7J9Yr60DwQX6C3OpBZINbTOaSM="></latexit>

y(x) =
(x� x2)(x� x3)...(x� xN )

(x1 � x2)(x1 � x3)...(x1 � xN )
y1 + ...+

(x� x1)(x� x2)...(x� xN�1)

(xN � x1)(xN � x2)...(xN � xN�1)
yN

point at which I want to interpolate 



For high order polynomials, never go 
past 5th order. If I have N points at which 
the function is tabulated, then the 
maximum order of the polynomial I can 
use is Nmax = N-1

Lagrange’s Formula: 
Given (x1,x2,…,xN); (f1,f2,…,fN) = (y1,y2,…,yN)

<latexit sha1_base64="o7J9Yr60DwQX6C3OpBZINbTOaSM="></latexit>

y(x) =
(x� x2)(x� x3)...(x� xN )

(x1 � x2)(x1 � x3)...(x1 � xN )
y1 + ...+

(x� x1)(x� x2)...(x� xN�1)

(xN � x1)(xN � x2)...(xN � xN�1)
yN

point at which I want to interpolate 



For high order polynomials, never go 
past 5th order. If I have N points at which 
the function is tabulated, then the 
maximum order of the polynomial I can 
use is Nmax = N-1

Lagrange’s Formula: 
Given (x1,x2,…,xN); (f1,f2,…,fN) = (y1,y2,…,yN)

<latexit sha1_base64="o7J9Yr60DwQX6C3OpBZINbTOaSM="></latexit>

y(x) =
(x� x2)(x� x3)...(x� xN )

(x1 � x2)(x1 � x3)...(x1 � xN )
y1 + ...+

(x� x1)(x� x2)...(x� xN�1)

(xN � x1)(xN � x2)...(xN � xN�1)
yN

point at which I want to interpolate 



For high order polynomials, never go 
past 5th order. If I have N points at which 
the function is tabulated, then the 
maximum order of the polynomial I can 
use is Nmax = N-1

Lagrange’s Formula: 
Given (x1,x2,…,xN); (f1,f2,…,fN) = (y1,y2,…,yN)

<latexit sha1_base64="o7J9Yr60DwQX6C3OpBZINbTOaSM="></latexit>

y(x) =
(x� x2)(x� x3)...(x� xN )

(x1 � x2)(x1 � x3)...(x1 � xN )
y1 + ...+

(x� x1)(x� x2)...(x� xN�1)

(xN � x1)(xN � x2)...(xN � xN�1)
yN

point at which I want to interpolate 

EXAMPLE: N=2 (straight line)
<latexit sha1_base64="1jRw4VA/VHTFQlwvhp1rzwjHYo8="></latexit>

y(x) =
(x� x2)

(x1 � x2)
y1 �

(x� x1)

(x1 � x2)
y2 = ty1 + uy2

<latexit sha1_base64="ZbzL0FY2/ga+0rDPoYrxxR/DXus=">AAACJnicbZDJSgNBEIZ7XGPcRj16GQyCBxNmRNRLQPTiMYJZIAlDT6fGNPYsdNdowpC8jBdfxYuHiIg3H8XOAtHEgoaP/6+iun4vFlyhbX8ZC4tLyyurmbXs+sbm1ra5s1tRUSIZlFkkIlnzqALBQygjRwG1WAINPAFV7+F66FcfQSoehXfYjaEZ0PuQ+5xR1JJrFp/aIKHfx2LDl5SlnXzHPemlHdcZwXG/nxSdPBbzU9uZ2q6Zswv2qKx5cCaQI5Mqueag0YpYEkCITFCl6o4dYzOlEjkT0Ms2EgUxZQ/0HuoaQxqAaqajM3vWoVZalh9J/UK0RurviZQGSnUDT3cGFNtq1huK/3n1BP2LZsrDOEEI2XiRnwgLI2uYmdXiEhiKrgbKJNd/tVib6jxQJ5vVITizJ89D5aTgnBXs29Pc5dUkjgzZJwfkiDjknFySG1IiZcLIM3klA/JuvBhvxofxOW5dMCYze+RPGd8/P4+llw==</latexit>

where t =
x� x2

x1 � x2
, u = 1� t = � x� x1

x1 � x2



For high order polynomials, never go 
past 5th order. If I have N points at which 
the function is tabulated, then the 
maximum order of the polynomial I can 
use is Nmax = N-1

Lagrange’s Formula: 
Given (x1,x2,…,xN); (f1,f2,…,fN) = (y1,y2,…,yN)

<latexit sha1_base64="o7J9Yr60DwQX6C3OpBZINbTOaSM="></latexit>

y(x) =
(x� x2)(x� x3)...(x� xN )

(x1 � x2)(x1 � x3)...(x1 � xN )
y1 + ...+

(x� x1)(x� x2)...(x� xN�1)

(xN � x1)(xN � x2)...(xN � xN�1)
yN

point at which I want to interpolate 

EXAMPLE: N=2 (straight line)
<latexit sha1_base64="1jRw4VA/VHTFQlwvhp1rzwjHYo8="></latexit>

y(x) =
(x� x2)

(x1 � x2)
y1 �

(x� x1)

(x1 � x2)
y2 = ty1 + uy2

<latexit sha1_base64="ZbzL0FY2/ga+0rDPoYrxxR/DXus=">AAACJnicbZDJSgNBEIZ7XGPcRj16GQyCBxNmRNRLQPTiMYJZIAlDT6fGNPYsdNdowpC8jBdfxYuHiIg3H8XOAtHEgoaP/6+iun4vFlyhbX8ZC4tLyyurmbXs+sbm1ra5s1tRUSIZlFkkIlnzqALBQygjRwG1WAINPAFV7+F66FcfQSoehXfYjaEZ0PuQ+5xR1JJrFp/aIKHfx2LDl5SlnXzHPemlHdcZwXG/nxSdPBbzU9uZ2q6Zswv2qKx5cCaQI5Mqueag0YpYEkCITFCl6o4dYzOlEjkT0Ms2EgUxZQ/0HuoaQxqAaqajM3vWoVZalh9J/UK0RurviZQGSnUDT3cGFNtq1huK/3n1BP2LZsrDOEEI2XiRnwgLI2uYmdXiEhiKrgbKJNd/tVib6jxQJ5vVITizJ89D5aTgnBXs29Pc5dUkjgzZJwfkiDjknFySG1IiZcLIM3klA/JuvBhvxofxOW5dMCYze+RPGd8/P4+llw==</latexit>

where t =
x� x2

x1 � x2
, u = 1� t = � x� x1

x1 � x2

<latexit sha1_base64="llWaHUM7LTZvwru83CsGPo105UA=">AAAB/XicbZDLSsNAFIZP6q3WW7zs3AwWoYVSkiLqsujGZQV7gTaEyXTSDp1cmJmIsRRfxY0LRdz6Hu58G6dtFtr6w8DHf87hnPm9mDOpLOvbyK2srq1v5DcLW9s7u3vm/kFLRokgtEkiHomOhyXlLKRNxRSnnVhQHHictr3R9bTevqdCsii8U2lMnQAPQuYzgpW2XPOo9ODaldS1yxWksaaxVnbNolW1ZkLLYGdQhEwN1/zq9SOSBDRUhGMpu7YVK2eMhWKE00mhl0gaYzLCA9rVGOKASmc8u36CTrXTR34k9AsVmrm/J8Y4kDINPN0ZYDWUi7Wp+V+tmyj/0hmzME4UDcl8kZ9wpCI0jQL1maBE8VQDJoLpWxEZYoGJ0oEVdAj24peXoVWr2udV6/asWL/K4sjDMZxACWy4gDrcQAOaQOARnuEV3own48V4Nz7mrTkjmzmEPzI+fwDSWJLi</latexit>

(x1, y1), (x2, y2)
<latexit sha1_base64="AjXtydJkS4HJDm4Iq6yWeD8OWqQ=">AAAB+XicbVBNS8NAEN3Ur1q/oh69LBZBEEoiol6EohePFewHNKFMtpt26WYTdjfFEPpPvHhQxKv/xJv/xm2bg7Y+GHi8N8PMvCDhTGnH+bZKK6tr6xvlzcrW9s7unr1/0FJxKgltkpjHshOAopwJ2tRMc9pJJIUo4LQdjO6mfntMpWKxeNRZQv0IBoKFjIA2Us+2sxsPeDIE/HTmBVRDz646NWcGvEzcglRRgUbP/vL6MUkjKjThoFTXdRLt5yA1I5xOKl6qaAJkBAPaNVRARJWfzy6f4BOj9HEYS1NC45n6eyKHSKksCkxnBHqoFr2p+J/XTXV47edMJKmmgswXhSnHOsbTGHCfSUo0zwwBIpm5FZMhSCDahFUxIbiLLy+T1nnNvaw5DxfV+m0RRxkdoWN0ilx0heroHjVQExE0Rs/oFb1ZufVivVsf89aSVcwcoj+wPn8A1CaTIw==</latexit>

y = ↵x+ �
<latexit sha1_base64="/+9p3S8HA2lyUvKTuQ5f+PE0/wU=">AAACCXicbZDLSsNAFIZPvNZ6i7p0M1gEN5akiLoRim5cVrAXaEKYTCft0MmFmYk0hG7d+CpuXCji1jdw59s4bbPQ1h8GPv5zDmfO7yecSWVZ38bS8srq2nppo7y5tb2za+7tt2ScCkKbJOax6PhYUs4i2lRMcdpJBMWhz2nbH95M6u0HKiSLo3uVJdQNcT9iASNYacszkYN5MsDoCjmBwCTPvNpp5tnjfKRhpMEzK1bVmgotgl1ABQo1PPPL6cUkDWmkCMdSdm0rUW6OhWKE03HZSSVNMBniPu1qjHBIpZtPLxmjY+30UBAL/SKFpu7viRyHUmahrztDrAZyvjYx/6t1UxVcujmLklTRiMwWBSlHKkaTWFCPCUoUzzRgIpj+KyIDrBNROryyDsGeP3kRWrWqfV617s4q9esijhIcwhGcgA0XUIdbaEATCDzCM7zCm/FkvBjvxsesdckoZg7gj4zPH+t+mTU=</latexit>

↵ =
y2 � y1
x2 � x1

<latexit sha1_base64="UB0/F7eK02ql/D3jZypn+Weg2I4=">AAACAHicbVBNS8NAEN34WetX1IMHL4tF8GJJRNSLUPTisYL9gKaEyXbTLt1swu5GDKEX/4oXD4p49Wd489+4bXPQ1gcDj/dmmJkXJJwp7Tjf1sLi0vLKammtvL6xubVt7+w2VZxKQhsk5rFsB6AoZ4I2NNOcthNJIQo4bQXDm7HfeqBSsVjc6yyh3Qj6goWMgDaSb+97AdWAr3Dmu/jEA54MAD/6rm9XnKozAZ4nbkEqqEDdt7+8XkzSiApNOCjVcZ1Ed3OQmhFOR2UvVTQBMoQ+7RgqIKKqm08eGOEjo/RwGEtTQuOJ+nsih0ipLApMZwR6oGa9sfif10l1eNnNmUhSTQWZLgpTjnWMx2ngHpOUaJ4ZAkQycysmA5BAtMmsbEJwZ1+eJ83Tqntede7OKrXrIo4SOkCH6Bi56ALV0C2qowYiaISe0St6s56sF+vd+pi2LljFzB76A+vzB0bNlOs=</latexit>

� = y1 � ↵x1



For high order polynomials, never go 
past 5th order. If I have N points at which 
the function is tabulated, then the 
maximum order of the polynomial I can 
use is Nmax = N-1

Lagrange’s Formula: 
Given (x1,x2,…,xN); (f1,f2,…,fN) = (y1,y2,…,yN)

<latexit sha1_base64="o7J9Yr60DwQX6C3OpBZINbTOaSM="></latexit>

y(x) =
(x� x2)(x� x3)...(x� xN )

(x1 � x2)(x1 � x3)...(x1 � xN )
y1 + ...+

(x� x1)(x� x2)...(x� xN�1)

(xN � x1)(xN � x2)...(xN � xN�1)
yN

point at which I want to interpolate 

EXAMPLE: N=2 (straight line)
<latexit sha1_base64="1jRw4VA/VHTFQlwvhp1rzwjHYo8="></latexit>

y(x) =
(x� x2)

(x1 � x2)
y1 �

(x� x1)

