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Except for linear problems, root finding proceeds by iteration, i.e., we start with a suitable trial 
value and use an algorithm that will improve it until satisfaction. 
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Rule of thumb: first of all, make sure there is a root (plot the function!)



Bracketing: 

Let be  
<latexit sha1_base64="BzlfQHH2J6Pc7Ucr8aAESSNaq8c=">AAACC3icbVDLSsNAFJ3UV62vqEs3Q4tQQUoiom6EohuXVewDmlAm00k7dDIJMxNpCe3ajb/ixoUibv0Bd/6NkzYLbT1w4XDOvdx7jxcxKpVlfRu5peWV1bX8emFjc2t7x9zda8gwFpjUcchC0fKQJIxyUldUMdKKBEGBx0jTG1ynfvOBCElDfq9GEXED1OPUpxgpLXXMYuKIAPqXfnl4dDyZDKFDOXQCpPqel9yNIYTjjlmyKtYUcJHYGSmBDLWO+eV0QxwHhCvMkJRt24qUmyChKGZkXHBiSSKEB6hH2ppyFBDpJtNfxvBQK13oh0IXV3Cq/p5IUCDlKPB0Z3qlnPdS8T+vHSv/wk0oj2JFOJ4t8mMGVQjTYGCXCoIVG2mCsKD6Voj7SCCsdHwFHYI9//IiaZxU7LOKdXtaql5lceTBASiCMrDBOaiCG1ADdYDBI3gGr+DNeDJejHfjY9aaM7KZffAHxucP5vSZsA==</latexit>

f = f(x), x 2 R
then x0 is bracketed in [x1,x2] if f(x1)f(x2)<0



Bracketing: 

Let be  
<latexit sha1_base64="BzlfQHH2J6Pc7Ucr8aAESSNaq8c=">AAACC3icbVDLSsNAFJ3UV62vqEs3Q4tQQUoiom6EohuXVewDmlAm00k7dDIJMxNpCe3ajb/ixoUibv0Bd/6NkzYLbT1w4XDOvdx7jxcxKpVlfRu5peWV1bX8emFjc2t7x9zda8gwFpjUcchC0fKQJIxyUldUMdKKBEGBx0jTG1ynfvOBCElDfq9GEXED1OPUpxgpLXXMYuKIAPqXfnl4dDyZDKFDOXQCpPqel9yNIYTjjlmyKtYUcJHYGSmBDLWO+eV0QxwHhCvMkJRt24qUmyChKGZkXHBiSSKEB6hH2ppyFBDpJtNfxvBQK13oh0IXV3Cq/p5IUCDlKPB0Z3qlnPdS8T+vHSv/wk0oj2JFOJ4t8mMGVQjTYGCXCoIVG2mCsKD6Voj7SCCsdHwFHYI9//IiaZxU7LOKdXtaql5lceTBASiCMrDBOaiCG1ADdYDBI3gGr+DNeDJejHfjY9aaM7KZffAHxucP5vSZsA==</latexit>

f = f(x), x 2 R
then x0 is bracketed in [x1,x2] if f(x1)f(x2)<0

Note: f(x1)f(x2)<0 is not a sufficient nor a necessary condition of the existence of the root.
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Note: f(x1)f(x2)<0 is not a sufficient nor a necessary condition of the existence of the root.

f(x1)f(x2)>0 even though I have two roots 
=> not a sufficient condition

f(x1)f(x2)<0 even though there is no root 
=> not a necessary condition



Algorithm for bracketing: 



Bisection:
Given an interval [x1,x2] bracketing x0, we evaluate the function of the mid-point and we use it 
to replace one of the previous limits (in particular the one which still satisfies f1f(xn)<0.



Bisection:
Given an interval [x1,x2] bracketing x0, we evaluate the function of the mid-point and we use it 
to replace one of the previous limits (in particular the one which still satisfies f1f(xn)<0.

f(x)

x
x1

x2x3



Bisection:
Given an interval [x1,x2] bracketing x0, we evaluate the function of the mid-point and we use it 
to replace one of the previous limits (in particular the one which still satisfies f1f(xn)<0.

f(x)

x
x1

x2x3

IF f1f(x3)<0 then I can throw away x2 because x3 is closer to x0.



Bisection:
Given an interval [x1,x2] bracketing x0, we evaluate the function of the mid-point and we use it 
to replace one of the previous limits (in particular the one which still satisfies f1f(xn)<0.

f(x)

x
x1

x2x3

IF f1f(x3)<0 then I can throw away x2 because x3 is closer to x0.

Pros: it cannot fail
Cons: not efficient (i.e., not quick)



Bisection:
Given an interval [x1,x2] bracketing x0, we evaluate the function of the mid-point and we use it 
to replace one of the previous limits (in particular the one which still satisfies f1f(xn)<0.

f(x)

x
x1

x2x3

IF f1f(x3)<0 then I can throw away x2 because x3 is closer to x0.

Pros: it cannot fail
Cons: not efficient (i.e., not quick)

Set En the deviation from x0 at each iteration:

<latexit sha1_base64="gc4h5fzC7rn+DIlK7SaGG68lgeM=">AAACFHicbVDLSgMxFM3UV62vUZdugkUQpGWmiLoRilJwWcE+oFOHTJppQzOZIckIJcxHuPFX3LhQxK0Ld/6N6WOhrQcCh3PO5eaeIGFUKsf5tnJLyyura/n1wsbm1vaOvbvXlHEqMGngmMWiHSBJGOWkoahipJ0IgqKAkVYwvB77rQciJI35nRolpBuhPqchxUgZybdPtCciWPM5vIReKBDWbqYrWc3XvORmRqzc6xLPTMLJfLvolJ0J4CJxZ6QIZqj79pfXi3EaEa4wQ1J2XCdRXY2EopiRrOClkiQID1GfdAzlKCKyqydHZfDIKD0YxsI8ruBE/T2hUSTlKApMMkJqIOe9sfif10lVeNHVlCepIhxPF4UpgyqG44ZgjwqCFRsZgrCg5q8QD5CpRpkeC6YEd/7kRdKslN2zsnN7WqxezerIgwNwCI6BC85BFdyAOmgADB7BM3gFb9aT9WK9Wx/TaM6azeyDP7A+fwBpp5yH</latexit>

En =
1

2
En�1 = 2�nE0



Bisection:
Given an interval [x1,x2] bracketing x0, we evaluate the function of the mid-point and we use it 
to replace one of the previous limits (in particular the one which still satisfies f1f(xn)<0.

f(x)

x
x1

x2x3

IF f1f(x3)<0 then I can throw away x2 because x3 is closer to x0.

