
Celestial Mechanics



Kepler’s Laws:
I. A planet orbits the Sun in an ellipse, with the Sun at one focus of 

the ellipse
II. A line connecting a planet to the Sun sweeps out equal areas in 

equal time intervals



Kepler’s Laws:
I. A planet orbits the Sun in an ellipse, with the Sun at one focus of 

the ellipse
II. A line connecting a planet to the Sun sweeps out equal areas in 

equal time intervals
III. P[yr]2=a[AU]3, with P orbital period of the planet, a average 

distance of the planet from the Sun

log(a) = (2/3) log(P)



BELLIPSE:
defined by a set of points satisfying the equation
r+r’=2a

Eccentricity:
e = FF’/2a
0<e<1

If F=F’, then r=r’, then r=a
eq. of a CIRCLE (e=0)

A = ⇡ab
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BELLIPSE:
defined by a set of points satisfying the equation
r+r’=2a

Eccentricity:
e = FF’/2a
0<e<1

If F=F’, then r=r’, then r=a
eq. of a CIRCLE (e=0)

b2 = a2 (1-e2)
Relation between semi-major, 
semi-minor, and ellipticity A = ⇡ab
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BELLIPSE:
defined by a set of points satisfying the equation
r+r’=2a

Eccentricity:
e = FF’/2a
0<e<1

If F=F’, then r=r’, then r=a
eq. of a CIRCLE (e=0)

b2 = a2 (1-e2)
Relation between semi-major, 
semi-minor, and ellipticity

r =
a(1� e2)

1 + e cos ✓
, 0  e < 1

<latexit sha1_base64="DfFjjCi1rmjD1iv50RLY41IcqjU="></latexit>

If a, e, and theta are known, 
the position from the focus 
can be derived

A = ⇡ab
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<latexit sha1_base64="DfFjjCi1rmjD1iv50RLY41IcqjU="></latexit>

If a, e, and theta are known, 
the position from the focus 
can be derived

PerihelionAphelion

Area of ellipse: A = ⇡ab

<latexit sha1_base64="fr6EuGRq/kdw9STSBPxZM1NjXyI=">AAAB8HicbVBNSwMxEJ2tX7V+rXr0EiyCp7IrBfUgVL14rGA/pF1KNs22oUl2SbJCWforvHhQxKs/x5v/xrTdg7Y+GHi8N8PMvDDhTBvP+3YKK6tr6xvFzdLW9s7unrt/0NRxqghtkJjHqh1iTTmTtGGY4bSdKIpFyGkrHN1O/dYTVZrF8sGMExoIPJAsYgQbKz1eX3UThjAKe27Zq3gzoGXi56QMOeo996vbj0kqqDSEY607vpeYIMPKMMLppNRNNU0wGeEB7VgqsaA6yGYHT9CJVfooipUtadBM/T2RYaH1WIS2U2Az1IveVPzP66QmuggyJpPUUEnmi6KUIxOj6feozxQlho8twUQxeysiQ6wwMTajkg3BX3x5mTTPKn61cnlfLddu8jiKcATHcAo+nEMN7qAODSAg4Ble4c1Rzovz7nzMWwtOPnMIf+B8/gCCpY+W</latexit>



Conic curves

E<0E<0

E total energy
E<0—> bound system
E>0 —> unbound system

E=0 E>0

0  e < 1

<latexit sha1_base64="8wGK4VEansquxCWnpInxlLZZ0ss=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUMFD0YvHCvYDmlA220m7dLOJuxuhlP4NLx4U8eqf8ea/cdvmoK0PBh7vzTAzL0wF18Z1v53Cyura+kZxs7S1vbO7V94/aOokUwwbLBGJaodUo+ASG4Ybge1UIY1Dga1weDv1W0+oNE/kgxmlGMS0L3nEGTVW8l3iC3wkSK6J1y1X3Ko7A1kmXk4qkKPeLX/5vYRlMUrDBNW647mpCcZUGc4ETkp+pjGlbEj72LFU0hh1MJ7dPCEnVumRKFG2pCEz9ffEmMZaj+LQdsbUDPSiNxX/8zqZiS6DMZdpZlCy+aIoE8QkZBoA6XGFzIiRJZQpbm8lbEAVZcbGVLIheIsvL5PmWdU7r17dn1dqN3kcRTiCYzgFDy6gBndQhwYwSOEZXuHNyZwX5935mLcWnHzmEP7A+fwBmc6QHg==</latexit>