(x1 � x2)
y2 = ty1 + uy2

<latexit sha1_base64="ZbzL0FY2/ga+0rDPoYrxxR/DXus=">AAACJnicbZDJSgNBEIZ7XGPcRj16GQyCBxNmRNRLQPTiMYJZIAlDT6fGNPYsdNdowpC8jBdfxYuHiIg3H8XOAtHEgoaP/6+iun4vFlyhbX8ZC4tLyyurmbXs+sbm1ra5s1tRUSIZlFkkIlnzqALBQygjRwG1WAINPAFV7+F66FcfQSoehXfYjaEZ0PuQ+5xR1JJrFp/aIKHfx2LDl5SlnXzHPemlHdcZwXG/nxSdPBbzU9uZ2q6Zswv2qKx5cCaQI5Mqueag0YpYEkCITFCl6o4dYzOlEjkT0Ms2EgUxZQ/0HuoaQxqAaqajM3vWoVZalh9J/UK0RurviZQGSnUDT3cGFNtq1huK/3n1BP2LZsrDOEEI2XiRnwgLI2uYmdXiEhiKrgbKJNd/tVib6jxQJ5vVITizJ89D5aTgnBXs29Pc5dUkjgzZJwfkiDjknFySG1IiZcLIM3klA/JuvBhvxofxOW5dMCYze+RPGd8/P4+llw==</latexit>

where t =
x� x2

x1 � x2
, u = 1� t = � x� x1

x1 � x2

Lagrange’s formula is fine mathematically, but it is not easy to implement numerically 

<latexit sha1_base64="llWaHUM7LTZvwru83CsGPo105UA=">AAAB/XicbZDLSsNAFIZP6q3WW7zs3AwWoYVSkiLqsujGZQV7gTaEyXTSDp1cmJmIsRRfxY0LRdz6Hu58G6dtFtr6w8DHf87hnPm9mDOpLOvbyK2srq1v5DcLW9s7u3vm/kFLRokgtEkiHomOhyXlLKRNxRSnnVhQHHictr3R9bTevqdCsii8U2lMnQAPQuYzgpW2XPOo9ODaldS1yxWksaaxVnbNolW1ZkLLYGdQhEwN1/zq9SOSBDRUhGMpu7YVK2eMhWKE00mhl0gaYzLCA9rVGOKASmc8u36CTrXTR34k9AsVmrm/J8Y4kDINPN0ZYDWUi7Wp+V+tmyj/0hmzME4UDcl8kZ9wpCI0jQL1maBE8VQDJoLpWxEZYoGJ0oEVdAj24peXoVWr2udV6/asWL/K4sjDMZxACWy4gDrcQAOaQOARnuEV3own48V4Nz7mrTkjmzmEPzI+fwDSWJLi</latexit>

(x1, y1), (x2, y2)
<latexit sha1_base64="AjXtydJkS4HJDm4Iq6yWeD8OWqQ=">AAAB+XicbVBNS8NAEN3Ur1q/oh69LBZBEEoiol6EohePFewHNKFMtpt26WYTdjfFEPpPvHhQxKv/xJv/xm2bg7Y+GHi8N8PMvCDhTGnH+bZKK6tr6xvlzcrW9s7unr1/0FJxKgltkpjHshOAopwJ2tRMc9pJJIUo4LQdjO6mfntMpWKxeNRZQv0IBoKFjIA2Us+2sxsPeDIE/HTmBVRDz646NWcGvEzcglRRgUbP/vL6MUkjKjThoFTXdRLt5yA1I5xOKl6qaAJkBAPaNVRARJWfzy6f4BOj9HEYS1NC45n6eyKHSKksCkxnBHqoFr2p+J/XTXV47edMJKmmgswXhSnHOsbTGHCfSUo0zwwBIpm5FZMhSCDahFUxIbiLLy+T1nnNvaw5DxfV+m0RRxkdoWN0ilx0heroHjVQExE0Rs/oFb1ZufVivVsf89aSVcwcoj+wPn8A1CaTIw==</latexit>

y = ↵x+ �
<latexit sha1_base64="/+9p3S8HA2lyUvKTuQ5f+PE0/wU=">AAACCXicbZDLSsNAFIZPvNZ6i7p0M1gEN5akiLoRim5cVrAXaEKYTCft0MmFmYk0hG7d+CpuXCji1jdw59s4bbPQ1h8GPv5zDmfO7yecSWVZ38bS8srq2nppo7y5tb2za+7tt2ScCkKbJOax6PhYUs4i2lRMcdpJBMWhz2nbH95M6u0HKiSLo3uVJdQNcT9iASNYacszkYN5MsDoCjmBwCTPvNpp5tnjfKRhpMEzK1bVmgotgl1ABQo1PPPL6cUkDWmkCMdSdm0rUW6OhWKE03HZSSVNMBniPu1qjHBIpZtPLxmjY+30UBAL/SKFpu7viRyHUmahrztDrAZyvjYx/6t1UxVcujmLklTRiMwWBSlHKkaTWFCPCUoUzzRgIpj+KyIDrBNROryyDsGeP3kRWrWqfV617s4q9esijhIcwhGcgA0XUIdbaEATCDzCM7zCm/FkvBjvxsesdckoZg7gj4zPH+t+mTU=</latexit>

↵ =
y2 � y1
x2 � x1

<latexit sha1_base64="UB0/F7eK02ql/D3jZypn+Weg2I4=">AAACAHicbVBNS8NAEN34WetX1IMHL4tF8GJJRNSLUPTisYL9gKaEyXbTLt1swu5GDKEX/4oXD4p49Wd489+4bXPQ1gcDj/dmmJkXJJwp7Tjf1sLi0vLKammtvL6xubVt7+w2VZxKQhsk5rFsB6AoZ4I2NNOcthNJIQo4bQXDm7HfeqBSsVjc6yyh3Qj6goWMgDaSb+97AdWAr3Dmu/jEA54MAD/6rm9XnKozAZ4nbkEqqEDdt7+8XkzSiApNOCjVcZ1Ed3OQmhFOR2UvVTQBMoQ+7RgqIKKqm08eGOEjo/RwGEtTQuOJ+nsih0ipLApMZwR6oGa9sfif10l1eNnNmUhSTQWZLgpTjnWMx2ngHpOUaJ4ZAkQycysmA5BAtMmsbEJwZ1+eJ83Tqntede7OKrXrIo4SOkCH6Bi56ALV0C2qowYiaISe0St6s56sF+vd+pi2LljFzB76A+vzB0bNlOs=</latexit>

� = y1 � ↵x1



Neville’s Algorithm:
a smart implementation of Lagrange’s formula

<latexit sha1_base64="cjB0MFnaz1pAv78kaP1jHZqPmiI="></latexit>

pi(i+1)...(1+m)(x) =
(x� xi+m)pi(i+1)...(i+m�1) � (xi � x)p(i+1)(i+2)...(i+m)

xi � xi+m
where m=N-1



Neville’s Algorithm:
a smart implementation of Lagrange’s formula

<latexit sha1_base64="cjB0MFnaz1pAv78kaP1jHZqPmiI="></latexit>

pi(i+1)...(1+m)(x) =
(x� xi+m)pi(i+1)...(i+m�1) � (xi � x)p(i+1)(i+2)...(i+m)

xi � xi+m
where m=N-1

In other words, the final polynomial is just a linear combination of lower order polynomials:



Neville’s Algorithm:
a smart implementation of Lagrange’s formula

<latexit sha1_base64="cjB0MFnaz1pAv78kaP1jHZqPmiI="></latexit>

pi(i+1)...(1+m)(x) =
(x� xi+m)pi(i+1)...(i+m�1) � (xi � x)p(i+1)(i+2)...(i+m)

xi � xi+m
where m=N-1

In other words, the final polynomial is just a linear combination of lower order polynomials:
<latexit sha1_base64="xq1AuAMbcgMgoEDomNmEzLxKd5Y="></latexit>

p1234(x) =
(x� x4)p123 + (x1 � x)p234

x1 � x4
cubic



Neville’s Algorithm:
a smart implementation of Lagrange’s formula

<latexit sha1_base64="cjB0MFnaz1pAv78kaP1jHZqPmiI="></latexit>

pi(i+1)...(1+m)(x) =
(x� xi+m)pi(i+1)...(i+m�1) � (xi � x)p(i+1)(i+2)...(i+m)

xi � xi+m
where m=N-1

In other words, the final polynomial is just a linear combination of lower order polynomials:
<latexit sha1_base64="xq1AuAMbcgMgoEDomNmEzLxKd5Y="></latexit>

p1234(x) =
(x� x4)p123 + (x1 � x)p234

x1 � x4
cubic

<latexit sha1_base64="Ez3iwaMWYFD42Y90wz7Bu7NY8jA="></latexit>

p123(x) =
(x� x3)p12 + (x1 � x)p23

x1 � x3

<latexit sha1_base64="kd2fle3BWzNvAz2R+gK3QNoaQyQ="></latexit>

p234(x) =
(x� x4)p23 + (x2 � x)p34

x2 � x4
parabola



Neville’s Algorithm:
a smart implementation of Lagrange’s formula

<latexit sha1_base64="cjB0MFnaz1pAv78kaP1jHZqPmiI="></latexit>

pi(i+1)...(1+m)(x) =
(x� xi+m)pi(i+1)...(i+m�1) � (xi � x)p(i+1)(i+2)...(i+m)

xi � xi+m
where m=N-1

In other words, the final polynomial is just a linear combination of lower order polynomials:
<latexit sha1_base64="xq1AuAMbcgMgoEDomNmEzLxKd5Y="></latexit>

p1234(x) =
(x� x4)p123 + (x1 � x)p234

x1 � x4
cubic

<latexit sha1_base64="Ez3iwaMWYFD42Y90wz7Bu7NY8jA="></latexit>

p123(x) =
(x� x3)p12 + (x1 � x)p23

x1 � x3

<latexit sha1_base64="kd2fle3BWzNvAz2R+gK3QNoaQyQ="></latexit>

p234(x) =
(x� x4)p23 + (x2 � x)p34

x2 � x4
parabola

<latexit sha1_base64="fjebKXuJ+OC1WJVK/NTGY15Cuz8="></latexit>

p12(x) =
(x� x2)p1 + (x1 � x)p2

x1 � x2
<latexit sha1_base64="3418I162Y7KVWMCY+HLMvhzZxTU="></latexit>

p23(x) =
(x� x3)p2 + (x2 � x)p3

x2 � x3

<latexit sha1_base64="ZDcA73Owdexupa4yYs+T0PtL7qE="></latexit>

p34(x) =
(x� x4)p3 + (x3 � x)p4

x3 � x4
straight line



So far, we’ve been talking about local interpolation methods.

Global interpolation methods: cubic spline [NOTE: you can call this function/routine when coding]



So far, we’ve been talking about local interpolation methods.

Given (x1,x2,…,xN) and (f1,f2,…,fN) = (y1,y2,…,yN), 
consider two points xj,xj+1 and write a linear 
interpolation formula for there two points (this is a special 
case of the general Lagrange interpolation formula):

Global interpolation methods: cubic spline [NOTE: you can call this function/routine when coding]



So far, we’ve been talking about local interpolation methods.

Given (x1,x2,…,xN) and (f1,f2,…,fN) = (y1,y2,…,yN), 
consider two points xj,xj+1 and write a linear 
interpolation formula for there two points (this is a special 
case of the general Lagrange interpolation formula):

<latexit sha1_base64="UPZaGhVQJD9ZQWI2LW/etrntMi0=">AAAB/XicbVDLSsNAFJ34rPUVHzs3g0WoFEoiom6EWjcuK9gHtCFMppN22skkzEzEGIq/4saFIm79D3f+jdM2C209cOFwzr3ce48XMSqVZX0bC4tLyyurubX8+sbm1ra5s9uQYSwwqeOQhaLlIUkY5aSuqGKkFQmCAo+Rpje8HvvNeyIkDfmdSiLiBKjHqU8xUlpyzf2k+HB8eZW4A1iC1cRNByV75JoFq2xNAOeJnZECyFBzza9ON8RxQLjCDEnZtq1IOSkSimJGRvlOLEmE8BD1SFtTjgIinXRy/QgeaaUL/VDo4gpO1N8TKQqkTAJPdwZI9eWsNxb/89qx8i+clPIoVoTj6SI/ZlCFcBwF7FJBsGKJJggLqm+FuI8EwkoHltch2LMvz5PGSdk+K1u3p4VKNYsjBw7AISgCG5yDCrgBNVAHGDyCZ/AK3own48V4Nz6mrQtGNrMH/sD4/AEkdpO9</latexit>

y(x) = Ayj +Byj+1
<latexit sha1_base64="jhTvXXTJ21f7gpFXw3mMIDOPz/4=">AAACEXicbZDLSgMxFIYz9VbrbdSlm2ARKmKZEVE3QqsblxXsBdphyKSZNm0mMyQZaRnmFdz4Km5cKOLWnTvfxvQCauuBkI//P4fk/F7EqFSW9WVkFhaXlleyq7m19Y3NLXN7pybDWGBSxSELRcNDkjDKSVVRxUgjEgQFHiN1r3898uv3REga8js1jIgToA6nPsVIack1C2V4CcuFwaG+Wr5AOBm4Se/ITo8H6Q+6vdQ181bRGhecB3sKeTCtimt+ttohjgPCFWZIyqZtRcpJkFAUM5LmWrEkEcJ91CFNjRwFRDrJeKMUHmilDf1Q6MMVHKu/JxIUSDkMPN0ZINWVs95I/M9rxsq/cBLKo1gRjicP+TGDKoSjeGCbCoIVG2pAWFD9V4i7SOeidIg5HYI9u/I81E6K9lnRuj3Nl66mcWTBHtgHBWCDc1ACN6ACqgCDB/AEXsCr8Wg8G2/G+6Q1Y0xndsGfMj6+AZKgm6o=</latexit>