Pros: it cannot fail
Cons: not efficient (i.e., not quick)

Set En the deviation from x0 at each iteration:

<latexit sha1_base64="gc4h5fzC7rn+DIlK7SaGG68lgeM=">AAACFHicbVDLSgMxFM3UV62vUZdugkUQpGWmiLoRilJwWcE+oFOHTJppQzOZIckIJcxHuPFX3LhQxK0Ld/6N6WOhrQcCh3PO5eaeIGFUKsf5tnJLyyura/n1wsbm1vaOvbvXlHEqMGngmMWiHSBJGOWkoahipJ0IgqKAkVYwvB77rQciJI35nRolpBuhPqchxUgZybdPtCciWPM5vIReKBDWbqYrWc3XvORmRqzc6xLPTMLJfLvolJ0J4CJxZ6QIZqj79pfXi3EaEa4wQ1J2XCdRXY2EopiRrOClkiQID1GfdAzlKCKyqydHZfDIKD0YxsI8ruBE/T2hUSTlKApMMkJqIOe9sfif10lVeNHVlCepIhxPF4UpgyqG44ZgjwqCFRsZgrCg5q8QD5CpRpkeC6YEd/7kRdKslN2zsnN7WqxezerIgwNwCI6BC85BFdyAOmgADB7BM3gFb9aT9WK9Wx/TaM6azeyDP7A+fwBpp5yH</latexit>

En =
1

2
En�1 = 2�nE0

If you fix E0 (initial error) and EF is the final error, 
the number of steps N necessary to achieve EF =>

<latexit sha1_base64="vrCwjMcSRQmCbMr/sK+kCy9CpkU=">AAACD3icbVDLSsNAFJ3UV62vqEs3g0VxVZIi6kYoiuJKKtgHNCFMppN26EwSZiZCCfkDN/6KGxeKuHXrzr9x0mahrQfu5XDOvczc48eMSmVZ30ZpYXFpeaW8Wllb39jcMrd32jJKBCYtHLFIdH0kCaMhaSmqGOnGgiDuM9LxR5e533kgQtIovFfjmLgcDUIaUIyUljzzMHUEh/AWnjssGnj11AkEwumVd53pZmUZzJF5ZtWqWRPAeWIXpAoKND3zy+lHOOEkVJghKXu2FSs3RUJRzEhWcRJJYoRHaEB6moaIE+mmk3syeKCVPgwioStUcKL+3kgRl3LMfT3JkRrKWS8X//N6iQrO3JSGcaJIiKcPBQmDKoJ5OLBPBcGKjTVBWFD9V4iHSAeidIQVHYI9e/I8addr9knNujuuNi6KOMpgD+yDI2CDU9AAN6AJWgCDR/AMXsGb8WS8GO/Gx3S0ZBQ7u+APjM8f+0yatw==</latexit>

N = log2
EF

E0



Bisection:
Given an interval [x1,x2] bracketing x0, we evaluate the function of the mid-point and we use it 
to replace one of the previous limits (in particular the one which still satisfies f1f(xn)<0.

f(x)

x
x1

x2x3

IF f1f(x3)<0 then I can throw away x2 because x3 is closer to x0.

Pros: it cannot fail
Cons: not efficient (i.e., not quick)

Set En the deviation from x0 at each iteration:

<latexit sha1_base64="gc4h5fzC7rn+DIlK7SaGG68lgeM=">AAACFHicbVDLSgMxFM3UV62vUZdugkUQpGWmiLoRilJwWcE+oFOHTJppQzOZIckIJcxHuPFX3LhQxK0Ld/6N6WOhrQcCh3PO5eaeIGFUKsf5tnJLyyura/n1wsbm1vaOvbvXlHEqMGngmMWiHSBJGOWkoahipJ0IgqKAkVYwvB77rQciJI35nRolpBuhPqchxUgZybdPtCciWPM5vIReKBDWbqYrWc3XvORmRqzc6xLPTMLJfLvolJ0J4CJxZ6QIZqj79pfXi3EaEa4wQ1J2XCdRXY2EopiRrOClkiQID1GfdAzlKCKyqydHZfDIKD0YxsI8ruBE/T2hUSTlKApMMkJqIOe9sfif10lVeNHVlCepIhxPF4UpgyqG44ZgjwqCFRsZgrCg5q8QD5CpRpkeC6YEd/7kRdKslN2zsnN7WqxezerIgwNwCI6BC85BFdyAOmgADB7BM3gFb9aT9WK9Wx/TaM6azeyDP7A+fwBpp5yH</latexit>

En =
1

2
En�1 = 2�nE0

If you fix E0 (initial error) and EF is the final error, 
the number of steps N necessary to achieve EF =>