r =
2p

1 + cos ✓

<latexit sha1_base64="x8BFW1+WyxuM+Zxy2VFVgnFeqw8=">AAACBnicbVBNS8NAEN34WetX1KMIi0UQhJKUgnoQil48VrAf0JSy2W7apZtN2J0IJeTkxb/ixYMiXv0N3vw3btsctPXBwOO9GWbm+bHgGhzn21paXlldWy9sFDe3tnd27b39po4SRVmDRiJSbZ9oJrhkDeAgWDtWjIS+YC1/dDPxWw9MaR7JexjHrBuSgeQBpwSM1LOPFL7CXqAITStxlrpnHo106sGQAcmynl1yys4UeJG4OSmhHPWe/eX1I5qETAIVROuO68TQTYkCTgXLil6iWUzoiAxYx1BJQqa76fSNDJ8YpY+DSJmSgKfq74mUhFqPQ990hgSGet6biP95nQSCi27KZZwAk3S2KEgEhghPMsF9rhgFMTaEUMXNrZgOickETHJFE4I7//IiaVbKbrV8eVct1a7zOAroEB2jU+Sic1RDt6iOGoiiR/SMXtGb9WS9WO/Wx6x1ycpnDtAfWJ8/wuSYuQ==</latexit>

r =
a(e2 � 1)

1 + e cos ✓

<latexit sha1_base64="gfb778pS6KqElA2Fsjqti8fb0aE=">AAACD3icbVA9SwNBEN2L3/ErammzGJSIGO6CoBZC0MYygomBXAx7mzmzZO+D3TkhHPcPbPwrNhaK2Nra+W/cxBSa+GDg8d4MM/O8WAqNtv1l5WZm5+YXFpfyyyura+uFjc2GjhLFoc4jGammxzRIEUIdBUpoxgpY4Em48foXQ//mHpQWUXiNgxjaAbsLhS84QyN1CnuKnlHXV4ynrAS3FXro7GepcwDU5ZFOXewBsizrFIp22R6BThNnTIpkjFqn8Ol2I54EECKXTOuWY8fYTplCwSVkeTfREDPeZ3fQMjRkAeh2Ovono7tG6VI/UqZCpCP190TKAq0HgWc6A4Y9PekNxf+8VoL+STsVYZwghPxnkZ9IihEdhkO7QgFHOTCEcSXMrZT3mAkHTYR5E4Iz+fI0aVTKzlH59OqoWD0fx7FItskOKRGHHJMquSQ1UiecPJAn8kJerUfr2Xqz3n9ac9Z4Zov8gfXxDXa8mxs=</latexit>

e > 1

<latexit sha1_base64="TlqOVUrn78U50330Rm29rnbCBsc=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoF6k6MVjBdMW2lA220m7dLMJuxuhlP4GLx4U8eoP8ua/cdvmoK0PBh7vzTAzL0wF18Z1v53C2vrG5lZxu7Szu7d/UD48auokUwx9lohEtUOqUXCJvuFGYDtVSONQYCsc3c381hMqzRP5aMYpBjEdSB5xRo2VfCQ3xOuVK27VnYOsEi8nFcjR6JW/uv2EZTFKwwTVuuO5qQkmVBnOBE5L3UxjStmIDrBjqaQx6mAyP3ZKzqzSJ1GibElD5urviQmNtR7Hoe2MqRnqZW8m/ud1MhNdBRMu08ygZItFUSaIScjsc9LnCpkRY0soU9zeStiQKsqMzadkQ/CWX14lzYuqV6teP9Qq9ds8jiKcwCmcgweXUId7aIAPDDg8wyu8OdJ5cd6dj0VrwclnjuEPnM8fbNONzA==</latexit>

Each type of conic section is related to a specific form of celestial motion



Newton’s Laws:
I. An object at rest will remain at rest and an object in motion will 

remain in motion in a straight line at a constant speed unless 
acted upon by an external force (law of inertia)

= the momentum of an object remains constant unless it experiences an external force

p = mv

<latexit sha1_base64="2+ehx4S79iWORJsd4XP8Kx1+LXo=">AAAB/HicbZDLSsNAFIZP6q3WW7RLN4NFcFUSEdSFUHTjsoK9QBvKZDpph84kYWZSKCG+ihsXirj1Qdz5Nk7TLLT1h4GP/5zDOfP7MWdKO863VVpb39jcKm9Xdnb39g/sw6O2ihJJaItEPJJdHyvKWUhbmmlOu7GkWPicdvzJ3bzemVKpWBQ+6llMPYFHIQsYwdpYA7ua9v0AxRm6QQLlPM0Gds2pO7nQKrgF1KBQc2B/9YcRSQQNNeFYqZ7rxNpLsdSMcJpV+omiMSYTPKI9gyEWVHlpfnyGTo0zREEkzQs1yt3fEykWSs2EbzoF1mO1XJub/9V6iQ6uvJSFcaJpSBaLgoQjHaF5EmjIJCWazwxgIpm5FZExlphok1fFhOAuf3kV2ud196J+/XBRa9wWcZThGE7gDFy4hAbcQxNaQGAGz/AKb9aT9WK9Wx+L1pJVzFThj6zPHzV3k90=</latexit>