A = A(x) =
xj+1 � x

xj+1 � xj

<latexit sha1_base64="+x5qlQYdHVOnMjCZRO5tTbCkm94=">AAACDXicbVC7TsMwFHV4lvIKMLJYFCQk1CpBCFiQSlkYi0QfUltFjuu0bh0nsh3UKsoPsPArLAwgxMrOxt/gphmg5UiWj8+5V9f3uCGjUlnWt7GwuLS8sppby69vbG5tmzu7dRlEApMaDlggmi6ShFFOaooqRpqhIMh3GWm4w5uJ33ggQtKA36txSDo+6nHqUYyUlhzzsAKvoF2E1/pqewLheFQcOYMkHjnx4MRO0odjFqySlQLOEzsjBZCh6phf7W6AI59whRmSsmVboerESCiKGUny7UiSEOEh6pGWphz5RHbidJsEHmmlC71A6MMVTNXfHTHypRz7rq70kerLWW8i/ue1IuVddmLKw0gRjqeDvIhBFcBJNLBLBcGKjTVBWFD9V4j7SGeidIB5HYI9u/I8qZ+W7POSdXdWKFeyOHJgHxyAY2CDC1AGt6AKagCDR/AMXsGb8WS8GO/Gx7R0wch69sAfGJ8/UceZ5A==</latexit>

B = 1�A =
x� xj

xj+1 � xj

Global interpolation methods: cubic spline [NOTE: you can call this function/routine when coding]



So far, we’ve been talking about local interpolation methods.

Given (x1,x2,…,xN) and (f1,f2,…,fN) = (y1,y2,…,yN), 
consider two points xj,xj+1 and write a linear 
interpolation formula for there two points (this is a special 
case of the general Lagrange interpolation formula):

<latexit sha1_base64="UPZaGhVQJD9ZQWI2LW/etrntMi0=">AAAB/XicbVDLSsNAFJ34rPUVHzs3g0WoFEoiom6EWjcuK9gHtCFMppN22skkzEzEGIq/4saFIm79D3f+jdM2C209cOFwzr3ce48XMSqVZX0bC4tLyyurubX8+sbm1ra5s9uQYSwwqeOQhaLlIUkY5aSuqGKkFQmCAo+Rpje8HvvNeyIkDfmdSiLiBKjHqU8xUlpyzf2k+HB8eZW4A1iC1cRNByV75JoFq2xNAOeJnZECyFBzza9ON8RxQLjCDEnZtq1IOSkSimJGRvlOLEmE8BD1SFtTjgIinXRy/QgeaaUL/VDo4gpO1N8TKQqkTAJPdwZI9eWsNxb/89qx8i+clPIoVoTj6SI/ZlCFcBwF7FJBsGKJJggLqm+FuI8EwkoHltch2LMvz5PGSdk+K1u3p4VKNYsjBw7AISgCG5yDCrgBNVAHGDyCZ/AK3own48V4Nz6mrQtGNrMH/sD4/AEkdpO9</latexit>

y(x) = Ayj +Byj+1
<latexit sha1_base64="jhTvXXTJ21f7gpFXw3mMIDOPz/4=">AAACEXicbZDLSgMxFIYz9VbrbdSlm2ARKmKZEVE3QqsblxXsBdphyKSZNm0mMyQZaRnmFdz4Km5cKOLWnTvfxvQCauuBkI//P4fk/F7EqFSW9WVkFhaXlleyq7m19Y3NLXN7pybDWGBSxSELRcNDkjDKSVVRxUgjEgQFHiN1r3898uv3REga8js1jIgToA6nPsVIack1C2V4CcuFwaG+Wr5AOBm4Se/ITo8H6Q+6vdQ181bRGhecB3sKeTCtimt+ttohjgPCFWZIyqZtRcpJkFAUM5LmWrEkEcJ91CFNjRwFRDrJeKMUHmilDf1Q6MMVHKu/JxIUSDkMPN0ZINWVs95I/M9rxsq/cBLKo1gRjicP+TGDKoSjeGCbCoIVG2pAWFD9V4i7SOeidIg5HYI9u/I81E6K9lnRuj3Nl66mcWTBHtgHBWCDc1ACN6ACqgCDB/AEXsCr8Wg8G2/G+6Q1Y0xndsGfMj6+AZKgm6o=</latexit>

A = A(x) =
xj+1 � x

xj+1 � xj

<latexit sha1_base64="+x5qlQYdHVOnMjCZRO5tTbCkm94=">AAACDXicbVC7TsMwFHV4lvIKMLJYFCQk1CpBCFiQSlkYi0QfUltFjuu0bh0nsh3UKsoPsPArLAwgxMrOxt/gphmg5UiWj8+5V9f3uCGjUlnWt7GwuLS8sppby69vbG5tmzu7dRlEApMaDlggmi6ShFFOaooqRpqhIMh3GWm4w5uJ33ggQtKA36txSDo+6nHqUYyUlhzzsAKvoF2E1/pqewLheFQcOYMkHjnx4MRO0odjFqySlQLOEzsjBZCh6phf7W6AI59whRmSsmVboerESCiKGUny7UiSEOEh6pGWphz5RHbidJsEHmmlC71A6MMVTNXfHTHypRz7rq70kerLWW8i/ue1IuVddmLKw0gRjqeDvIhBFcBJNLBLBcGKjTVBWFD9V4j7SGeidIB5HYI9u/I8qZ+W7POSdXdWKFeyOHJgHxyAY2CDC1AGt6AKagCDR/AMXsGb8WS8GO/Gx7R0wch69sAfGJ8/UceZ5A==</latexit>

B = 1�A =
x� xj

xj+1 � xj

Global interpolation methods: cubic spline [NOTE: you can call this function/routine when coding]

This has y”=0 in the interior of each interval (xj,xj+1), and undefined or infinite y” 
at x=xj. However, we want an interpolating formula that is smooth in y’, and 
continuous in y”, both within and at the boundaries.



So far, we’ve been talking about local interpolation methods.

Given (x1,x2,…,xN) and (f1,f2,…,fN) = (y1,y2,…,yN), 
consider two points xj,xj+1 and write a linear 
interpolation formula for there two points (this is a special 
case of the general Lagrange interpolation formula):

<latexit sha1_base64="UPZaGhVQJD9ZQWI2LW/etrntMi0=">AAAB/XicbVDLSsNAFJ34rPUVHzs3g0WoFEoiom6EWjcuK9gHtCFMppN22skkzEzEGIq/4saFIm79D3f+jdM2C209cOFwzr3ce48XMSqVZX0bC4tLyyurubX8+sbm1ra5s9uQYSwwqeOQhaLlIUkY5aSuqGKkFQmCAo+Rpje8HvvNeyIkDfmdSiLiBKjHqU8xUlpyzf2k+HB8eZW4A1iC1cRNByV75JoFq2xNAOeJnZECyFBzza9ON8RxQLjCDEnZtq1IOSkSimJGRvlOLEmE8BD1SFtTjgIinXRy/QgeaaUL/VDo4gpO1N8TKQqkTAJPdwZI9eWsNxb/89qx8i+clPIoVoTj6SI/ZlCFcBwF7FJBsGKJJggLqm+FuI8EwkoHltch2LMvz5PGSdk+K1u3p4VKNYsjBw7AISgCG5yDCrgBNVAHGDyCZ/AK3own48V4Nz6mrQtGNrMH/sD4/AEkdpO9</latexit>

y(x) = Ayj +Byj+1
<latexit sha1_base64="jhTvXXTJ21f7gpFXw3mMIDOPz/4=">AAACEXicbZDLSgMxFIYz9VbrbdSlm2ARKmKZEVE3QqsblxXsBdphyKSZNm0mMyQZaRnmFdz4Km5cKOLWnTvfxvQCauuBkI//P4fk/F7EqFSW9WVkFhaXlleyq7m19Y3NLXN7pybDWGBSxSELRcNDkjDKSVVRxUgjEgQFHiN1r3898uv3REga8js1jIgToA6nPsVIack1C2V4CcuFwaG+Wr5AOBm4Se/ITo8H6Q+6vdQ181bRGhecB3sKeTCtimt+ttohjgPCFWZIyqZtRcpJkFAUM5LmWrEkEcJ91CFNjRwFRDrJeKMUHmilDf1Q6MMVHKu/JxIUSDkMPN0ZINWVs95I/M9rxsq/cBLKo1gRjicP+TGDKoSjeGCbCoIVG2pAWFD9V4i7SOeidIg5HYI9u/I81E6K9lnRuj3Nl66mcWTBHtgHBWCDc1ACN6ACqgCDB/AEXsCr8Wg8G2/G+6Q1Y0xndsGfMj6+AZKgm6o=</latexit>

A = A(x) =
xj+1 � x

xj+1 � xj

<latexit sha1_base64="+x5qlQYdHVOnMjCZRO5tTbCkm94=">AAACDXicbVC7TsMwFHV4lvIKMLJYFCQk1CpBCFiQSlkYi0QfUltFjuu0bh0nsh3UKsoPsPArLAwgxMrOxt/gphmg5UiWj8+5V9f3uCGjUlnWt7GwuLS8sppby69vbG5tmzu7dRlEApMaDlggmi6ShFFOaooqRpqhIMh3GWm4w5uJ33ggQtKA36txSDo+6nHqUYyUlhzzsAKvoF2E1/pqewLheFQcOYMkHjnx4MRO0odjFqySlQLOEzsjBZCh6phf7W6AI59whRmSsmVboerESCiKGUny7UiSEOEh6pGWphz5RHbidJsEHmmlC71A6MMVTNXfHTHypRz7rq70kerLWW8i/ue1IuVddmLKw0gRjqeDvIhBFcBJNLBLBcGKjTVBWFD9V4j7SGeidIB5HYI9u/I8qZ+W7POSdXdWKFeyOHJgHxyAY2CDC1AGt6AKagCDR/AMXsGb8WS8GO/Gx7R0wch69sAfGJ8/UceZ5A==</latexit>

B = 1�A =
x� xj

xj+1 � xj

Global interpolation methods: cubic spline [NOTE: you can call this function/routine when coding]

This has y”=0 in the interior of each interval (xj,xj+1), and undefined or infinite y” 
at x=xj. However, we want an interpolating formula that is smooth in y’, and 
continuous in y”, both within and at the boundaries.

Suppose now we want to write an interpolating cubic using only the points (xj,xj+1):



So far, we’ve been talking about local interpolation methods.