<latexit sha1_base64="vrCwjMcSRQmCbMr/sK+kCy9CpkU=">AAACD3icbVDLSsNAFJ3UV62vqEs3g0VxVZIi6kYoiuJKKtgHNCFMppN26EwSZiZCCfkDN/6KGxeKuHXrzr9x0mahrQfu5XDOvczc48eMSmVZ30ZpYXFpeaW8Wllb39jcMrd32jJKBCYtHLFIdH0kCaMhaSmqGOnGgiDuM9LxR5e533kgQtIovFfjmLgcDUIaUIyUljzzMHUEh/AWnjssGnj11AkEwumVd53pZmUZzJF5ZtWqWRPAeWIXpAoKND3zy+lHOOEkVJghKXu2FSs3RUJRzEhWcRJJYoRHaEB6moaIE+mmk3syeKCVPgwioStUcKL+3kgRl3LMfT3JkRrKWS8X//N6iQrO3JSGcaJIiKcPBQmDKoJ5OLBPBcGKjTVBWFD9V4iHSAeidIQVHYI9e/I8addr9knNujuuNi6KOMpgD+yDI2CDU9AAN6AJWgCDR/AMXsGb8WS8GO/Gx3S0ZBQ7u+APjM8f+0yatw==</latexit>

N = log2
EF

E0

Note: EF=0 is not possible, since N would be infinity



Secant method: 
Let x0 be a root of f(x) and x0 in [a,b]

a) approximate the function as a line through f(x1) and f(x2):
<latexit sha1_base64="QEGKcCFiifKf2+oLuuiysObn1OI="></latexit>

f(x̃0)� f(x1)

x̃0 � x1
=

f(x2)� f(x1)

x2 � x1

b)                         then 
<latexit sha1_base64="Zv9J0y3asvmuAeVp17NBbK9iYAA=">AAACCnicbVC7TsMwFHV4lvIKMLIYKqSyVAlCwFjBwlgk+pCaKHIcp7Xq2JHtoFZRZxZ+hYUBhFj5Ajb+BrfNAC1HutLROffq3nvClFGlHefbWlpeWV1bL22UN7e2d3btvf2WEpnEpIkFE7ITIkUY5aSpqWakk0qCkpCRdji4mfjtByIVFfxej1LiJ6jHaUwx0kYK7KPckwmEcdXTlEUkH44D5xR6KE2lGEIHwnFgV5yaMwVcJG5BKqBAI7C/vEjgLCFcY4aU6rpOqv0cSU0xI+OylymSIjxAPdI1lKOEKD+fvjKGJ0aJYCykKa7hVP09kaNEqVESms4E6b6a9ybif1430/GVn1OeZppwPFsUZwxqASe5wIhKgjUbGYKwpOZWiPtIIqxNemUTgjv/8iJpndXci5pzd16pXxdxlMAhOAZV4IJLUAe3oAGaAINH8AxewZv1ZL1Y79bHrHXJKmYOwB9Ynz8Qi5k3</latexit>

f(x̃0) ⇡ 0

<latexit sha1_base64="BTC1OZucuIgmXgIB84bJBDQn2eY="></latexit>

x̃0 = x1 + (x2 � x1)
f(x1)

f(x1)� f(x2)

new best guess

previous best guess

correction

c) iterate by using        instead of x1 or x2
<latexit sha1_base64="+Kmnp0Ftp5OuIG1rSfJQ5AwzEsM=">AAAB/HicbVDLSsNAFJ34rPUV7dLNYBFclUREXRbduKxgH9CEMJlM2qEzkzAzEUOIv+LGhSJu/RB3/o3TNgttPXDhcM693HtPmDKqtON8Wyura+sbm7Wt+vbO7t6+fXDYU0kmMenihCVyECJFGBWkq6lmZJBKgnjISD+c3Ez9/gORiibiXucp8TkaCRpTjLSRArtReJJDT1MWkeKxDBwIy8BuOi1nBrhM3Io0QYVOYH95UYIzToTGDCk1dJ1U+wWSmmJGyrqXKZIiPEEjMjRUIE6UX8yOL+GJUSIYJ9KU0HCm/p4oEFcq56Hp5EiP1aI3Ff/zhpmOr/yCijTTROD5ojhjUCdwmgSMqCRYs9wQhCU1t0I8RhJhbfKqmxDcxZeXSe+s5V60nLvzZvu6iqMGjsAxOAUuuARtcAs6oAswyMEzeAVv1pP1Yr1bH/PWFauaaYA/sD5/ACLOlG4=</latexit>

x̃0

f(x)

x

NOTE: this method is more efficient than bisection, i.e., after many iterations, you are getting 
faster and faster to the solution with the secant method. 

CAVEAT: the secant method does not bother checking whether the root is always bracketed, 
i.e., it can fail

To avoid failure, one can use the false positive method.



False positive method: 

basically, this is the secant method with a check on the cross product

a) x0 in [x1,x2], f(x1)<0 and f(x2)>0

b) evaluate

<latexit sha1_base64="BTC1OZucuIgmXgIB84bJBDQn2eY="></latexit>

x̃0 = x1 + (x2 � x1)
f(x1)

f(x1)� f(x2)

c) check: if                                , the retain x2; if                               , then retain x1
<latexit sha1_base64="gvO2Jv7pvUXRDTt97UEwEiK2YfE=">AAACD3icbVDLSsNAFJ34rPUVdelmsCjtpkyKqAsXRTcuK9gHNCFMJpN26OTBzERaQv/Ajb/ixoUibt2682+ctkG09cCFwzn3cu89XsKZVAh9GUvLK6tr64WN4ubW9s6uubffknEqCG2SmMei42FJOYtoUzHFaScRFIcep21vcD3x2/dUSBZHd2qUUCfEvYgFjGClJdc8yWwRwqBsK8Z9mg3HLqoE5aFbq1wi+IOxa5ZQFU0BF4mVkxLI0XDNT9uPSRrSSBGOpexaKFFOhoVihNNx0U4lTTAZ4B7tahrhkEonm/4zhsda8WEQC12RglP190SGQylHoac7Q6z6ct6biP953VQFF07GoiRVNCKzRUHKoYrhJBzoM0GJ4iNNMBFM3wpJHwtMlI6wqEOw5l9eJK1a1TqrotvTUv0qj6MADsERKAMLnIM6uAEN0AQEPIAn8AJejUfj2Xgz3metS0Y+cwD+wPj4BnR0mQ8=</latexit>