Newton’s Laws:
I. An object at rest will remain at rest and an object in motion will 

remain in motion in a straight line at a constant speed unless 
acted upon by an external force (law of inertia)

= the momentum of an object remains constant unless it experiences an external force

II. The net force (the sum of all forces) acting on an object is 
proportional to the object’s mass and its resultant acceleration

Fnet =
nX

i=1

Fi = ma

<latexit sha1_base64="c7sXcx1Nr8bK0hYwkUKjfDgF3z0=">AAACKHicbVDLSgMxFM3UV62vqks3wSK4KjMiqItiURCXFewDOnXIpJk2NMkMSUYoYT7Hjb/iRkSRbv0S02kXWj0QOJxzLjf3hAmjSrvuxCksLa+srhXXSxubW9s75d29lopTiUkTxyyWnRApwqggTU01I51EEsRDRtrh6Hrqtx+JVDQW93qckB5HA0EjipG2UlC+NH4YwZvA+JJDQXSWwRr0VcoDQ2te9mBEZn5GaJYnOMxFlAXlilt1c8C/xJuTCpijEZTf/H6MU06Exgwp1fXcRPcMkppiRrKSnyqSIDxCA9K1VCBOVM/kh2bwyCp9GMXSPqFhrv6cMIgrNeahTXKkh2rRm4r/ed1UR+c9Q0WSaiLwbFGUMqhjOG0N9qkkWLOxJQhLav8K8RBJhLXttmRL8BZP/ktaJ1XvtHpxd1qpX83rKIIDcAiOgQfOQB3cggZoAgyewAt4Bx/Os/PqfDqTWbTgzGf2wS84X98c76YE</latexit>

m = constant

<latexit sha1_base64="880vKAaj3R6UNdMeJbB3fznrmPQ=">AAAB+3icbVBNSwMxEM3Wr1q/1nr0EiyCp7IrBfUgFL14rGA/oF1KNk3b0CS7JLNiWfavePGgiFf/iDf/jWm7B219MPB4b4aZeWEsuAHP+3YKa+sbm1vF7dLO7t7+gXtYbpko0ZQ1aSQi3QmJYYIr1gQOgnVizYgMBWuHk9uZ335k2vBIPcA0ZoEkI8WHnBKwUt8tS3yN056WmEbKAFGQ9d2KV/XmwKvEz0kF5Wj03a/eIKKJZAqoIMZ0fS+GICUaOBUsK/USw2JCJ2TEupYqIpkJ0vntGT61ygAPI21LAZ6rvydSIo2ZytB2SgJjs+zNxP+8bgLDyyDlKk6AKbpYNEwEhgjPgsADrhkFMbWEUM3trZiOiSYUbFwlG4K//PIqaZ1X/Vr16r5Wqd/kcRTRMTpBZ8hHF6iO7lADNRFFT+gZvaI3J3NenHfnY9FacPKZI/QHzucPaPyUEg==</latexit>

a =
dv

dt

<latexit sha1_base64="/15KA5E3HKSgPYA3Pcd3XL8IOI4=">AAACBnicbVDLSsNAFJ3UV62vqEsRBovgqiRSUBdC0Y3LCvYBTSmTyaQdOnkwc1MoISs3/oobF4q49Rvc+TdO0yy09cCFwzn3cu89biy4Asv6Nkorq2vrG+XNytb2zu6euX/QVlEiKWvRSESy6xLFBA9ZCzgI1o0lI4ErWMcd3878zoRJxaPwAaYx6wdkGHKfUwJaGpjHqeP6mGT4Gju+JDT1cmGSZakH2cCsWjUrB14mdkGqqEBzYH45XkSTgIVABVGqZ1sx9FMigVPBsoqTKBYTOiZD1tM0JAFT/TR/I8OnWvGwH0ldIeBc/T2RkkCpaeDqzoDASC16M/E/r5eAf9lPeRgnwEI6X+QnAkOEZ5lgj0tGQUw1IVRyfSumI6LTAJ1cRYdgL768TNrnNbteu7qvVxs3RRxldIRO0Bmy0QVqoDvURC1E0SN6Rq/ozXgyXox342PeWjKKmUP0B8bnD95pmMk=</latexit>