Given (x1,x2,…,xN) and (f1,f2,…,fN) = (y1,y2,…,yN), 
consider two points xj,xj+1 and write a linear 
interpolation formula for there two points (this is a special 
case of the general Lagrange interpolation formula):

<latexit sha1_base64="UPZaGhVQJD9ZQWI2LW/etrntMi0=">AAAB/XicbVDLSsNAFJ34rPUVHzs3g0WoFEoiom6EWjcuK9gHtCFMppN22skkzEzEGIq/4saFIm79D3f+jdM2C209cOFwzr3ce48XMSqVZX0bC4tLyyurubX8+sbm1ra5s9uQYSwwqeOQhaLlIUkY5aSuqGKkFQmCAo+Rpje8HvvNeyIkDfmdSiLiBKjHqU8xUlpyzf2k+HB8eZW4A1iC1cRNByV75JoFq2xNAOeJnZECyFBzza9ON8RxQLjCDEnZtq1IOSkSimJGRvlOLEmE8BD1SFtTjgIinXRy/QgeaaUL/VDo4gpO1N8TKQqkTAJPdwZI9eWsNxb/89qx8i+clPIoVoTj6SI/ZlCFcBwF7FJBsGKJJggLqm+FuI8EwkoHltch2LMvz5PGSdk+K1u3p4VKNYsjBw7AISgCG5yDCrgBNVAHGDyCZ/AK3own48V4Nz6mrQtGNrMH/sD4/AEkdpO9</latexit>

y(x) = Ayj +Byj+1
<latexit sha1_base64="jhTvXXTJ21f7gpFXw3mMIDOPz/4=">AAACEXicbZDLSgMxFIYz9VbrbdSlm2ARKmKZEVE3QqsblxXsBdphyKSZNm0mMyQZaRnmFdz4Km5cKOLWnTvfxvQCauuBkI//P4fk/F7EqFSW9WVkFhaXlleyq7m19Y3NLXN7pybDWGBSxSELRcNDkjDKSVVRxUgjEgQFHiN1r3898uv3REga8js1jIgToA6nPsVIack1C2V4CcuFwaG+Wr5AOBm4Se/ITo8H6Q+6vdQ181bRGhecB3sKeTCtimt+ttohjgPCFWZIyqZtRcpJkFAUM5LmWrEkEcJ91CFNjRwFRDrJeKMUHmilDf1Q6MMVHKu/JxIUSDkMPN0ZINWVs95I/M9rxsq/cBLKo1gRjicP+TGDKoSjeGCbCoIVG2pAWFD9V4i7SOeidIg5HYI9u/I81E6K9lnRuj3Nl66mcWTBHtgHBWCDc1ACN6ACqgCDB/AEXsCr8Wg8G2/G+6Q1Y0xndsGfMj6+AZKgm6o=</latexit>

A = A(x) =
xj+1 � x

xj+1 � xj

<latexit sha1_base64="+x5qlQYdHVOnMjCZRO5tTbCkm94=">AAACDXicbVC7TsMwFHV4lvIKMLJYFCQk1CpBCFiQSlkYi0QfUltFjuu0bh0nsh3UKsoPsPArLAwgxMrOxt/gphmg5UiWj8+5V9f3uCGjUlnWt7GwuLS8sppby69vbG5tmzu7dRlEApMaDlggmi6ShFFOaooqRpqhIMh3GWm4w5uJ33ggQtKA36txSDo+6nHqUYyUlhzzsAKvoF2E1/pqewLheFQcOYMkHjnx4MRO0odjFqySlQLOEzsjBZCh6phf7W6AI59whRmSsmVboerESCiKGUny7UiSEOEh6pGWphz5RHbidJsEHmmlC71A6MMVTNXfHTHypRz7rq70kerLWW8i/ue1IuVddmLKw0gRjqeDvIhBFcBJNLBLBcGKjTVBWFD9V4j7SGeidIB5HYI9u/I8qZ+W7POSdXdWKFeyOHJgHxyAY2CDC1AGt6AKagCDR/AMXsGb8WS8GO/Gx7R0wch69sAfGJ8/UceZ5A==</latexit>

B = 1�A =
x� xj

xj+1 � xj

Global interpolation methods: cubic spline [NOTE: you can call this function/routine when coding]

This has y”=0 in the interior of each interval (xj,xj+1), and undefined or infinite y” 
at x=xj. However, we want an interpolating formula that is smooth in y’, and 
continuous in y”, both within and at the boundaries.

Suppose now we want to write an interpolating cubic using only the points (xj,xj+1):
<latexit sha1_base64="vYto9CJywo/3dNL2q0J9pETqb7U=">AAACM3icbVBLSwMxGMzWV62vVY9egkWoFMquiHoRautBPFWwD2jrkk3TNm32QZIVl2X/kxf/iAdBPCji1f9gtt2Dtg4kDDPfkHxj+4wKaRivWmZhcWl5JbuaW1vf2NzSt3cawgs4JnXsMY+3bCQIoy6pSyoZafmcIMdmpGmPq4nfvCdcUM+9laFPug4auLRPMZJKsvTrsPBwCM/hRWiNYBFWQisaFc1Y0SoM76KOz6lDpnesrM S4/M9QGUvPGyVjAjhPzJTkQYqapT93eh4OHOJKzJAQbdPwZTdCXFLMSJzrBIL4CI/RgLQVdZFDRDea7BzDA6X0YN/j6rgSTtTfiQg5QoSOrSYdJIdi1kvE/7x2IPtn3Yi6fiCJi6cP9QMGpQeTAmGPcoIlCxVBmFP1V4iHiCMsVc05VYI5u/I8aRyVzJOScXOcL1fSOrJgD+yDAjDBKSiDK1ADdYDBI3gB7+BDe9LetE/tazqa0dLMLvgD7fsHW9GpFg==</latexit>

y(x) = Ayj +Byj+1 + Cy00j +Dy00j+1



So far, we’ve been talking about local interpolation methods.

Given (x1,x2,…,xN) and (f1,f2,…,fN) = (y1,y2,…,yN), 
consider two points xj,xj+1 and write a linear 
interpolation formula for there two points (this is a special 
case of the general Lagrange interpolation formula):

<latexit sha1_base64="UPZaGhVQJD9ZQWI2LW/etrntMi0=">AAAB/XicbVDLSsNAFJ34rPUVHzs3g0WoFEoiom6EWjcuK9gHtCFMppN22skkzEzEGIq/4saFIm79D3f+jdM2C209cOFwzr3ce48XMSqVZX0bC4tLyyurubX8+sbm1ra5s9uQYSwwqeOQhaLlIUkY5aSuqGKkFQmCAo+Rpje8HvvNeyIkDfmdSiLiBKjHqU8xUlpyzf2k+HB8eZW4A1iC1cRNByV75JoFq2xNAOeJnZECyFBzza9ON8RxQLjCDEnZtq1IOSkSimJGRvlOLEmE8BD1SFtTjgIinXRy/QgeaaUL/VDo4gpO1N8TKQqkTAJPdwZI9eWsNxb/89qx8i+clPIoVoTj6SI/ZlCFcBwF7FJBsGKJJggLqm+FuI8EwkoHltch2LMvz5PGSdk+K1u3p4VKNYsjBw7AISgCG5yDCrgBNVAHGDyCZ/AK3own48V4Nz6mrQtGNrMH/sD4/AEkdpO9</latexit>

y(x) = Ayj +Byj+1
<latexit sha1_base64="jhTvXXTJ21f7gpFXw3mMIDOPz/4=">AAACEXicbZDLSgMxFIYz9VbrbdSlm2ARKmKZEVE3QqsblxXsBdphyKSZNm0mMyQZaRnmFdz4Km5cKOLWnTvfxvQCauuBkI//P4fk/F7EqFSW9WVkFhaXlleyq7m19Y3NLXN7pybDWGBSxSELRcNDkjDKSVVRxUgjEgQFHiN1r3898uv3REga8js1jIgToA6nPsVIack1C2V4CcuFwaG+Wr5AOBm4Se/ITo8H6Q+6vdQ181bRGhecB3sKeTCtimt+ttohjgPCFWZIyqZtRcpJkFAUM5LmWrEkEcJ91CFNjRwFRDrJeKMUHmilDf1Q6MMVHKu/JxIUSDkMPN0ZINWVs95I/M9rxsq/cBLKo1gRjicP+TGDKoSjeGCbCoIVG2pAWFD9V4i7SOeidIg5HYI9u/I81E6K9lnRuj3Nl66mcWTBHtgHBWCDc1ACN6ACqgCDB/AEXsCr8Wg8G2/G+6Q1Y0xndsGfMj6+AZKgm6o=</latexit>

A = A(x) =
xj+1 � x

xj+1 � xj

<latexit sha1_base64="+x5qlQYdHVOnMjCZRO5tTbCkm94=">AAACDXicbVC7TsMwFHV4lvIKMLJYFCQk1CpBCFiQSlkYi0QfUltFjuu0bh0nsh3UKsoPsPArLAwgxMrOxt/gphmg5UiWj8+5V9f3uCGjUlnWt7GwuLS8sppby69vbG5tmzu7dRlEApMaDlggmi6ShFFOaooqRpqhIMh3GWm4w5uJ33ggQtKA36txSDo+6nHqUYyUlhzzsAKvoF2E1/pqewLheFQcOYMkHjnx4MRO0odjFqySlQLOEzsjBZCh6phf7W6AI59whRmSsmVboerESCiKGUny7UiSEOEh6pGWphz5RHbidJsEHmmlC71A6MMVTNXfHTHypRz7rq70kerLWW8i/ue1IuVddmLKw0gRjqeDvIhBFcBJNLBLBcGKjTVBWFD9V4j7SGeidIB5HYI9u/I8qZ+W7POSdXdWKFeyOHJgHxyAY2CDC1AGt6AKagCDR/AMXsGb8WS8GO/Gx7R0wch69sAfGJ8/UceZ5A==</latexit>

B = 1�A =
x� xj

xj+1 � xj

Global interpolation methods: cubic spline [NOTE: you can call this function/routine when coding]

This has y”=0 in the interior of each interval (xj,xj+1), and undefined or infinite y” 
at x=xj. However, we want an interpolating formula that is smooth in y’, and 
continuous in y”, both within and at the boundaries.

Suppose now we want to write an interpolating cubic using only the points (xj,xj+1):
<latexit sha1_base64="vYto9CJywo/3dNL2q0J9pETqb7U=">AAACM3icbVBLSwMxGMzWV62vVY9egkWoFMquiHoRautBPFWwD2jrkk3TNm32QZIVl2X/kxf/iAdBPCji1f9gtt2Dtg4kDDPfkHxj+4wKaRivWmZhcWl5JbuaW1vf2NzSt3cawgs4JnXsMY+3bCQIoy6pSyoZafmcIMdmpGmPq4nfvCdcUM+9laFPug4auLRPMZJKsvTrsPBwCM/hRWiNYBFWQisaFc1Y0SoM76KOz6lDpnesrM S4/M9QGUvPGyVjAjhPzJTkQYqapT93eh4OHOJKzJAQbdPwZTdCXFLMSJzrBIL4CI/RgLQVdZFDRDea7BzDA6X0YN/j6rgSTtTfiQg5QoSOrSYdJIdi1kvE/7x2IPtn3Yi6fiCJi6cP9QMGpQeTAmGPcoIlCxVBmFP1V4iHiCMsVc05VYI5u/I8aRyVzJOScXOcL1fSOrJgD+yDAjDBKSiDK1ADdYDBI3gB7+BDe9LetE/tazqa0dLMLvgD7fsHW9GpFg==</latexit>

y(x) = Ayj +Byj+1 + Cy00j +Dy00j+1

imagine these are 
tabulated (given)



So far, we’ve been talking about local interpolation methods.

Given (x1,x2,…,xN) and (f1,f2,…,fN) = (y1,y2,…,yN), 
consider two points xj,xj+1 and write a linear 
interpolation formula for there two points (this is a special 
case of the general Lagrange interpolation formula):

<latexit sha1_base64="UPZaGhVQJD9ZQWI2LW/etrntMi0=">AAAB/XicbVDLSsNAFJ34rPUVHzs3g0WoFEoiom6EWjcuK9gHtCFMppN22skkzEzEGIq/4saFIm79D3f+jdM2C209cOFwzr3ce48XMSqVZX0bC4tLyyurubX8+sbm1ra5s9uQYSwwqeOQhaLlIUkY5aSuqGKkFQmCAo+Rpje8HvvNeyIkDfmdSiLiBKjHqU8xUlpyzf2k+HB8eZW4A1iC1cRNByV75JoFq2xNAOeJnZECyFBzza9ON8RxQLjCDEnZtq1IOSkSimJGRvlOLEmE8BD1SFtTjgIinXRy/QgeaaUL/VDo4gpO1N8TKQqkTAJPdwZI9eWsNxb/89qx8i+clPIoVoTj6SI/ZlCFcBwF7FJBsGKJJggLqm+FuI8EwkoHltch2LMvz5PGSdk+K1u3p4VKNYsjBw7AISgCG5yDCrgBNVAHGDyCZ/AK3own48V4Nz6mrQtGNrMH/sD4/AEkdpO9</latexit>

y(x) = Ayj +Byj+1
<latexit sha1_base64="jhTvXXTJ21f7gpFXw3mMIDOPz/4=">AAACEXicbZDLSgMxFIYz9VbrbdSlm2ARKmKZEVE3QqsblxXsBdphyKSZNm0mMyQZaRnmFdz4Km5cKOLWnTvfxvQCauuBkI//P4fk/F7EqFSW9WVkFhaXlleyq7m19Y3NLXN7pybDWGBSxSELRcNDkjDKSVVRxUgjEgQFHiN1r3898uv3REga8js1jIgToA6nPsVIack1C2V4CcuFwaG+Wr5AOBm4Se/ITo8H6Q+6vdQ181bRGhecB3sKeTCtimt+ttohjgPCFWZIyqZtRcpJkFAUM5LmWrEkEcJ91CFNjRwFRDrJeKMUHmilDf1Q6MMVHKu/JxIUSDkMPN0ZINWVs95I/M9rxsq/cBLKo1gRjicP+TGDKoSjeGCbCoIVG2pAWFD9V4i7SOeidIg5HYI9u/I81E6K9lnRuj3Nl66mcWTBHtgHBWCDc1ACN6ACqgCDB/AEXsCr8Wg8G2/G+6Q1Y0xndsGfMj6+AZKgm6o=</latexit>

A = A(x) =
xj+1 � x

xj+1 � xj

<latexit sha1_base64="+x5qlQYdHVOnMjCZRO5tTbCkm94=">AAACDXicbVC7TsMwFHV4lvIKMLJYFCQk1CpBCFiQSlkYi0QfUltFjuu0bh0nsh3UKsoPsPArLAwgxMrOxt/gphmg5UiWj8+5V9f3uCGjUlnWt7GwuLS8sppby69vbG5tmzu7dRlEApMaDlggmi6ShFFOaooqRpqhIMh3GWm4w5uJ33ggQtKA36txSDo+6nHqUYyUlhzzsAKvoF2E1/pqewLheFQcOYMkHjnx4MRO0odjFqySlQLOEzsjBZCh6phf7W6AI59whRmSsmVboerESCiKGUny7UiSEOEh6pGWphz5RHbidJsEHmmlC71A6MMVTNXfHTHypRz7rq70kerLWW8i/ue1IuVddmLKw0gRjqeDvIhBFcBJNLBLBcGKjTVBWFD9V4j7SGeidIB5HYI9u/I8qZ+W7POSdXdWKFeyOHJgHxyAY2CDC1AGt6AKagCDR/AMXsGb8WS8GO/Gx7R0wch69sAfGJ8/UceZ5A==</latexit>

B = 1�A =
x� xj

xj+1 � xj

Global interpolation methods: cubic spline [NOTE: you can call this function/routine when coding]

This has y”=0 in the interior of each interval (xj,xj+1), and undefined or infinite y” 
at x=xj. However, we want an interpolating formula that is smooth in y’, and 
continuous in y”, both within and at the boundaries.