f(x̃0)f(x2) < 0
<latexit sha1_base64="Ixy+K1HIxSVhgcQ3Wd57qrOmSrk=">AAACD3icbVDLSsNAFJ34rPUVdelmsCjtpkyKqCspunFZwT6gCWEymbRDJw9mJtIS+gdu/BU3LhRx69adf+O0DaKtBy4czrmXe+/xEs6kQujLWFpeWV1bL2wUN7e2d3bNvf2WjFNBaJPEPBYdD0vKWUSbiilOO4mgOPQ4bXuD64nfvqdCsji6U6OEOiHuRSxgBCstueZJZosQBmVbMe7TbDh2USUoD91a5RLBH4xds4SqaAq4SKyclECOhmt+2n5M0pBGinAsZddCiXIyLBQjnI6LdippgskA92hX0wiHVDrZ9J8xPNaKD4NY6IoUnKq/JzIcSjkKPd0ZYtWX895E/M/rpiq4cDIWJamiEZktClIOVQwn4UCfCUoUH2mCiWD6Vkj6WGCidIRFHYI1//IiadWq1lkV3Z6W6ld5HAVwCI5AGVjgHNTBDWiAJiDgATyBF/BqPBrPxpvxPmtdMvKZA/AHxsc3d5SZEQ==</latexit>

f(x̃0)f(x2) > 0

NOTE: the false positive method is a bit slower (because of the check), but more secure.

NOTE: the secant / false positive methods can fail 
miserably; in this sample, they would be very slow.



Brent’s method: standard (fast and safe)

The super-linear (fast) convergence rate is achieved by using an inverse quadratic interpolation 
among 3 points and estimating the root as the place where the interpolating function vanishes. 

This method provides the certainty of the bisection method with the speed of the secant method.

a) (x1,f(x1)), (x2,f(x2)), (x3,f(x3))
<latexit sha1_base64="PT/LWd+kMxAdyjXkUr2oFtQz1Go=">AAACFXicbVDLSsNAFJ34rPUVdelmsAiCUpIi6kYounHZgn1AE8JkMmmHTh7MTKRlyE+48VfcuFDEreDOv3HaZqGtBy4czrmXe+/xU0aFtKxvY2l5ZXVtvbRR3tza3tk19/bbIsk4Ji2csIR3fSQIozFpSSoZ6aacoMhnpOMPbyd+54FwQZP4Xo5T4kaoH9OQYiS15JlnyuERdCRlAVGj3LPgNRx5NXgKnZAjrBq5auZwhtwzK1bVmgIuErsgFVCg4ZlfTpDgLCKxxAwJ0bOtVLoKcUkxI3nZyQRJER6iPulpGqOICFdNv8rhsVYCGCZcVyzhVP09oVAkxDjydWeE5EDMexPxP6+XyfDKVTROM0liPFsUZgzKBE4iggHlBEs21gRhTvWtEA+QTkPqIMs6BHv+5UXSrlXti6rVPK/Ub4o4SuAQHIETYINLUAd3oAFaAINH8AxewZvxZLwY78bHrHXJKGYOwB8Ynz+RcJyC</latexit>

x̃0 = x2 +
P

Q
b) with   P=S[T(R-T)(x3-x1)-(1-R)(x2-x1)]

 Q=(T-1)(R-1)(S-1)
 R=f(x2)/f(x3), S=f(x2)/f(x1), T=f(x1)/f(x3)

c) IF                                         then you are getting close to the tolerance (good enough, happy);
                                 otherwise, iterate 

<latexit sha1_base64="kt/NMumHzJFwQ/AvtDL1Mf+g1/s=">AAACD3icbVDLSsNAFJ3UV62vqEs3g0WpC0sioi5cFEVxWcE+oAlhMpm0QycPZiZiSfMHbvwVNy4UcevWnX/jtM1CWw9cOJxzL/fe48aMCmkY31phbn5hcam4XFpZXVvf0De3miJKOCYNHLGIt10kCKMhaUgqGWnHnKDAZaTl9i9HfuuecEGj8E4OYmIHqBtSn2IkleTo+6nFAzj0K5akzCPpQ+YYB0N4CK+ca3huwAkyRy8bVWMMOEvMnJRBjrqjf1lehJOAhBIzJETHNGJpp4hLihnJSlYiSIxwH3VJR9EQBUTY6fifDO4pxYN+xFWFEo7V3xMpCoQYBK7qDJDsiWlvJP7ndRLpn9kpDeNEkhBPFvkJgzKCo3CgRznBkg0UQZhTdSvEPcQRlirCkgrBnH55ljSPquZJ1bg9Ltcu8jiKYAfsggowwSmogRtQBw2AwSN4Bq/gTXvSXrR37WPSWtDymW3wB9rnD/EImV4=</latexit>

|f(x̃0)|� EF < 0



Newton-Raphson method:

Let f be a function with known derivative 

Consider the point          and calculate 
<latexit sha1_base64="g4bX0d93jZdHMSg7yXDrhzUCkmE=">AAACBnicbVBNS8NAEJ34WetX1KMIi0Wol5KIqMeiF48V7Ac0tWy2m3bpbhJ2N2IJOXnxr3jxoIhXf4M3/43bNgdtfTDweG+GmXl+zJnSjvNtLSwuLa+sFtaK6xubW9v2zm5DRYkktE4iHsmWjxXlLKR1zTSnrVhSLHxOm/7wauw376lULApv9SimHYH7IQsYwdpIXfsg9aRAwV3qxZIJmpU9H8v0ITtGBlnXLjkVZwI0T9yclCBHrWt/eb2IJIKGmnCsVNt1Yt1JsdSMcJoVvUTRGJMh7tO2oSEWVHXSyRsZOjJKDwWRNBVqNFF/T6RYKDUSvukUWA/UrDcW//PaiQ4uOikL40TTkEwXBQlHOkLjTFCPSUo0HxmCiWTmVkQGWGKiTXJFE4I7+/I8aZxU3LOKc3Naql7mcRRgHw6hDC6cQxWuoQZ1IPAIz/AKb9aT9WK9Wx/T1gUrn9mDP7A+fwAFJpgs</latexit>