Fnet =
dp

dt

<latexit sha1_base64="Y9PeB+CwbkLqDvMqQKNGtByxodo=">AAACEHicbVBNS8NAEN3Ur1q/qh69LBbRU0mkoB6EoiAeK9gPaErZbDbt0s0m7E6EEvITvPhXvHhQxKtHb/4bt2kP2vpg4PHeDDPzvFhwDbb9bRWWlldW14rrpY3Nre2d8u5eS0eJoqxJIxGpjkc0E1yyJnAQrBMrRkJPsLY3up747QemNI/kPYxj1gvJQPKAUwJG6pePU9cL8E0/dVWIJYMsw5fYDRShqZ9bcZalPmT9csWu2jnwInFmpIJmaPTLX64f0SRkEqggWncdO4ZeShRwKlhWchPNYkJHZMC6hkoSMt1L84cyfGQUHweRMiUB5+rviZSEWo9Dz3SGBIZ63puI/3ndBILzXsplnACTdLooSASGCE/SwT5XjIIYG0Ko4uZWTIfEpAEmw5IJwZl/eZG0TqtOrXpxV6vUr2ZxFNEBOkQnyEFnqI5uUQM1EUWP6Bm9ojfryXqx3q2PaWvBms3soz+wPn8ApXGdBQ==</latexit>

The net force on an object is equal to 
the time rate of change of its momentum



Newton’s Laws:
I. An object at rest will remain at rest and an object in motion will 

remain in motion in a straight line at a constant speed unless 
acted upon by an external force (law of inertia)

= the momentum of an object remains constant unless it experiences an external force

II. The net force (the sum of all forces) acting on an object is 
proportional to the object’s mass and its resultant acceleration

III. For every action there is an equal and opposite reaction

F12 = �F21

<latexit sha1_base64="yEvAYxHY4QOORrq/NXpN5Hwx0jE=">AAACDXicbVDLSsNAFJ34rPUVdelmsApuLEkpqAuhKIjLCvYBTSiT6aQdOjMJMxOhhPyAG3/FjQtF3Lp35984bbOorQcuHM65l3vvCWJGlXacH2tpeWV1bb2wUdzc2t7Ztff2mypKJCYNHLFItgOkCKOCNDTVjLRjSRAPGGkFw5ux33okUtFIPOhRTHyO+oKGFCNtpK59nHpBCG+7qSc5dCtZBq/g2axWcbOsa5ecsjMBXCRuTkogR71rf3u9CCecCI0ZUqrjOrH2UyQ1xYxkRS9RJEZ4iPqkY6hAnCg/nXyTwROj9GAYSVNCw4k6O5EirtSIB6aTIz1Q895Y/M/rJDq88FMq4kQTgaeLwoRBHcFxNLBHJcGajQxBWFJzK8QDJBHWJsCiCcGdf3mRNCtlt1q+vK+Watd5HAVwCI7AKXDBOaiBO1AHDYDBE3gBb+DderZerQ/rc9q6ZOUzB+APrK9fg5iZ9w==</latexit>

Action and reaction are forces 
acting on DIFFERENT objects

m1

M2



Newton’s Laws:
I. An object at rest will remain at rest and an object in motion will 

remain in motion in a straight line at a constant speed unless 
acted upon by an external force (law of inertia)

= the momentum of an object remains constant unless it experiences an external force

II. The net force (the sum of all forces) acting on an object is 
proportional to the object’s mass and its resultant acceleration

III. For every action there is an equal and opposite reaction

Newton’s Law of Universal Gravitation:

F = G
Mm

r2
, G = 6.673⇥ 10�11 N m2

kg2

<latexit sha1_base64="D7G+ClwIqz0pPvF55CKv8Gg+FUA="></latexit>



Work and Energy
The amount of energy (the work) needed to raise an object of mass m to a height h 
against a gravitational force is equal to the change in the potential energy of the system:

Work Integral:

For the gravitational force on m being due to a mass M located at the orgin: 

Uf � Ui = �U ⌘ �
Z rf

ri

F · dr

<latexit sha1_base64="/d2pQ2W1avn7wHppdc2PhnyBVpM="></latexit>

F · dr = �Fdr

<latexit sha1_base64="7MK/qTtQmARkPdXq+mJW/oT25ik=">AAACB3icbVDLSsNAFJ3UV62vqEtBBovgxpJIQV0IRaG4rGAf0IQymUzaoZNJmJkIJWTnxl9x40IRt/6CO//GaZqFth64cOace5l7jxczKpVlfRulpeWV1bXyemVjc2t7x9zd68goEZi0ccQi0fOQJIxy0lZUMdKLBUGhx0jXG99M/e4DEZJG/F5NYuKGaMhpQDFSWhqYh6njBbCZQQf7kYJ+/hQZvIKnTeiLgVm1alYOuEjsglRBgdbA/HL8CCch4QozJGXftmLlpkgoihnJKk4iSYzwGA1JX1OOQiLdNL8jg8da8WEQCV1cwVz9PZGiUMpJ6OnOEKmRnPem4n9eP1HBhZtSHieKcDz7KEgYVBGchgJ9KghWbKIJwoLqXSEeIYGw0tFVdAj2/MmLpHNWs+u1y7t6tXFdxFEGB+AInAAbnIMGuAUt0AYYPIJn8ArejCfjxXg3PmatJaOY2Qd/YHz+ADv7l6M=</latexit>