Suppose now we want to write an interpolating cubic using only the points (xj,xj+1):
<latexit sha1_base64="vYto9CJywo/3dNL2q0J9pETqb7U=">AAACM3icbVBLSwMxGMzWV62vVY9egkWoFMquiHoRautBPFWwD2jrkk3TNm32QZIVl2X/kxf/iAdBPCji1f9gtt2Dtg4kDDPfkHxj+4wKaRivWmZhcWl5JbuaW1vf2NzSt3cawgs4JnXsMY+3bCQIoy6pSyoZafmcIMdmpGmPq4nfvCdcUM+9laFPug4auLRPMZJKsvTrsPBwCM/hRWiNYBFWQisaFc1Y0SoM76KOz6lDpnesrM S4/M9QGUvPGyVjAjhPzJTkQYqapT93eh4OHOJKzJAQbdPwZTdCXFLMSJzrBIL4CI/RgLQVdZFDRDea7BzDA6X0YN/j6rgSTtTfiQg5QoSOrSYdJIdi1kvE/7x2IPtn3Yi6fiCJi6cP9QMGpQeTAmGPcoIlCxVBmFP1V4iHiCMsVc05VYI5u/I8aRyVzJOScXOcL1fSOrJgD+yDAjDBKSiDK1ADdYDBI3gB7+BDe9LetE/tazqa0dLMLvgD7fsHW9GpFg==</latexit>

y(x) = Ayj +Byj+1 + Cy00j +Dy00j+1

imagine these are 
tabulated (given)

where:
A=A(x), B=B(x), 
C=C(x3), D=D(x3), 
hence the name 
cubic spline



We choose C and D so that y(xj)=yj and y(xj+1)=yj+1, and the cubic polynomial has zero values when 
calculated at xj and xj+1.



We choose C and D so that y(xj)=yj and y(xj+1)=yj+1, and the cubic polynomial has zero values when 
calculated at xj and xj+1.

Then, one can demonstrate that:
<latexit sha1_base64="tqPF/4iOVymWlN626qmuyDDClz8=">AAACEXicbVC7TgJBFJ31ifhCLW0mEhOIgeyiQRsTkMYSE3kkPDazwywMzD4yM2sgm/0FG3/FxkJjbO3s/BsH2ELBk9zk5Jx7c+89ls+okLr+ra2srq1vbCa2kts7u3v7qYPDuvACjkkNe8zjTQsJwqhLapJKRpo+J8ixGGlYo8rUbzwQLqjn3suJTzoO6rvUphhJJZmpTAVew7bNEQ6NKCxGmXL3HOZgOQszYzMcnhlRbmwOs92CmUrreX0GuEyMmKRBjKqZ+mr3PBw4xJWYISFahu7LToi4pJiRKNkOBPERHqE+aSnqIoeITjj7KIKnSulB2+OqXAln6u+JEDlCTBxLdTpIDsSiNxX/81qBtK86IXX9QBIXzxfZAYPSg9N4YI9ygiWbKIIwp+pWiAdIxSNViEkVgrH48jKpF/JGMa/fXaRLN3EcCXAMTkAGGOASlMAtqIIawOARPINX8KY9aS/au/Yxb13R4pkj8Afa5w8/65ok</latexit>

C =
1

6
(A3 �A)(xj+1 � xj)

2

<latexit sha1_base64="iVQCWl1dCMbm7SHWpasVt45GoTg=">AAACEXicbVDJSgNBEO2JW4zbqEcvjUFIkISZKNGLEKIHjxHMAlmGnk5P0knPQnePJAzzC178FS8eFPHqzZt/Y2c5aOKDgsd7VVTVswNGhTSMby2xsrq2vpHcTG1t7+zu6fsHNeGHHJMq9pnPGzYShFGPVCWVjDQCTpBrM1K3h9cTv/5AuKC+dy/HAWm7qOdRh2IklWTpmRt4BVsORzgy46gYZ8qdM5iD5SzMjKxocGrGuZE1yHYKlp428sYUcJmYc5IGc1Qs/avV9XHoEk9ihoRomkYg2xHikmJG4lQrFCRAeIh6pKmoh1wi2tH0oxieKKULHZ+r8iScqr8nIuQKMXZt1eki2ReL3kT8z2uG0rlsR9QLQkk8PFvkhAxKH07igV3KCZZsrAjCnKpbIe4jFY9UIaZUCObiy8ukVsibxbxxd54uledxJMEROAYZYIILUAK3oAKqAINH8AxewZv2pL1o79rHrDWhzWcOwR9onz9Expon</latexit>

D =
1

6
(B3 �B)(xj+1 � xj)

2



We choose C and D so that y(xj)=yj and y(xj+1)=yj+1, and the cubic polynomial has zero values when 
calculated at xj and xj+1.

Then, one can demonstrate that:
<latexit sha1_base64="tqPF/4iOVymWlN626qmuyDDClz8=">AAACEXicbVC7TgJBFJ31ifhCLW0mEhOIgeyiQRsTkMYSE3kkPDazwywMzD4yM2sgm/0FG3/FxkJjbO3s/BsH2ELBk9zk5Jx7c+89ls+okLr+ra2srq1vbCa2kts7u3v7qYPDuvACjkkNe8zjTQsJwqhLapJKRpo+J8ixGGlYo8rUbzwQLqjn3suJTzoO6rvUphhJJZmpTAVew7bNEQ6NKCxGmXL3HOZgOQszYzMcnhlRbmwOs92CmUrreX0GuEyMmKRBjKqZ+mr3PBw4xJWYISFahu7LToi4pJiRKNkOBPERHqE+aSnqIoeITjj7KIKnSulB2+OqXAln6u+JEDlCTBxLdTpIDsSiNxX/81qBtK86IXX9QBIXzxfZAYPSg9N4YI9ygiWbKIIwp+pWiAdIxSNViEkVgrH48jKpF/JGMa/fXaRLN3EcCXAMTkAGGOASlMAtqIIawOARPINX8KY9aS/au/Yxb13R4pkj8Afa5w8/65ok</latexit>

C =
1

6
(A3 �A)(xj+1 � xj)

2

<latexit sha1_base64="iVQCWl1dCMbm7SHWpasVt45GoTg=">AAACEXicbVDJSgNBEO2JW4zbqEcvjUFIkISZKNGLEKIHjxHMAlmGnk5P0knPQnePJAzzC178FS8eFPHqzZt/Y2c5aOKDgsd7VVTVswNGhTSMby2xsrq2vpHcTG1t7+zu6fsHNeGHHJMq9pnPGzYShFGPVCWVjDQCTpBrM1K3h9cTv/5AuKC+dy/HAWm7qOdRh2IklWTpmRt4BVsORzgy46gYZ8qdM5iD5SzMjKxocGrGuZE1yHYKlp428sYUcJmYc5IGc1Qs/avV9XHoEk9ihoRomkYg2xHikmJG4lQrFCRAeIh6pKmoh1wi2tH0oxieKKULHZ+r8iScqr8nIuQKMXZt1eki2ReL3kT8z2uG0rlsR9QLQkk8PFvkhAxKH07igV3KCZZsrAjCnKpbIe4jFY9UIaZUCObiy8ukVsibxbxxd54uledxJMEROAYZYIILUAK3oAKqAINH8AxewZv2pL1o79rHrDWhzWcOwR9onz9Expon</latexit>

D =
1

6
(B3 �B)(xj+1 � xj)

2

Q: what are                                                                       ?
<latexit sha1_base64="hTAl9GeDflCuA3qu4gMwjJZwHZI=">AAACVnicdVFLSwMxGMxura31terRS7AILULZFVEvQtGLxwr2AW1dsmnapk2yS5IVy7L9kXrRn+JFTB8HbXUgZJj5hiSTIGJUadf9sOzMRnYzl98qbO/s7u07B4cNFcYSkzoOWShbAVKEUUHqmmpGWpEkiAeMNIPx3cxvPhOpaCge9SQiXY4GgvYpRtpIvsMnT0knkpQTuNhSfwRv4JpaevFH5ek06UgOkeil0+l6MBmdeek/4blX9p2iW3HngOvEW5IiWKLmO6+dXohjToTGDCnV9txIdxMkNcWMpIVOrEiE8BgNSNtQgThR3WReSwpPjdKD/VCaJTScqz8TCeJKTXhgJjnSQ7XqzcS/vHas+9fdhIoo1kTgxUH9mEEdwlnHsEclwZpNDEFYUnNXiIdIIqzNTxRMCd7qk9dJ47ziXVbch4ti9XZZRx4cgxNQAh64AlVwD2qgDjB4A5+WbWWsd+vLztq5xahtLTNH4Bds5xtnS7VR</latexit>

y00j = y00(xj) and y00j+1 = y00(xj+1)



We choose C and D so that y(xj)=yj and y(xj+1)=yj+1, and the cubic polynomial has zero values when 
calculated at xj and xj+1.

Then, one can demonstrate that:
<latexit sha1_base64="tqPF/4iOVymWlN626qmuyDDClz8=">AAACEXicbVC7TgJBFJ31ifhCLW0mEhOIgeyiQRsTkMYSE3kkPDazwywMzD4yM2sgm/0FG3/FxkJjbO3s/BsH2ELBk9zk5Jx7c+89ls+okLr+ra2srq1vbCa2kts7u3v7qYPDuvACjkkNe8zjTQsJwqhLapJKRpo+J8ixGGlYo8rUbzwQLqjn3suJTzoO6rvUphhJJZmpTAVew7bNEQ6NKCxGmXL3HOZgOQszYzMcnhlRbmwOs92CmUrreX0GuEyMmKRBjKqZ+mr3PBw4xJWYISFahu7LToi4pJiRKNkOBPERHqE+aSnqIoeITjj7KIKnSulB2+OqXAln6u+JEDlCTBxLdTpIDsSiNxX/81qBtK86IXX9QBIXzxfZAYPSg9N4YI9ygiWbKIIwp+pWiAdIxSNViEkVgrH48jKpF/JGMa/fXaRLN3EcCXAMTkAGGOASlMAtqIIawOARPINX8KY9aS/au/Yxb13R4pkj8Afa5w8/65ok</latexit>

C =
1

6
(A3 �A)(xj+1 � xj)

2

<latexit sha1_base64="iVQCWl1dCMbm7SHWpasVt45GoTg=">AAACEXicbVDJSgNBEO2JW4zbqEcvjUFIkISZKNGLEKIHjxHMAlmGnk5P0knPQnePJAzzC178FS8eFPHqzZt/Y2c5aOKDgsd7VVTVswNGhTSMby2xsrq2vpHcTG1t7+zu6fsHNeGHHJMq9pnPGzYShFGPVCWVjDQCTpBrM1K3h9cTv/5AuKC+dy/HAWm7qOdRh2IklWTpmRt4BVsORzgy46gYZ8qdM5iD5SzMjKxocGrGuZE1yHYKlp428sYUcJmYc5IGc1Qs/avV9XHoEk9ihoRomkYg2xHikmJG4lQrFCRAeIh6pKmoh1wi2tH0oxieKKULHZ+r8iScqr8nIuQKMXZt1eki2ReL3kT8z2uG0rlsR9QLQkk8PFvkhAxKH07igV3KCZZsrAjCnKpbIe4jFY9UIaZUCObiy8ukVsibxbxxd54uledxJMEROAYZYIILUAK3oAKqAINH8AxewZv2pL1o79rHrDWhzWcOwR9onz9Expon</latexit>

D =
1

6
(B3 �B)(xj+1 � xj)

2

Q: what are                                                                       ?