f 0(x̄)
<latexit sha1_base64="UDEcYewJh52FzhP63Sw2i9cc6dU=">AAAB+nicbVBNS8NAEJ3Ur1q/Uj16WSyCp5KIqMeiF48V7Ac0oWy2m3bpZhN2N2qJ+SlePCji1V/izX/jts1BWx8MPN6bYWZekHCmtON8W6WV1bX1jfJmZWt7Z3fPru63VZxKQlsk5rHsBlhRzgRtaaY57SaS4ijgtBOMr6d+555KxWJxpycJ9SM8FCxkBGsj9e1q5skIeQGW2WOODPK+XXPqzgxombgFqUGBZt/+8gYxSSMqNOFYqZ7rJNrPsNSMcJpXvFTRBJMxHtKeoQJHVPnZ7PQcHRtlgMJYmhIazdTfExmOlJpEgemMsB6pRW8q/uf1Uh1e+hkTSaqpIPNFYcqRjtE0BzRgkhLNJ4ZgIpm5FZERlphok1bFhOAuvrxM2qd197zu3J7VGldFHGU4hCM4ARcuoAE30IQWEHiAZ3iFN+vJerHerY95a8kqZg7gD6zPHwIeky4=</latexit>

x̄

Taylor expand around       :
<latexit sha1_base64="UDEcYewJh52FzhP63Sw2i9cc6dU=">AAAB+nicbVBNS8NAEJ3Ur1q/Uj16WSyCp5KIqMeiF48V7Ac0oWy2m3bpZhN2N2qJ+SlePCji1V/izX/jts1BWx8MPN6bYWZekHCmtON8W6WV1bX1jfJmZWt7Z3fPru63VZxKQlsk5rHsBlhRzgRtaaY57SaS4ijgtBOMr6d+555KxWJxpycJ9SM8FCxkBGsj9e1q5skIeQGW2WOODPK+XXPqzgxombgFqUGBZt/+8gYxSSMqNOFYqZ7rJNrPsNSMcJpXvFTRBJMxHtKeoQJHVPnZ7PQcHRtlgMJYmhIazdTfExmOlJpEgemMsB6pRW8q/uf1Uh1e+hkTSaqpIPNFYcqRjtE0BzRgkhLNJ4ZgIpm5FZERlphok1bFhOAuvrxM2qd197zu3J7VGldFHGU4hCM4ARcuoAE30IQWEHiAZ3iFN+vJerHerY95a8kqZg7gD6zPHwIeky4=</latexit>

x̄
<latexit sha1_base64="0J4NqdWtQRHHkNcaKrFTcp0oyPo="></latexit>

f(x̃0) = f(x̄)� f 0(x̄)(x̄� x̃0) + o((x̄� x̃0)
2)

<latexit sha1_base64="LPSxBDY4ktI6uyn5oS4mVYh+thY=">AAACAXicbVDLSsNAFJ34rPUVdSO4GSxC3ZRERN0IRTcuK9gHNCFMJpN26MwkzEzEEuLGX3HjQhG3/oU7/8bpY6GtBy4czrmXe+8JU0aVdpxva2FxaXlltbRWXt/Y3Nq2d3ZbKskkJk2csER2QqQIo4I0NdWMdFJJEA8ZaYeD65HfvidS0UTc6WFKfI56gsYUI22kwN7PPclhXPU0ZRHJH4rAOYaX0CkCu+LUnDHgPHGnpAKmaAT2lxclOONEaMyQUl3XSbWfI6kpZqQoe5kiKcID1CNdQwXiRPn5+IMCHhklgnEiTQkNx+rviRxxpYY8NJ0c6b6a9Ubif1430/GFn1ORZpoIPFkUZwzqBI7igBGVBGs2NARhSc2tEPeRRFib0MomBHf25XnSOqm5ZzXn9rRSv5rGUQIH4BBUgQvOQR3cgAZoAgwewTN4BW/Wk/VivVsfk9YFazqzB/7A+vwBubCVxA==</latexit>

f(x̃0) = 0

<latexit sha1_base64="RAU32lhvEl727UXjxkjNN0kRm6g="></latexit>

x̃0 = x̄� f(x̄)

f 0(x̄)
IF                            then stop, otherwise
    set                 and reiterate.

<latexit sha1_base64="CWBTjIbu36o8tRBq8iEBXhoKLQ4=">AAACCHicbVDLSsNAFJ34rPUVdenCwSLUTUlE1IWLoiguK9gHNCFMJpN26EwSZiZiSbN046+4caGIWz/BnX/j9LHQ1gMXDufcy733+AmjUlnWtzE3v7C4tFxYKa6urW9smlvbDRmnApM6jlksWj6ShNGI1BVVjLQSQRD3GWn6vcuh37wnQtI4ulP9hLgcdSIaUoyUljxzL3MEh4Ow7CjKApI95J51OIDn8Mq7hhDmnlmyKtYIcJbYE1ICE9Q888sJYpxyEinMkJRt20qUmyGhKGYkLzqpJAnCPdQhbU0jxIl0s9EjOTzQSgDDWOiKFBypvycyxKXsc193cqS6ctobiv957VSFZ25GoyRVJMLjRWHKoIrhMBUYUEGwYn1NEBZU3wpxFwmElc6uqEOwp1+eJY2jin1SsW6PS9WLSRwFsAv2QRnY4BRUwQ2ogTrA4BE8g1fwZjwZL8a78TFunTMmMzvgD4zPHyRwmBs=</latexit>