�U =

Z rf

ri

G
mM

r2
dr

<latexit sha1_base64="t4ekb6e6V4I+XLMwP10yooDbE+Q="></latexit>

U = �G
Mm

r
(where Uf = 0 at rf = 1)

<latexit sha1_base64="SEENi6AshcFG0UP95tZb+9cnalQ="></latexit>



Work and Energy
Work must be performed on a massive object if its speed is to be changed:

                                  Kinetic energy of an object

                     The work done on the particle results in an equivalent change in 
                      the particle’s kinetic energy (conservation of energy)

W ⌘ ��U = . . . =
1

2
mv2f �

1

2
mv2i

<latexit sha1_base64="vQJ1vf5dmPT4qLMmIZWLVD7GiW4="></latexit>

K ⌘ 1

2
mv2

<latexit sha1_base64="WqcgCJkb7s0tYdvyRcZ5WLwd/74=">AAACA3icdVDLSsNAFJ3UV62vqDvdDBbBVUli6GNXdCO4qWAf0MQymU7aoZOHM5NCCQU3/oobF4q49Sfc+TdO2goqeuDC4Zx7ufceL2ZUSMP40HJLyyura/n1wsbm1vaOvrvXElHCMWniiEW84yFBGA1JU1LJSCfmBAUeI21vdJ757THhgkbhtZzExA3QIKQ+xUgqqacfXEKH3CZ0DB2fI5ya09SawgCOb6yeXjRKtWrZssvQKBlGxbTMjFgV+9SGplIyFMECjZ7+7vQjnAQklJghIbqmEUs3RVxSzMi04CSCxAiP0IB0FQ1RQISbzn6YwmOl9KEfcVWhhDP1+0SKAiEmgac6AySH4reXiX953UT6VTelYZxIEuL5Ij9hUEYwCwT2KSdYsokiCHOqboV4iFQWUsVWUCF8fQr/Jy2rZNql2pVdrJ8t4siDQ3AEToAJKqAOLkADNAEGd+ABPIFn7V571F6013lrTlvM7IMf0N4+Adjelww=</latexit>

W = �K =
1

2
m(v2f � v2i )

<latexit sha1_base64="ZK8ogzfLRU62PVIv/IqSku4lnSM="></latexit>

E = K + U =
1

2
mv2 �G

Mm

r

<latexit sha1_base64="a8sWr1WFZRqaESqs0cZMlncAn90=">AAACFnicbVDLSgMxFM3UV62vUZdugkUQpGWmFNSFUBRREKGC0xbaWjJppg1NZoYkUyjDfIUbf8WNC0Xcijv/xrSdhbYeSO7hnHtJ7nFDRqWyrG8js7C4tLySXc2trW9sbpnbOzUZRAITBwcsEA0XScKoTxxFFSONUBDEXUbq7uBi7NeHREga+PdqFJI2Rz2fehQjpaWOWbiEZ/DmyNF3yxMIx3YSlxLI4fBhXAvwairf8iQWScfMW0VrAjhP7JTkQYpqx/xqdQMcceIrzJCUTdsKVTtGQlHMSJJrRZKECA9QjzQ19REnsh1P1krggVa60AuEPr6CE/X3RIy4lCPu6k6OVF/OemPxP68ZKe+kHVM/jBTx8fQhL2JQBXCcEexSQbBiI00QFlT/FeI+0jEonWROh2DPrjxPaqWiXS6e3pXzlfM0jizYA/vgENjgGFTANagCB2DwCJ7BK3gznowX4934mLZmjHRmF/yB8fkDmyudQQ==</latexit>

Energy of a particle of mass m with 
velocity v at a distance r from the 
center of a larger mass M

At r = 1, v = 0

<latexit sha1_base64="QY62kjAXZuvnGHDc5hVqRGkxN9k=">AAAB/3icbVDLSgNBEJz1GeNrVfDiZTAIHiTsSkA9BKJePEYwD8iGMDuZTYbMzi4zvYGwJuCvePGgiFd/w5t/4+Rx0MSChqKqm+4uPxZcg+N8W0vLK6tr65mN7ObW9s6uvbdf1VGiKKvQSESq7hPNBJesAhwEq8eKkdAXrOb3bsd+rc+U5pF8gEHMmiHpSB5wSsBILfsw9VSIr2Gkih6XAQzORv2iM2zZOSfvTIAXiTsjOTRDuWV/ee2IJiGTQAXRuuE6MTRTooBTwYZZL9EsJrRHOqxhqCQh0810cv8QnxiljYNImZKAJ+rviZSEWg9C33SGBLp63huL/3mNBILLZsplnACTdLooSASGCI/DwG2uGAUxMIRQxc2tmHaJIhRMZFkTgjv/8iKpnufdQv7qvpAr3cziyKAjdIxOkYsuUAndoTKqIIoe0TN6RW/Wk/VivVsf09YlazZzgP7A+vwBmxqV2w==</latexit>