A: to calculate them, let’s take the derivatives of the expression 

<latexit sha1_base64="hTAl9GeDflCuA3qu4gMwjJZwHZI=">AAACVnicdVFLSwMxGMxura31terRS7AILULZFVEvQtGLxwr2AW1dsmnapk2yS5IVy7L9kXrRn+JFTB8HbXUgZJj5hiSTIGJUadf9sOzMRnYzl98qbO/s7u07B4cNFcYSkzoOWShbAVKEUUHqmmpGWpEkiAeMNIPx3cxvPhOpaCge9SQiXY4GgvYpRtpIvsMnT0knkpQTuNhSfwRv4JpaevFH5ek06UgOkeil0+l6MBmdeek/4blX9p2iW3HngOvEW5IiWKLmO6+dXohjToTGDCnV9txIdxMkNcWMpIVOrEiE8BgNSNtQgThR3WReSwpPjdKD/VCaJTScqz8TCeJKTXhgJjnSQ7XqzcS/vHas+9fdhIoo1kTgxUH9mEEdwlnHsEclwZpNDEFYUnNXiIdIIqzNTxRMCd7qk9dJ47ziXVbch4ti9XZZRx4cgxNQAh64AlVwD2qgDjB4A5+WbWWsd+vLztq5xahtLTNH4Bds5xtnS7VR</latexit>

y00j = y00(xj) and y00j+1 = y00(xj+1)



We choose C and D so that y(xj)=yj and y(xj+1)=yj+1, and the cubic polynomial has zero values when 
calculated at xj and xj+1.

Then, one can demonstrate that:
<latexit sha1_base64="tqPF/4iOVymWlN626qmuyDDClz8=">AAACEXicbVC7TgJBFJ31ifhCLW0mEhOIgeyiQRsTkMYSE3kkPDazwywMzD4yM2sgm/0FG3/FxkJjbO3s/BsH2ELBk9zk5Jx7c+89ls+okLr+ra2srq1vbCa2kts7u3v7qYPDuvACjkkNe8zjTQsJwqhLapJKRpo+J8ixGGlYo8rUbzwQLqjn3suJTzoO6rvUphhJJZmpTAVew7bNEQ6NKCxGmXL3HOZgOQszYzMcnhlRbmwOs92CmUrreX0GuEyMmKRBjKqZ+mr3PBw4xJWYISFahu7LToi4pJiRKNkOBPERHqE+aSnqIoeITjj7KIKnSulB2+OqXAln6u+JEDlCTBxLdTpIDsSiNxX/81qBtK86IXX9QBIXzxfZAYPSg9N4YI9ygiWbKIIwp+pWiAdIxSNViEkVgrH48jKpF/JGMa/fXaRLN3EcCXAMTkAGGOASlMAtqIIawOARPINX8KY9aS/au/Yxb13R4pkj8Afa5w8/65ok</latexit>

C =
1

6
(A3 �A)(xj+1 � xj)

2

<latexit sha1_base64="iVQCWl1dCMbm7SHWpasVt45GoTg=">AAACEXicbVDJSgNBEO2JW4zbqEcvjUFIkISZKNGLEKIHjxHMAlmGnk5P0knPQnePJAzzC178FS8eFPHqzZt/Y2c5aOKDgsd7VVTVswNGhTSMby2xsrq2vpHcTG1t7+zu6fsHNeGHHJMq9pnPGzYShFGPVCWVjDQCTpBrM1K3h9cTv/5AuKC+dy/HAWm7qOdRh2IklWTpmRt4BVsORzgy46gYZ8qdM5iD5SzMjKxocGrGuZE1yHYKlp428sYUcJmYc5IGc1Qs/avV9XHoEk9ihoRomkYg2xHikmJG4lQrFCRAeIh6pKmoh1wi2tH0oxieKKULHZ+r8iScqr8nIuQKMXZt1eki2ReL3kT8z2uG0rlsR9QLQkk8PFvkhAxKH07igV3KCZZsrAjCnKpbIe4jFY9UIaZUCObiy8ukVsibxbxxd54uledxJMEROAYZYIILUAK3oAKqAINH8AxewZv2pL1o79rHrDWhzWcOwR9onz9Expon</latexit>

D =
1

6
(B3 �B)(xj+1 � xj)

2

Q: what are                                                                       ?

A: to calculate them, let’s take the derivatives of the expression 

<latexit sha1_base64="NJ2QI0sz0e4L0cGXErXta9VimII="></latexit>

dy

dx
= y0 =

yj+1 � yj
xj+1 � xj

� 3A2 � 1

6
(xj+1 � xj)y

00
j +

3B2 � 1

6
(xj+1 � xj)y

00
j+1

since 
<latexit sha1_base64="1+KvnImGprcmfEf8cUNtYap6CLg=">AAACF3icbVDLSsNAFJ34rPUVdekmWARBDImIuhFa3bisYB/QxjCZTNppJw9mJtIy5C/c+CtuXCjiVnf+jdM2grYeuHDmnHuZe4+XUMKFZX1pc/MLi0vLhZXi6tr6xqa+tV3nccoQrqGYxqzpQY4piXBNEEFxM2EYhh7FDa9/NfIb95hxEke3YphgJ4SdiAQEQaEkVzcrd7KdMBLi7KIdMIikX8mkP/h52ZkcuLJ3aGdHA7eXuXrJMq0xjFli56QEclRd/bPtxygNcSQQhZy3bCsRjoRMEERxVmynHCcQ9WEHtxSNYIi5I8d3Zca+UnwjiJmqSBhj9feEhCHnw9BTnSEUXT7tjcT/vFYqgnNHkihJBY7Q5KMgpYaIjVFIhk8YRoIOFYGIEbWrgbpQ5SFUlEUVgj198iypH5v2qWndnJTKl3kcBbAL9sABsMEZKINrUAU1gMADeAIv4FV71J61N+190jqn5TM74A+0j28rIaCL</latexit>

A0 =
dA

dx
=

1

xj+1 � xj

<latexit sha1_base64="3v9Tg1c7KhYVl1rnTPDdrnXoyXU=">AAACDHicbVDLSgMxFM34rPVVdekmWARXZUZE3RRq3bisYB/QGUsmk2lDk8yQZMQyzAe48VfcuFDErR/gzr8xbQfR1gOBwznncnOPHzOqtG1/WQuLS8srq4W14vrG5tZ2aWe3paJEYtLEEYtkx0eKMCpIU1PNSCeWBHGfkbY/vBz77TsiFY3EjR7FxOOoL2hIMdJG6pXK9dvUjSXlJKu6oUQ4DepZGtxn1Ysfw6Tsij0BnCdOTsogR6NX+nSDCCecCI0ZUqrr2LH2UiQ1xYxkRTdRJEZ4iPqka6hAnCgvnRyTwUOjBDCMpHlCw4n6eyJFXKkR902SIz1Qs95Y/M/rJjo891Iq4kQTgaeLwoRBHcFxMzCgkmDNRoYgLKn5K8QDZCrRpr+iKcGZPXmetI4rzmnFvj4p1+p5HQWwDw7AEXDAGaiBK9AATYDBA3gCL+DVerSerTfrfRpdsPKZPfAH1sc3wvicEw==</latexit>

B0 =
dB

dx
= A0

<latexit sha1_base64="16+GUxm5arkuYkXZ4aBhf5F09Bw="></latexit>

C 0 =
dC

dx
=

3A2A0 �A0

6
(xj+1 � xj)

2

<latexit sha1_base64="hTAl9GeDflCuA3qu4gMwjJZwHZI=">AAACVnicdVFLSwMxGMxura31terRS7AILULZFVEvQtGLxwr2AW1dsmnapk2yS5IVy7L9kXrRn+JFTB8HbXUgZJj5hiSTIGJUadf9sOzMRnYzl98qbO/s7u07B4cNFcYSkzoOWShbAVKEUUHqmmpGWpEkiAeMNIPx3cxvPhOpaCge9SQiXY4GgvYpRtpIvsMnT0knkpQTuNhSfwRv4JpaevFH5ek06UgOkeil0+l6MBmdeek/4blX9p2iW3HngOvEW5IiWKLmO6+dXohjToTGDCnV9txIdxMkNcWMpIVOrEiE8BgNSNtQgThR3WReSwpPjdKD/VCaJTScqz8TCeJKTXhgJjnSQ7XqzcS/vHas+9fdhIoo1kTgxUH9mEEdwlnHsEclwZpNDEFYUnNXiIdIIqzNTxRMCd7qk9dJ47ziXVbch4ti9XZZRx4cgxNQAh64AlVwD2qgDjB4A5+WbWWsd+vLztq5xahtLTNH4Bds5xtnS7VR</latexit>

y00j = y00(xj) and y00j+1 = y00(xj+1)



We choose C and D so that y(xj)=yj and y(xj+1)=yj+1, and the cubic polynomial has zero values when 
calculated at xj and xj+1.

Then, one can demonstrate that:
<latexit sha1_base64="tqPF/4iOVymWlN626qmuyDDClz8=">AAACEXicbVC7TgJBFJ31ifhCLW0mEhOIgeyiQRsTkMYSE3kkPDazwywMzD4yM2sgm/0FG3/FxkJjbO3s/BsH2ELBk9zk5Jx7c+89ls+okLr+ra2srq1vbCa2kts7u3v7qYPDuvACjkkNe8zjTQsJwqhLapJKRpo+J8ixGGlYo8rUbzwQLqjn3suJTzoO6rvUphhJJZmpTAVew7bNEQ6NKCxGmXL3HOZgOQszYzMcnhlRbmwOs92CmUrreX0GuEyMmKRBjKqZ+mr3PBw4xJWYISFahu7LToi4pJiRKNkOBPERHqE+aSnqIoeITjj7KIKnSulB2+OqXAln6u+JEDlCTBxLdTpIDsSiNxX/81qBtK86IXX9QBIXzxfZAYPSg9N4YI9ygiWbKIIwp+pWiAdIxSNViEkVgrH48jKpF/JGMa/fXaRLN3EcCXAMTkAGGOASlMAtqIIawOARPINX8KY9aS/au/Yxb13R4pkj8Afa5w8/65ok</latexit>

C =
1

6
(A3 �A)(xj+1 � xj)

2

<latexit sha1_base64="iVQCWl1dCMbm7SHWpasVt45GoTg=">AAACEXicbVDJSgNBEO2JW4zbqEcvjUFIkISZKNGLEKIHjxHMAlmGnk5P0knPQnePJAzzC178FS8eFPHqzZt/Y2c5aOKDgsd7VVTVswNGhTSMby2xsrq2vpHcTG1t7+zu6fsHNeGHHJMq9pnPGzYShFGPVCWVjDQCTpBrM1K3h9cTv/5AuKC+dy/HAWm7qOdRh2IklWTpmRt4BVsORzgy46gYZ8qdM5iD5SzMjKxocGrGuZE1yHYKlp428sYUcJmYc5IGc1Qs/avV9XHoEk9ihoRomkYg2xHikmJG4lQrFCRAeIh6pKmoh1wi2tH0oxieKKULHZ+r8iScqr8nIuQKMXZt1eki2ReL3kT8z2uG0rlsR9QLQkk8PFvkhAxKH07igV3KCZZsrAjCnKpbIe4jFY9UIaZUCObiy8ukVsibxbxxd54uledxJMEROAYZYIILUAK3oAKqAINH8AxewZv2pL1o79rHrDWhzWcOwR9onz9Expon</latexit>

D =
1

6
(B3 �B)(xj+1 � xj)

2

Q: what are                                                                       ?