|f(x̃0)| < EF
<latexit sha1_base64="Uhf/9su4xEKYVr4aukYMqs5soF4=">AAACCHicbZDLSsNAFIYnXmu9RV26cLAIrkoiom6EohuXFewFmhAmk0k7dGYSZiZiCVm68VXcuFDErY/gzrdx2mahrT8MfPznHM6cP0wZVdpxvq2FxaXlldXKWnV9Y3Nr297Zbaskk5i0cMIS2Q2RIowK0tJUM9JNJUE8ZKQTDq/H9c49kYom4k6PUuJz1Bc0phhpYwX2Qe5JDiH0QiTzhwJeQk9TFhHDgQNhEdg1p+5MBOfBLaEGSjUD+8uLEpxxIjRmSKme66Taz5HUFDNSVL1MkRThIeqTnkGBOFF+PjmkgEfGiWCcSPOEhhP390SOuFIjHppOjvRAzdbG5n+1XqbjCz+nIs00EXi6KM4Y1AkcpwIjKgnWbGQAYUnNXyEeIImwNtlVTQju7Mnz0D6pu2d15/a01rgq46iAfXAIjoELzkED3IAmaAEMHsEzeAVv1pP1Yr1bH9PWBauc2QN/ZH3+AOxtmKQ=</latexit>

x̄ = x̃0



Newton-Raphson method:

Let f be a function with known derivative 

Consider the point          and calculate 
<latexit sha1_base64="g4bX0d93jZdHMSg7yXDrhzUCkmE=">AAACBnicbVBNS8NAEJ34WetX1KMIi0Wol5KIqMeiF48V7Ac0tWy2m3bpbhJ2N2IJOXnxr3jxoIhXf4M3/43bNgdtfTDweG+GmXl+zJnSjvNtLSwuLa+sFtaK6xubW9v2zm5DRYkktE4iHsmWjxXlLKR1zTSnrVhSLHxOm/7wauw376lULApv9SimHYH7IQsYwdpIXfsg9aRAwV3qxZIJmpU9H8v0ITtGBlnXLjkVZwI0T9yclCBHrWt/eb2IJIKGmnCsVNt1Yt1JsdSMcJoVvUTRGJMh7tO2oSEWVHXSyRsZOjJKDwWRNBVqNFF/T6RYKDUSvukUWA/UrDcW//PaiQ4uOikL40TTkEwXBQlHOkLjTFCPSUo0HxmCiWTmVkQGWGKiTXJFE4I7+/I8aZxU3LOKc3Naql7mcRRgHw6hDC6cQxWuoQZ1IPAIz/AKb9aT9WK9Wx/T1gUrn9mDP7A+fwAFJpgs</latexit>

f 0(x̄)
<latexit sha1_base64="UDEcYewJh52FzhP63Sw2i9cc6dU=">AAAB+nicbVBNS8NAEJ3Ur1q/Uj16WSyCp5KIqMeiF48V7Ac0oWy2m3bpZhN2N2qJ+SlePCji1V/izX/jts1BWx8MPN6bYWZekHCmtON8W6WV1bX1jfJmZWt7Z3fPru63VZxKQlsk5rHsBlhRzgRtaaY57SaS4ijgtBOMr6d+555KxWJxpycJ9SM8FCxkBGsj9e1q5skIeQGW2WOODPK+XXPqzgxombgFqUGBZt/+8gYxSSMqNOFYqZ7rJNrPsNSMcJpXvFTRBJMxHtKeoQJHVPnZ7PQcHRtlgMJYmhIazdTfExmOlJpEgemMsB6pRW8q/uf1Uh1e+hkTSaqpIPNFYcqRjtE0BzRgkhLNJ4ZgIpm5FZERlphok1bFhOAuvrxM2qd197zu3J7VGldFHGU4hCM4ARcuoAE30IQWEHiAZ3iFN+vJerHerY95a8kqZg7gD6zPHwIeky4=</latexit>

x̄

Taylor expand around       :
<latexit sha1_base64="UDEcYewJh52FzhP63Sw2i9cc6dU=">AAAB+nicbVBNS8NAEJ3Ur1q/Uj16WSyCp5KIqMeiF48V7Ac0oWy2m3bpZhN2N2qJ+SlePCji1V/izX/jts1BWx8MPN6bYWZekHCmtON8W6WV1bX1jfJmZWt7Z3fPru63VZxKQlsk5rHsBlhRzgRtaaY57SaS4ijgtBOMr6d+555KxWJxpycJ9SM8FCxkBGsj9e1q5skIeQGW2WOODPK+XXPqzgxombgFqUGBZt/+8gYxSSMqNOFYqZ7rJNrPsNSMcJpXvFTRBJMxHtKeoQJHVPnZ7PQcHRtlgMJYmhIazdTfExmOlJpEgemMsB6pRW8q/uf1Uh1e+hkTSaqpIPNFYcqRjtE0BzRgkhLNJ4ZgIpm5FZERlphok1bFhOAuvrxM2qd197zu3J7VGldFHGU4hCM4ARcuoAE30IQWEHiAZ3iFN+vJerHerY95a8kqZg7gD6zPHwIeky4=</latexit>

x̄
<latexit sha1_base64="0J4NqdWtQRHHkNcaKrFTcp0oyPo="></latexit>

f(x̃0) = f(x̄)� f 0(x̄)(x̄� x̃0) + o((x̄� x̃0)
2)

<latexit sha1_base64="LPSxBDY4ktI6uyn5oS4mVYh+thY=">AAACAXicbVDLSsNAFJ34rPUVdSO4GSxC3ZRERN0IRTcuK9gHNCFMJpN26MwkzEzEEuLGX3HjQhG3/oU7/8bpY6GtBy4czrmXe+8JU0aVdpxva2FxaXlltbRWXt/Y3Nq2d3ZbKskkJk2csER2QqQIo4I0NdWMdFJJEA8ZaYeD65HfvidS0UTc6WFKfI56gsYUI22kwN7PPclhXPU0ZRHJH4rAOYaX0CkCu+LUnDHgPHGnpAKmaAT2lxclOONEaMyQUl3XSbWfI6kpZqQoe5kiKcID1CNdQwXiRPn5+IMCHhklgnEiTQkNx+rviRxxpYY8NJ0c6b6a9Ubif1430/GFn1ORZpoIPFkUZwzqBI7igBGVBGs2NARhSc2tEPeRRFib0MomBHf25XnSOqm5ZzXn9rRSv5rGUQIH4BBUgQvOQR3cgAZoAgwewTN4BW/Wk/VivVsfk9YFazqzB/7A+vwBubCVxA==</latexit>

f(x̃0) = 0

<latexit sha1_base64="RAU32lhvEl727UXjxkjNN0kRm6g="></latexit>

x̃0 = x̄� f(x̄)

f 0(x̄)

This method is 
very efficient, but it 
can fail miserably:

It fails miserably because the derivative is 
parallel to x (no intersection with the x axis)

i.e., loop or very slowly

IF                            then stop, otherwise
    set                 and reiterate.