E = 0

<latexit sha1_base64="CT6cClPX2pe8f54ocXZuft1KuNk=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKexKQD0IQRE8RjQPSJYwO5kkQ2Znl5leISz5BC8eFPHqF3nzb5wke9DEgoaiqpvuriCWwqDrfju5ldW19Y38ZmFre2d3r7h/0DBRohmvs0hGuhVQw6VQvI4CJW/FmtMwkLwZjG6mfvOJayMi9YjjmPshHSjRF4yilR5ur9xuseSW3RnIMvEyUoIMtW7xq9OLWBJyhUxSY9qeG6OfUo2CST4pdBLDY8pGdMDblioacuOns1Mn5MQqPdKPtC2FZKb+nkhpaMw4DGxnSHFoFr2p+J/XTrB/4adCxQlyxeaL+okkGJHp36QnNGcox5ZQpoW9lbAh1ZShTadgQ/AWX14mjbOyVylf3ldK1essjjwcwTGcggfnUIU7qEEdGAzgGV7hzZHOi/PufMxbc042cwh/4Hz+AIyhjVY=</latexit>

1

2
mv2 = G

Mm

r

<latexit sha1_base64="wP8WQ3wE0RtYG04OBgYctry9ET0=">AAACDHicbVDLSgMxFL3js9ZX1aWbYBFclZlSUBdC0YVuhAr2AW0tmTTThiYzQ5IplGE+wI2/4saFIm79AHf+jZl2Ftp6IORwzrkk97ghZ0rb9re1tLyyurae28hvbm3v7Bb29hsqiCShdRLwQLZcrChnPq1rpjlthZJi4XLadEdXqd8cU6lY4N/rSUi7Ag985jGCtZF6hWLHk5jEThKXEyTQ+CG9L9D1TL4VSSwTk7JL9hRokTgZKUKGWq/w1ekHJBLU14RjpdqOHepujKVmhNMk34kUDTEZ4QFtG+pjQVU3ni6ToGOj9JEXSHN8jabq74kYC6UmwjVJgfVQzXup+J/XjrR31o2ZH0aa+mT2kBdxpAOUNoP6TFKi+cQQTCQzf0VkiE0N2vSXNyU48ysvkka55FRK53eVYvUyqyMHh3AEJ+DAKVThBmpQBwKP8Ayv8GY9WS/Wu/Uxiy5Z2cwB/IH1+QPW45rj</latexit>

vesc =
p
2GM/r

<latexit sha1_base64="Qz0zbh1iJBkIYdPOIsu2wOmz5GY="></latexit>

The escape velocity is independent on m



Center of mass

position vector R as the weighted average of the 
position vectors of the individual massesR ⌘ m1r1 +m2r2 + . . .

m1 +m2 + . . .

<latexit sha1_base64="fMSt6o8AXStkQ+4cw7noGE2qKCw="></latexit>

MR =
nX

i=1

miri

<latexit sha1_base64="+a5n9KPdoewtV8CoRJuHucpB+6U=">AAACEnicbVDLSsNAFJ34rPUVdelmsAi6KYkU1EWh6MaNUMU+oIlhMp20Q2cmYWYilJBvcOOvuHGhiFtX7vwbp4+Fth64cDjnXu69J0wYVdpxvq2FxaXlldXCWnF9Y3Nr297Zbao4lZg0cMxi2Q6RIowK0tBUM9JOJEE8ZKQVDi5HfuuBSEVjcaeHCfE56gkaUYy0kQL7+BpmXhjB2xxWoadSHmS06ub3mcgzHtCJKQOa54FdcsrOGHCeuFNSAlPUA/vL68Y45URozJBSHddJtJ8hqSlmJC96qSIJwgPUIx1DBeJE+dn4pRweGqULo1iaEhqO1d8TGeJKDXloOjnSfTXrjcT/vE6qozM/oyJJNRF4sihKGdQxHOUDu1QSrNnQEIQlNbdC3EcSYW1SLJoQ3NmX50nzpOxWyuc3lVLtYhpHAeyDA3AEXHAKauAK1EEDYPAInsEreLOerBfr3fqYtC5Y05k98AfW5w8cqp0v</latexit>