A: to calculate them, let’s take the derivatives of the expression 

<latexit sha1_base64="NJ2QI0sz0e4L0cGXErXta9VimII="></latexit>

dy

dx
= y0 =

yj+1 � yj
xj+1 � xj

� 3A2 � 1

6
(xj+1 � xj)y

00
j +

3B2 � 1

6
(xj+1 � xj)y

00
j+1

since 
<latexit sha1_base64="1+KvnImGprcmfEf8cUNtYap6CLg=">AAACF3icbVDLSsNAFJ34rPUVdekmWARBDImIuhFa3bisYB/QxjCZTNppJw9mJtIy5C/c+CtuXCjiVnf+jdM2grYeuHDmnHuZe4+XUMKFZX1pc/MLi0vLhZXi6tr6xqa+tV3nccoQrqGYxqzpQY4piXBNEEFxM2EYhh7FDa9/NfIb95hxEke3YphgJ4SdiAQEQaEkVzcrd7KdMBLi7KIdMIikX8mkP/h52ZkcuLJ3aGdHA7eXuXrJMq0xjFli56QEclRd/bPtxygNcSQQhZy3bCsRjoRMEERxVmynHCcQ9WEHtxSNYIi5I8d3Zca+UnwjiJmqSBhj9feEhCHnw9BTnSEUXT7tjcT/vFYqgnNHkihJBY7Q5KMgpYaIjVFIhk8YRoIOFYGIEbWrgbpQ5SFUlEUVgj198iypH5v2qWndnJTKl3kcBbAL9sABsMEZKINrUAU1gMADeAIv4FV71J61N+190jqn5TM74A+0j28rIaCL</latexit>

A0 =
dA

dx
=

1

xj+1 � xj

<latexit sha1_base64="3v9Tg1c7KhYVl1rnTPDdrnXoyXU=">AAACDHicbVDLSgMxFM34rPVVdekmWARXZUZE3RRq3bisYB/QGUsmk2lDk8yQZMQyzAe48VfcuFDErR/gzr8xbQfR1gOBwznncnOPHzOqtG1/WQuLS8srq4W14vrG5tZ2aWe3paJEYtLEEYtkx0eKMCpIU1PNSCeWBHGfkbY/vBz77TsiFY3EjR7FxOOoL2hIMdJG6pXK9dvUjSXlJKu6oUQ4DepZGtxn1Ysfw6Tsij0BnCdOTsogR6NX+nSDCCecCI0ZUqrr2LH2UiQ1xYxkRTdRJEZ4iPqka6hAnCgvnRyTwUOjBDCMpHlCw4n6eyJFXKkR902SIz1Qs95Y/M/rJjo891Iq4kQTgaeLwoRBHcFxMzCgkmDNRoYgLKn5K8QDZCrRpr+iKcGZPXmetI4rzmnFvj4p1+p5HQWwDw7AEXDAGaiBK9AATYDBA3gCL+DVerSerTfrfRpdsPKZPfAH1sc3wvicEw==</latexit>

B0 =
dB

dx
= A0

<latexit sha1_base64="16+GUxm5arkuYkXZ4aBhf5F09Bw="></latexit>

C 0 =
dC

dx
=

3A2A0 �A0

6
(xj+1 � xj)

2

<latexit sha1_base64="lmSClA/S6y+ColPecCy1BaPszU0="></latexit>

d2y

dx2
= y00 = �6AA0

6
(xj+1 � xj)y

00
j +

6BB0

6
(xj+1 � xj)y

00
j+1 = Ay00j +By00j+1

since 
<latexit sha1_base64="G24h4iO/wzE9sPJkRcB/iXWR78g=">AAACHHicbZDLSgMxFIYzXmu9jbp0EyxCi1BmVNRNodaNywr2Au0wZNJMmzZzIcmIZajv4cZXceNCETcuBN/GzHQW2vpD4Mv/n0NyjhMyKqRhfGsLi0vLK6u5tfz6xubWtr6z2xRBxDFp4IAFvO0gQRj1SUNSyUg75AR5DiMtZ3SV5K07wgUN/Fs5Donlob5PXYqRVJatn1wW7+1hqWI+KCUcD4/MSaliqGttGiWYchaZtl4wykYqOA9mBgWQqW7rn91egCOP+BIzJETHNEJpxYhLihmZ5LuRICHCI9QnHYU+8oiw4nS4CTxUTg+6AVfHlzB1f3fEyBNi7Dmq0kNyIGazxPwv60TSvbBi6oeRJD6ePuRGDMoAJpuCPcoJlmysAGFO1V8hHiCOsFT7zKslmLMjz0PzuGyelY2b00K1lq0jB/bBASgCE5yDKrgGddAAGDyCZ/AK3rQn7UV71z6mpQta1rMH/kj7+gGDLJ/E</latexit>

A(xj) = 1 A(xj+1) = 0 B(xj) = 0 B(xj+1) = 1

<latexit sha1_base64="hTAl9GeDflCuA3qu4gMwjJZwHZI=">AAACVnicdVFLSwMxGMxura31terRS7AILULZFVEvQtGLxwr2AW1dsmnapk2yS5IVy7L9kXrRn+JFTB8HbXUgZJj5hiSTIGJUadf9sOzMRnYzl98qbO/s7u07B4cNFcYSkzoOWShbAVKEUUHqmmpGWpEkiAeMNIPx3cxvPhOpaCge9SQiXY4GgvYpRtpIvsMnT0knkpQTuNhSfwRv4JpaevFH5ek06UgOkeil0+l6MBmdeek/4blX9p2iW3HngOvEW5IiWKLmO6+dXohjToTGDCnV9txIdxMkNcWMpIVOrEiE8BgNSNtQgThR3WReSwpPjdKD/VCaJTScqz8TCeJKTXhgJjnSQ7XqzcS/vHas+9fdhIoo1kTgxUH9mEEdwlnHsEclwZpNDEFYUnNXiIdIIqzNTxRMCd7qk9dJ47ziXVbch4ti9XZZRx4cgxNQAh64AlVwD2qgDjB4A5+WbWWsd+vLztq5xahtLTNH4Bds5xtnS7VR</latexit>

y00j = y00(xj) and y00j+1 = y00(xj+1)



C(xj)=0, C(xj+1)=0, D(xj)=0, D(xj+1)=0, i.e., we can give any values we want to 
<latexit sha1_base64="xzoiQddU0QNIWAyR6CyC+L+sBn8=">AAACIHicbVDLSgMxFM34rPU16tJNsAiCUGZErMuiG5cV7APaccikmTZtkhmSjDAM0z9x46+4caGI7vRrTB8LbT1wuYdz7iW5J4gZVdpxvqyl5ZXVtfXCRnFza3tn197bb6gokZjUccQi2QqQIowKUtdUM9KKJUE8YKQZDK/HfvOBSEUjcafTmHgc9QQNKUbaSL5dSe+zTiwpJ3Dacn8wGmUdySES3Xw0WvSzwamb+3bJKTsTwEXizkgJzFDz7c9ON8IJJ0JjhpRqu06svQxJTTEjebGTKBIjPEQ90jZUIE6Ul00OzOGxUbowjKQpoeFE/b2RIa5UygMzyZHuq3lvLP7ntRMdXnoZFXGiicDTh8KEQR3BcVqwSyXBmqWGICyp+SvEfSQR1ibTognBnT95kTTOyu5F2bk9L1WvZnEUwCE4AifABRVQBTegBuoAg0fwDF7Bm/VkvVjv1sd0dMma7RyAP7C+fwB0caT8</latexit>

y00j and y00j+1

In other words, we don’t need to give any specific value to them, because they are not needed to 
ensure that the interpolating function passes through yj and yj+1.



C(xj)=0, C(xj+1)=0, D(xj)=0, D(xj+1)=0, i.e., we can give any values we want to 
<latexit sha1_base64="xzoiQddU0QNIWAyR6CyC+L+sBn8=">AAACIHicbVDLSgMxFM34rPU16tJNsAiCUGZErMuiG5cV7APaccikmTZtkhmSjDAM0z9x46+4caGI7vRrTB8LbT1wuYdz7iW5J4gZVdpxvqyl5ZXVtfXCRnFza3tn197bb6gokZjUccQi2QqQIowKUtdUM9KKJUE8YKQZDK/HfvOBSEUjcafTmHgc9QQNKUbaSL5dSe+zTiwpJ3Dacn8wGmUdySES3Xw0WvSzwamb+3bJKTsTwEXizkgJzFDz7c9ON8IJJ0JjhpRqu06svQxJTTEjebGTKBIjPEQ90jZUIE6Ul00OzOGxUbowjKQpoeFE/b2RIa5UygMzyZHuq3lvLP7ntRMdXnoZFXGiicDTh8KEQR3BcVqwSyXBmqWGICyp+SvEfSQR1ibTognBnT95kTTOyu5F2bk9L1WvZnEUwCE4AifABRVQBTegBuoAg0fwDF7Bm/VkvVjv1sd0dMma7RyAP7C+fwB0caT8</latexit>

y00j and y00j+1

In other words, we don’t need to give any specific value to them, because they are not needed to 
ensure that the interpolating function passes through yj and yj+1.

However, there is a condition we can enforce: 
continuity of the first derivatives, i.e.,

<latexit sha1_base64="hVjMI+wnCEOVuAZ27ve5fmt543E=">AAACKnicbVDJSgNBEO1xjXEb9eilMQiCGGZE1IsQ9eIxglkgy9DT05O06Vno7pEM7XyPF3/FSw5K8OqH2FkOmuRBweO9KqrquTGjQlrW0FhaXlldW89t5De3tnd2zb39qogSjkkFRyzidRcJwmhIKpJKRuoxJyhwGam5vfuRX3shXNAofJJpTFoB6oTUpxhJLTnmbdPnCCsvzZTXz+ANTNuqGXMakOzVUf22Ossc9Zwtck4njmMWrKI1Bpwn9pQUwBRlxxw0vQgnAQklZkiIhm3FsqUQlxQzkuWbiSAxwj3UIQ1NQxQQ0VLjVzN4rBUP+hHXFUo4Vv9OKBQIkQau7gyQ7IpZbyQu8hqJ9K9bioZxIkmIJ4v8hEEZwVFu0KOcYMlSTRDmVN8KcRfp7KRON69DsGdfnifV86J9WbQeLwqlu2kcOXAIjsAJsMEVKIEHUAYVgMEb+ACf4Mt4NwbG0PietC4Z05kD8A/Gzy8PwamB</latexit>

dy

dx
= y0|x�

j
= y0|x+

j
GLOBAL condition

Computed using 
xj-1 and xj

Computed using 
xj+1 and xj



C(xj)=0, C(xj+1)=0, D(xj)=0, D(xj+1)=0, i.e., we can give any values we want to 
<latexit sha1_base64="xzoiQddU0QNIWAyR6CyC+L+sBn8=">AAACIHicbVDLSgMxFM34rPU16tJNsAiCUGZErMuiG5cV7APaccikmTZtkhmSjDAM0z9x46+4caGI7vRrTB8LbT1wuYdz7iW5J4gZVdpxvqyl5ZXVtfXCRnFza3tn197bb6gokZjUccQi2QqQIowKUtdUM9KKJUE8YKQZDK/HfvOBSEUjcafTmHgc9QQNKUbaSL5dSe+zTiwpJ3Dacn8wGmUdySES3Xw0WvSzwamb+3bJKTsTwEXizkgJzFDz7c9ON8IJJ0JjhpRqu06svQxJTTEjebGTKBIjPEQ90jZUIE6Ul00OzOGxUbowjKQpoeFE/b2RIa5UygMzyZHuq3lvLP7ntRMdXnoZFXGiicDTh8KEQR3BcVqwSyXBmqWGICyp+SvEfSQR1ibTognBnT95kTTOyu5F2bk9L1WvZnEUwCE4AifABRVQBTegBuoAg0fwDF7Bm/VkvVjv1sd0dMma7RyAP7C+fwB0caT8</latexit>

y00j and y00j+1

In other words, we don’t need to give any specific value to them, because they are not needed to 
ensure that the interpolating function passes through yj and yj+1.

However, there is a condition we can enforce: 
continuity of the first derivatives, i.e.,

<latexit sha1_base64="hVjMI+wnCEOVuAZ27ve5fmt543E=">AAACKnicbVDJSgNBEO1xjXEb9eilMQiCGGZE1IsQ9eIxglkgy9DT05O06Vno7pEM7XyPF3/FSw5K8OqH2FkOmuRBweO9KqrquTGjQlrW0FhaXlldW89t5De3tnd2zb39qogSjkkFRyzidRcJwmhIKpJKRuoxJyhwGam5vfuRX3shXNAofJJpTFoB6oTUpxhJLTnmbdPnCCsvzZTXz+ANTNuqGXMakOzVUf22Ossc9Zwtck4njmMWrKI1Bpwn9pQUwBRlxxw0vQgnAQklZkiIhm3FsqUQlxQzkuWbiSAxwj3UIQ1NQxQQ0VLjVzN4rBUP+hHXFUo4Vv9OKBQIkQau7gyQ7IpZbyQu8hqJ9K9bioZxIkmIJ4v8hEEZwVFu0KOcYMlSTRDmVN8KcRfp7KRON69DsGdfnifV86J9WbQeLwqlu2kcOXAIjsAJsMEVKIEHUAYVgMEb+ACf4Mt4NwbG0PietC4Z05kD8A/Gzy8PwamB</latexit>

dy

dx
= y0|x�

j
= y0|x+

j
GLOBAL condition

LOCALLY, for each [xj,xj+1], I create a cubic, 
but this way I end up with different splines for 
each interval (local condition).

By setting the continuity of the first derivatives 
at xj, I have a GLOBAL spline (cubic spline) 
and a smooth function (global).