<latexit sha1_base64="CWBTjIbu36o8tRBq8iEBXhoKLQ4=">AAACCHicbVDLSsNAFJ34rPUVdenCwSLUTUlE1IWLoiguK9gHNCFMJpN26EwSZiZiSbN046+4caGIWz/BnX/j9LHQ1gMXDufcy733+AmjUlnWtzE3v7C4tFxYKa6urW9smlvbDRmnApM6jlksWj6ShNGI1BVVjLQSQRD3GWn6vcuh37wnQtI4ulP9hLgcdSIaUoyUljxzL3MEh4Ow7CjKApI95J51OIDn8Mq7hhDmnlmyKtYIcJbYE1ICE9Q888sJYpxyEinMkJRt20qUmyGhKGYkLzqpJAnCPdQhbU0jxIl0s9EjOTzQSgDDWOiKFBypvycyxKXsc193cqS6ctobiv957VSFZ25GoyRVJMLjRWHKoIrhMBUYUEGwYn1NEBZU3wpxFwmElc6uqEOwp1+eJY2jin1SsW6PS9WLSRwFsAv2QRnY4BRUwQ2ogTrA4BE8g1fwZjwZL8a78TFunTMmMzvgD4zPHyRwmBs=</latexit>

|f(x̃0)| < EF
<latexit sha1_base64="Uhf/9su4xEKYVr4aukYMqs5soF4=">AAACCHicbZDLSsNAFIYnXmu9RV26cLAIrkoiom6EohuXFewFmhAmk0k7dGYSZiZiCVm68VXcuFDErY/gzrdx2mahrT8MfPznHM6cP0wZVdpxvq2FxaXlldXKWnV9Y3Nr297Zbaskk5i0cMIS2Q2RIowK0tJUM9JNJUE8ZKQTDq/H9c49kYom4k6PUuJz1Bc0phhpYwX2Qe5JDiH0QiTzhwJeQk9TFhHDgQNhEdg1p+5MBOfBLaEGSjUD+8uLEpxxIjRmSKme66Taz5HUFDNSVL1MkRThIeqTnkGBOFF+PjmkgEfGiWCcSPOEhhP390SOuFIjHppOjvRAzdbG5n+1XqbjCz+nIs00EXi6KM4Y1AkcpwIjKgnWbGQAYUnNXyEeIImwNtlVTQju7Mnz0D6pu2d15/a01rgq46iAfXAIjoELzkED3IAmaAEMHsEzeAVv1pP1Yr1bH9PWBauc2QN/ZH3+AOxtmKQ=</latexit>

x̄ = x̃0



Newton-Raphson method:

Let f be a function with known derivative 

Consider the point          and calculate 
<latexit sha1_base64="g4bX0d93jZdHMSg7yXDrhzUCkmE=">AAACBnicbVBNS8NAEJ34WetX1KMIi0Wol5KIqMeiF48V7Ac0tWy2m3bpbhJ2N2IJOXnxr3jxoIhXf4M3/43bNgdtfTDweG+GmXl+zJnSjvNtLSwuLa+sFtaK6xubW9v2zm5DRYkktE4iHsmWjxXlLKR1zTSnrVhSLHxOm/7wauw376lULApv9SimHYH7IQsYwdpIXfsg9aRAwV3qxZIJmpU9H8v0ITtGBlnXLjkVZwI0T9yclCBHrWt/eb2IJIKGmnCsVNt1Yt1JsdSMcJoVvUTRGJMh7tO2oSEWVHXSyRsZOjJKDwWRNBVqNFF/T6RYKDUSvukUWA/UrDcW//PaiQ4uOikL40TTkEwXBQlHOkLjTFCPSUo0HxmCiWTmVkQGWGKiTXJFE4I7+/I8aZxU3LOKc3Naql7mcRRgHw6hDC6cQxWuoQZ1IPAIz/AKb9aT9WK9Wx/T1gUrn9mDP7A+fwAFJpgs</latexit>

f 0(x̄)
<latexit sha1_base64="UDEcYewJh52FzhP63Sw2i9cc6dU=">AAAB+nicbVBNS8NAEJ3Ur1q/Uj16WSyCp5KIqMeiF48V7Ac0oWy2m3bpZhN2N2qJ+SlePCji1V/izX/jts1BWx8MPN6bYWZekHCmtON8W6WV1bX1jfJmZWt7Z3fPru63VZxKQlsk5rHsBlhRzgRtaaY57SaS4ijgtBOMr6d+555KxWJxpycJ9SM8FCxkBGsj9e1q5skIeQGW2WOODPK+XXPqzgxombgFqUGBZt/+8gYxSSMqNOFYqZ7rJNrPsNSMcJpXvFTRBJMxHtKeoQJHVPnZ7PQcHRtlgMJYmhIazdTfExmOlJpEgemMsB6pRW8q/uf1Uh1e+hkTSaqpIPNFYcqRjtE0BzRgkhLNJ4ZgIpm5FZERlphok1bFhOAuvrxM2qd197zu3J7VGldFHGU4hCM4ARcuoAE30IQWEHiAZ3iFN+vJerHerY95a8kqZg7gD6zPHwIeky4=</latexit>