r = r02 � r01

<latexit sha1_base64="rc5i/ethk5ardnrxjxKSA+EL9Ho=">AAACHnicbZDLSgMxFIYz9VbrbdSlm2AR3FhmSkVdCEU3LivYC3TGkkkzbWiSGZKMUIZ5Eje+ihsXigiu9G1M21lo6w+Bj/+cw8n5g5hRpR3n2yosLa+srhXXSxubW9s79u5eS0WJxKSJIxbJToAUYVSQpqaakU4sCeIBI+1gdD2ptx+IVDQSd3ocE5+jgaAhxUgbq2efpl4QQpnBSzij+9SLJeUk66XVLIMni7abZT277FScqeAiuDmUQa5Gz/70+hFOOBEaM6RU13Vi7adIaooZyUpeokiM8AgNSNegQJwoP52el8Ej4/RhGEnzhIZT9/dEirhSYx6YTo70UM3XJuZ/tW6iw3M/pSJONBF4tihMGNQRnGQF+1QSrNnYAMKSmr9CPEQSYW0SLZkQ3PmTF6FVrbi1ysVtrVy/yuMoggNwCI6BC85AHdyABmgCDB7BM3gFb9aT9WK9Wx+z1oKVz+yDP7K+fgDtiqJs</latexit>

displacement vector

MV =
nX

i=1

mivi

<latexit sha1_base64="QypGTMFXI0tF3MiEKQ+p5BZGfIQ=">AAACEnicbVDLSsNAFJ34rPUVdelmsAi6KYkU1EWh6MaNUME+oIlhMp20Q2cmYWZSKCHf4MZfceNCEbeu3Pk3Th8LbT1w4XDOvdx7T5gwqrTjfFtLyyura+uFjeLm1vbOrr2331RxKjFp4JjFsh0iRRgVpKGpZqSdSIJ4yEgrHFyP/daQSEVjca9HCfE56gkaUYy0kQL79BZmXhjBZg6r0FMpDzJadfOHTOQZD+jUHAY0zwO75JSdCeAicWekBGaoB/aX141xyonQmCGlOq6TaD9DUlPMSF70UkUShAeoRzqGCsSJ8rPJSzk8NkoXRrE0JTScqL8nMsSVGvHQdHKk+2reG4v/eZ1URxd+RkWSaiLwdFGUMqhjOM4HdqkkWLORIQhLam6FuI8kwtqkWDQhuPMvL5LmWdmtlC/vKqXa1SyOAjgER+AEuOAc1MANqIMGwOARPINX8GY9WS/Wu/UxbV2yZjMH4A+szx8pXp03</latexit>

R is the position of the center of mass 
of the system, and V is the velocity of 
the center of mass. P=MV is the 
momentum of the center of mass.



Center of mass
r = r02 � r01

<latexit sha1_base64="rc5i/ethk5ardnrxjxKSA+EL9Ho=">AAACHnicbZDLSgMxFIYz9VbrbdSlm2AR3FhmSkVdCEU3LivYC3TGkkkzbWiSGZKMUIZ5Eje+ihsXigiu9G1M21lo6w+Bj/+cw8n5g5hRpR3n2yosLa+srhXXSxubW9s79u5eS0WJxKSJIxbJToAUYVSQpqaakU4sCeIBI+1gdD2ptx+IVDQSd3ocE5+jgaAhxUgbq2efpl4QQpnBSzij+9SLJeUk66XVLIMni7abZT277FScqeAiuDmUQa5Gz/70+hFOOBEaM6RU13Vi7adIaooZyUpeokiM8AgNSNegQJwoP52el8Ej4/RhGEnzhIZT9/dEirhSYx6YTo70UM3XJuZ/tW6iw3M/pSJONBF4tihMGNQRnGQF+1QSrNnYAMKSmr9CPEQSYW0SLZkQ3PmTF6FVrbi1ysVtrVy/yuMoggNwCI6BC85AHdyABmgCDB7BM3gFb9aT9WK9Wx+z1oKVz+yDP7K+fgDtiqJs</latexit>

displacement vector

If all forces acting on individual 
particles in the system are due to 
other particles contained within the 
system (Newton’s 3rd law):

F =
dP

dt
= 0

<latexit sha1_base64="ACqJ6asCsSkyNABAkTXBkPk4DVA=">AAACCnicbZDLSsNAFIYn9VbrLerSzWgRXJVECupCKArisoK9QBPKZDJph04mYWYilJC1G1/FjQtF3PoE7nwbJ2kW2vrDwM93zuHM+b2YUaks69uoLC2vrK5V12sbm1vbO+buXldGicCkgyMWib6HJGGUk46iipF+LAgKPUZ63uQ6r/ceiJA04vdqGhM3RCNOA4qR0mhoHqaOF8CbDF5CJxAIp34B2lmW+iqn1tCsWw2rEFw0dmnqoFR7aH45foSTkHCFGZJyYFuxclMkFMWMZDUnkSRGeIJGZKAtRyGRblqcksFjTXwYREI/rmBBf0+kKJRyGnq6M0RqLOdrOfyvNkhUcO6mlMeJIhzPFgUJgyqCeS7Qp4JgxabaICyo/ivEY6QTUTq9mg7Bnj950XRPG3azcXHXrLeuyjiq4AAcgRNggzPQAregDToAg0fwDF7Bm/FkvBjvxsestWKUM/vgj4zPHz+UmV0=</latexit>

i.e., the center of mass does not 
accelerate if no external force exists, 
i.e., the reference frame associated 
to the center of mass is inertial 