Computed using 
xj-1 and xj

Computed using 
xj+1 and xj



<latexit sha1_base64="rQs4bJrwV3DsexMmqcNAfG3ctU8="></latexit>

y0|x�
j
=

yj � yj�1

xj � xj�1
+

1

6
(xj � xj�1)y

00
j�1 +

1

3
(xj � xj�1)y

00
j

<latexit sha1_base64="ghNci9x6fB3KbehtsKu7N0S9h2E="></latexit>

y0|x+
j
=

yj+1 � yj
xj+1 � xj

� 1

3
(xj+1 � xj)y

00
j +

1

6
(xj+1 � xj)y

00
j+1



<latexit sha1_base64="rQs4bJrwV3DsexMmqcNAfG3ctU8="></latexit>

y0|x�
j
=

yj � yj�1

xj � xj�1
+

1

6
(xj � xj�1)y

00
j�1 +

1

3
(xj � xj�1)y

00
j

<latexit sha1_base64="ghNci9x6fB3KbehtsKu7N0S9h2E="></latexit>

y0|x+
j
=

yj+1 � yj
xj+1 � xj

� 1

3
(xj+1 � xj)y

00
j +

1

6
(xj+1 � xj)y

00
j+1

<latexit sha1_base64="3rFGCYIanyGFIxEcDwQrhwxh2DA="></latexit>xj � xj�1

6
y00j�1 +

xj+1 � xj�1

3
y00j +

xj�1 � xj

6
y00j+1 =

yj+1 � yj
xj+1 � xj

� yj � yj�1

xj � xj�1



<latexit sha1_base64="rQs4bJrwV3DsexMmqcNAfG3ctU8="></latexit>

y0|x�
j
=

yj � yj�1

xj � xj�1
+

1

6
(xj � xj�1)y

00
j�1 +

1

3
(xj � xj�1)y

00
j

<latexit sha1_base64="ghNci9x6fB3KbehtsKu7N0S9h2E="></latexit>

y0|x+
j
=

yj+1 � yj
xj+1 � xj

� 1

3
(xj+1 � xj)y

00
j +

1

6
(xj+1 � xj)y

00
j+1

<latexit sha1_base64="3rFGCYIanyGFIxEcDwQrhwxh2DA="></latexit>xj � xj�1

6
y00j�1 +

xj+1 � xj�1

3
y00j +

xj�1 � xj

6
y00j+1 =

yj+1 � yj
xj+1 � xj

� yj � yj�1

xj � xj�1

Repeating this also for j=2, …, N-1:



<latexit sha1_base64="rQs4bJrwV3DsexMmqcNAfG3ctU8="></latexit>

y0|x�
j
=

yj � yj�1

xj � xj�1
+

1

6
(xj � xj�1)y

00
j�1 +

1

3
(xj � xj�1)y

00
j

<latexit sha1_base64="ghNci9x6fB3KbehtsKu7N0S9h2E="></latexit>

y0|x+
j
=

yj+1 � yj
xj+1 � xj

� 1

3
(xj+1 � xj)y

00
j +

1

6
(xj+1 � xj)y

00
j+1

<latexit sha1_base64="3rFGCYIanyGFIxEcDwQrhwxh2DA="></latexit>xj � xj�1

6
y00j�1 +

xj+1 � xj�1

3
y00j +

xj�1 � xj

6
y00j+1 =

yj+1 � yj
xj+1 � xj

� yj � yj�1

xj � xj�1

tridiagonal system 
(set of equations)

Repeating this also for j=2, …, N-1:



<latexit sha1_base64="rQs4bJrwV3DsexMmqcNAfG3ctU8="></latexit>

y0|x�
j
=

yj � yj�1

xj � xj�1
+

1

6
(xj � xj�1)y

00
j�1 +

1

3
(xj � xj�1)y

00
j

<latexit sha1_base64="ghNci9x6fB3KbehtsKu7N0S9h2E="></latexit>

y0|x+
j
=

yj+1 � yj
xj+1 � xj

� 1

3
(xj+1 � xj)y

00
j +

1

6
(xj+1 � xj)y

00
j+1

<latexit sha1_base64="3rFGCYIanyGFIxEcDwQrhwxh2DA="></latexit>xj � xj�1

6
y00j�1 +

xj+1 � xj�1

3
y00j +

xj�1 � xj

6
y00j+1 =

yj+1 � yj
xj+1 � xj

� yj � yj�1

xj � xj�1

tridiagonal system 
(set of equations)

NxN 
tridiagonal 

matrix
Repeating this also for j=2, …, N-1:



<latexit sha1_base64="rQs4bJrwV3DsexMmqcNAfG3ctU8="></latexit>

y0|x�
j
=

yj � yj�1

xj � xj�1
+

1

6
(xj � xj�1)y

00
j�1 +

1

3
(xj � xj�1)y

00
j

<latexit sha1_base64="ghNci9x6fB3KbehtsKu7N0S9h2E="></latexit>

y0|x+
j
=

yj+1 � yj
xj+1 � xj

� 1

3
(xj+1 � xj)y

00
j +

1

6
(xj+1 � xj)y

00
j+1

<latexit sha1_base64="3rFGCYIanyGFIxEcDwQrhwxh2DA="></latexit>xj � xj�1

6
y00j�1 +

xj+1 � xj�1

3
y00j +

xj�1 � xj

6
y00j+1 =

yj+1 � yj
xj+1 � xj

� yj � yj�1

xj � xj�1

tridiagonal system 
(set of equations)

NxN 
tridiagonal 

matrix N
Repeating this also for j=2, …, N-1:

<latexit sha1_base64="p/abpdBDFqxRgs3o/5lgn7M9gy4=">AAACBnicbVDLSsNAFJ34rPUVdSnCYBFclJCIqBuh6MaVVLAPaGOYTCft2MkkzEyEELJy46+4caGIW7/BnX/jtM1CWw9c7uGce5m5x48Zlcq2v425+YXFpeXSSnl1bX1j09zabsooEZg0cMQi0faRJIxy0lBUMdKOBUGhz0jLH16O/NYDEZJG/FalMXFD1Oc0oBgpLXnmXnqXdWNBQwInLfey+3OnallW9Tr3zIpt2WPAWeIUpAIK1D3zq9uLcBISrjBDUnYcO1ZuhoSimJG83E0kiREeoj7paMpRSKSbjc/I4YFWejCIhC6u4Fj9vZGhUMo09PVkiNRATnsj8T+vk6jgzM0ojxNFOJ48FCQMqgiOMoE9KghWLNUEYUH1XyEeIIGw0smVdQjO9MmzpHlkOSeWfXNcqV0UcZTALtgHh8ABp6AGrkAdNAAGj+AZvII348l4Md6Nj8nonFHs7IA/MD5/AN7jmBI=</latexit>

y00j=1,...,N



<latexit sha1_base64="rQs4bJrwV3DsexMmqcNAfG3ctU8="></latexit>

y0|x�
j
=

yj � yj�1

xj � xj�1
+

1

6
(xj � xj�1)y

00
j�1 +

1

3
(xj � xj�1)y

00
j

<latexit sha1_base64="ghNci9x6fB3KbehtsKu7N0S9h2E="></latexit>

y0|x+
j
=

yj+1 � yj
xj+1 � xj

� 1

3
(xj+1 � xj)y

00
j +

1

6
(xj+1 � xj)y

00
j+1

<latexit sha1_base64="3rFGCYIanyGFIxEcDwQrhwxh2DA="></latexit>xj � xj�1

6
y00j�1 +

xj+1 � xj�1

3
y00j +

xj�1 � xj

6
y00j+1 =

yj+1 � yj
xj+1 � xj

� yj � yj�1

xj � xj�1

tridiagonal system 
(set of equations)

NxN 
tridiagonal 

matrix N

N 
coefficients 
(right hand)

Repeating this also for j=2, …, N-1:

<latexit sha1_base64="p/abpdBDFqxRgs3o/5lgn7M9gy4=">AAACBnicbVDLSsNAFJ34rPUVdSnCYBFclJCIqBuh6MaVVLAPaGOYTCft2MkkzEyEELJy46+4caGIW7/BnX/jtM1CWw9c7uGce5m5x48Zlcq2v425+YXFpeXSSnl1bX1j09zabsooEZg0cMQi0faRJIxy0lBUMdKOBUGhz0jLH16O/NYDEZJG/FalMXFD1Oc0oBgpLXnmXnqXdWNBQwInLfey+3OnallW9Tr3zIpt2WPAWeIUpAIK1D3zq9uLcBISrjBDUnYcO1ZuhoSimJG83E0kiREeoj7paMpRSKSbjc/I4YFWejCIhC6u4Fj9vZGhUMo09PVkiNRATnsj8T+vk6jgzM0ojxNFOJ48FCQMqgiOMoE9KghWLNUEYUH1XyEeIIGw0smVdQjO9MmzpHlkOSeWfXNcqV0UcZTALtgHh8ABp6AGrkAdNAAGj+AZvII348l4Md6Nj8nonFHs7IA/MD5/AN7jmBI=</latexit>

y00j=1,...,N



<latexit sha1_base64="rQs4bJrwV3DsexMmqcNAfG3ctU8="></latexit>

y0|x�
j
=

yj � yj�1

xj � xj�1
+

1

6
(xj � xj�1)y

00
j�1 +

1

3
(xj � xj�1)y

00
j

<latexit sha1_base64="ghNci9x6fB3KbehtsKu7N0S9h2E="></latexit>

y0|x+
j
=

yj+1 � yj
xj+1 � xj

� 1

3
(xj+1 � xj)y

00
j +

1

6
(xj+1 � xj)y

00
j+1

<latexit sha1_base64="3rFGCYIanyGFIxEcDwQrhwxh2DA="></latexit>xj � xj�1

6
y00j�1 +

xj+1 � xj�1

3
y00j +

xj�1 � xj

6
y00j+1 =

yj+1 � yj
xj+1 � xj

� yj � yj�1

xj � xj�1

tridiagonal system 
(set of equations)

NxN 
tridiagonal 

matrix N

<latexit sha1_base64="p/abpdBDFqxRgs3o/5lgn7M9gy4=">AAACBnicbVDLSsNAFJ34rPUVdSnCYBFclJCIqBuh6MaVVLAPaGOYTCft2MkkzEyEELJy46+4caGIW7/BnX/jtM1CWw9c7uGce5m5x48Zlcq2v425+YXFpeXSSnl1bX1j09zabsooEZg0cMQi0faRJIxy0lBUMdKOBUGhz0jLH16O/NYDEZJG/FalMXFD1Oc0oBgpLXnmXnqXdWNBQwInLfey+3OnallW9Tr3zIpt2WPAWeIUpAIK1D3zq9uLcBISrjBDUnYcO1ZuhoSimJG83E0kiREeoj7paMpRSKSbjc/I4YFWejCIhC6u4Fj9vZGhUMo09PVkiNRATnsj8T+vk6jgzM0ojxNFOJ48FCQMqgiOMoE9KghWLNUEYUH1XyEeIIGw0smVdQjO9MmzpHlkOSeWfXNcqV0UcZTALtgHh8ABp6AGrkAdNAAGj+AZvII348l4Md6Nj8nonFHs7IA/MD5/AN7jmBI=</latexit>

y00j=1,...,N

N 
coefficients 
(right hand)

Repeating this also for j=2, …, N-1:

N-2 equations in N unknowns                     , i.e., each y”j 
is coupled only to its nearest neighbors at j+1 and j-1.
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Repeating this also for j=2, …, N-1:

N-2 equations in N unknowns                     , i.e., each y”j 
is coupled only to its nearest neighbors at j+1 and j-1.
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set of N-2 equations, which can be solved with linear algebra 
techniques to yield y”2, …, y”N-1
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Repeating this also for j=2, …, N-1:

N-2 equations in N unknowns                     , i.e., each y”j 
is coupled only to its nearest neighbors at j+1 and j-1.
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Imposing the continuity of the first derivative translates into a 
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techniques to yield y”2, …, y”N-1

Solve the NxN linear 
system of equations 
using Cramer’s rule



Q: What about y”1 and y”N, boundary conditions? 



Q: What about y”1 and y”N, boundary conditions? 

A: Two choices: 1) y”1 = y”N = 0, i.e., natural spline; 2) calculate them from one-sided 
differences, i.e., set y”1 and y”N to values calculated from equation      .
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differences, i.e., set y”1 and y”N to values calculated from equation      .

—> there is a 2-parameter family of possible solutions; for a unique solution, 
you need to specify the boundary conditions y”1 and y”N.



Q: What about y”1 and y”N, boundary conditions? 

A: Two choices: 1) y”1 = y”N = 0, i.e., natural spline; 2) calculate them from one-sided 
differences, i.e., set y”1 and y”N to values calculated from equation      .

—> there is a 2-parameter family of possible solutions; for a unique solution, 
you need to specify the boundary conditions y”1 and y”N.

IN GENERAL (except for the assignment), just use the function/routine 
in the library for linear, quadratic, cubic, or cubic spline interpolations. 