x̄

Taylor expand around       :
<latexit sha1_base64="UDEcYewJh52FzhP63Sw2i9cc6dU=">AAAB+nicbVBNS8NAEJ3Ur1q/Uj16WSyCp5KIqMeiF48V7Ac0oWy2m3bpZhN2N2qJ+SlePCji1V/izX/jts1BWx8MPN6bYWZekHCmtON8W6WV1bX1jfJmZWt7Z3fPru63VZxKQlsk5rHsBlhRzgRtaaY57SaS4ijgtBOMr6d+555KxWJxpycJ9SM8FCxkBGsj9e1q5skIeQGW2WOODPK+XXPqzgxombgFqUGBZt/+8gYxSSMqNOFYqZ7rJNrPsNSMcJpXvFTRBJMxHtKeoQJHVPnZ7PQcHRtlgMJYmhIazdTfExmOlJpEgemMsB6pRW8q/uf1Uh1e+hkTSaqpIPNFYcqRjtE0BzRgkhLNJ4ZgIpm5FZERlphok1bFhOAuvrxM2qd197zu3J7VGldFHGU4hCM4ARcuoAE30IQWEHiAZ3iFN+vJerHerY95a8kqZg7gD6zPHwIeky4=</latexit>

x̄
<latexit sha1_base64="0J4NqdWtQRHHkNcaKrFTcp0oyPo="></latexit>

f(x̃0) = f(x̄)� f 0(x̄)(x̄� x̃0) + o((x̄� x̃0)
2)

<latexit sha1_base64="LPSxBDY4ktI6uyn5oS4mVYh+thY=">AAACAXicbVDLSsNAFJ34rPUVdSO4GSxC3ZRERN0IRTcuK9gHNCFMJpN26MwkzEzEEuLGX3HjQhG3/oU7/8bpY6GtBy4czrmXe+8JU0aVdpxva2FxaXlltbRWXt/Y3Nq2d3ZbKskkJk2csER2QqQIo4I0NdWMdFJJEA8ZaYeD65HfvidS0UTc6WFKfI56gsYUI22kwN7PPclhXPU0ZRHJH4rAOYaX0CkCu+LUnDHgPHGnpAKmaAT2lxclOONEaMyQUl3XSbWfI6kpZqQoe5kiKcID1CNdQwXiRPn5+IMCHhklgnEiTQkNx+rviRxxpYY8NJ0c6b6a9Ubif1430/GFn1ORZpoIPFkUZwzqBI7igBGVBGs2NARhSc2tEPeRRFib0MomBHf25XnSOqm5ZzXn9rRSv5rGUQIH4BBUgQvOQR3cgAZoAgwewTN4BW/Wk/VivVsfk9YFazqzB/7A+vwBubCVxA==</latexit>

f(x̃0) = 0

<latexit sha1_base64="RAU32lhvEl727UXjxkjNN0kRm6g="></latexit>

x̃0 = x̄� f(x̄)

f 0(x̄)

This method is 
very efficient, but it 
can fail miserably:

It fails miserably because the derivative is 
parallel to x (no intersection with the x axis)

i.e., loop or very slowly

This method should be used with care, 
and only if you know well your function

IF                            then stop, otherwise
    set                 and reiterate.

<latexit sha1_base64="CWBTjIbu36o8tRBq8iEBXhoKLQ4=">AAACCHicbVDLSsNAFJ34rPUVdenCwSLUTUlE1IWLoiguK9gHNCFMJpN26EwSZiZiSbN046+4caGIWz/BnX/j9LHQ1gMXDufcy733+AmjUlnWtzE3v7C4tFxYKa6urW9smlvbDRmnApM6jlksWj6ShNGI1BVVjLQSQRD3GWn6vcuh37wnQtI4ulP9hLgcdSIaUoyUljxzL3MEh4Ow7CjKApI95J51OIDn8Mq7hhDmnlmyKtYIcJbYE1ICE9Q888sJYpxyEinMkJRt20qUmyGhKGYkLzqpJAnCPdQhbU0jxIl0s9EjOTzQSgDDWOiKFBypvycyxKXsc193cqS6ctobiv957VSFZ25GoyRVJMLjRWHKoIrhMBUYUEGwYn1NEBZU3wpxFwmElc6uqEOwp1+eJY2jin1SsW6PS9WLSRwFsAv2QRnY4BRUwQ2ogTrA4BE8g1fwZjwZL8a78TFunTMmMzvgD4zPHyRwmBs=</latexit>

|f(x̃0)| < EF
<latexit sha1_base64="Uhf/9su4xEKYVr4aukYMqs5soF4=">AAACCHicbZDLSsNAFIYnXmu9RV26cLAIrkoiom6EohuXFewFmhAmk0k7dGYSZiZiCVm68VXcuFDErY/gzrdx2mahrT8MfPznHM6cP0wZVdpxvq2FxaXlldXKWnV9Y3Nr297Zbaskk5i0cMIS2Q2RIowK0tJUM9JNJUE8ZKQTDq/H9c49kYom4k6PUuJz1Bc0phhpYwX2Qe5JDiH0QiTzhwJeQk9TFhHDgQNhEdg1p+5MBOfBLaEGSjUD+8uLEpxxIjRmSKme66Taz5HUFDNSVL1MkRThIeqTnkGBOFF+PjmkgEfGiWCcSPOEhhP390SOuFIjHppOjvRAzdbG5n+1XqbjCz+nIs00EXi6KM4Y1AkcpwIjKgnWbGQAYUnNXyEeIImwNtlVTQju7Mnz0D6pu2d15/a01rgq46iAfXAIjoELzkED3IAmaAEMHsEzeAVv1pP1Yr1bH9PWBauc2QN/ZH3+AOxtmKQ=</latexit>

x̄ = x̃0



SUMMARY:

Use Brent’s method as standard (fast and safe)
Use Newton-Raphson method only for certain functions (e.g., parabola)

ALWAYS CHECK THE CODE with a test function:
y=x2-x = x(x-1), with roots x0,1=0 and x0,2=1