Center of mass
r = r02 � r01

<latexit sha1_base64="rc5i/ethk5ardnrxjxKSA+EL9Ho=">AAACHnicbZDLSgMxFIYz9VbrbdSlm2AR3FhmSkVdCEU3LivYC3TGkkkzbWiSGZKMUIZ5Eje+ihsXigiu9G1M21lo6w+Bj/+cw8n5g5hRpR3n2yosLa+srhXXSxubW9s79u5eS0WJxKSJIxbJToAUYVSQpqaakU4sCeIBI+1gdD2ptx+IVDQSd3ocE5+jgaAhxUgbq2efpl4QQpnBSzij+9SLJeUk66XVLIMni7abZT277FScqeAiuDmUQa5Gz/70+hFOOBEaM6RU13Vi7adIaooZyUpeokiM8AgNSNegQJwoP52el8Ej4/RhGEnzhIZT9/dEirhSYx6YTo70UM3XJuZ/tW6iw3M/pSJONBF4tihMGNQRnGQF+1QSrNnYAMKSmr9CPEQSYW0SLZkQ3PmTF6FVrbi1ysVtrVy/yuMoggNwCI6BC85AHdyABmgCDB7BM3gFb9aT9WK9Wx+z1oKVz+yDP7K+fgDtiqJs</latexit>

displacement vector

It is therefore convenient to place the 
coordinate center at the center of 
mass, choosing R=0. Substituting 
r2=r1+r, and defining the reduced 
mass (for a binary system) as:  µ ⌘ m1m2

m1 +m2

<latexit sha1_base64="MeYeCdQMw6EK5pIRkzmTPySUZLQ=">AAACDXicbZDLSgMxFIYz9VbrbdSlm2AVBKHMlIK6K7pxWcFeoFOGTJppQ5PMmGQKZegLuPFV3LhQxK17d76N6XQW2vpD4OM/53By/iBmVGnH+bYKK6tr6xvFzdLW9s7unr1/0FJRIjFp4ohFshMgRRgVpKmpZqQTS4J4wEg7GN3M6u0xkYpG4l5PYtLjaCBoSDHSxvLtE48n0CMPCR1DL5QIp9x3Ifer0wzOM/TtslNxMsFlcHMog1wN3/7y+hFOOBEaM6RU13Vi3UuR1BQzMi15iSIxwiM0IF2DAnGieml2zRSeGqcPw0iaJzTM3N8TKeJKTXhgOjnSQ7VYm5n/1bqJDi97KRVxoonA80VhwqCO4Cwa2KeSYM0mBhCW1PwV4iEymWgTYMmE4C6evAytasWtVa7uauX6dR5HERyBY3AGXHAB6uAWNEATYPAInsEreLOerBfr3fqYtxasfOYQ/JH1+QN47JqM</latexit>

r1 = � µ

m1
r

<latexit sha1_base64="Mz0X+FvTPfV/UeEmxHrgtNfdbj8=">AAACDHicbVDLSgMxFL3js9ZX1aWbYBHcWGakoC6EohuXFewDOqVk0kwbmmSGJCOUYT7Ajb/ixoUibv0Ad/6NaTsLbT0QOJxzLjf3BDFn2rjut7O0vLK6tl7YKG5ube/slvb2mzpKFKENEvFItQOsKWeSNgwznLZjRbEIOG0Fo5uJ33qgSrNI3ptxTLsCDyQLGcHGSr1SOfWDEKmel6ErdOqHCpPUF0mWCivNvMym3Io7BVokXk7KkKPeK335/YgkgkpDONa647mx6aZYGUY4zYp+ommMyQgPaMdSiQXV3XR6TIaOrdJHYaTskwZN1d8TKRZaj0VgkwKboZ73JuJ/Xicx4UU3ZTJODJVktihMODIRmjSD+kxRYvjYEkwUs39FZIhtIcb2V7QlePMnL5LmWcWrVi7vquXadV5HAQ7hCE7Ag3OowS3UoQEEHuEZXuHNeXJenHfnYxZdcvKZA/gD5/MHslGazg==</latexit>

r2 =
µ

m2
r

<latexit sha1_base64="F7FDZH6b2DQtvTf/CbuOo7I7uZE=">AAACC3icbVDLSsNAFJ3UV62vqEs3Q4vgqiSloC6EohuXFewDmhAm00k7dGYSZiZCCdm78VfcuFDErT/gzr9x2mahrQcuHM65l3vvCRNGlXacb6u0tr6xuVXeruzs7u0f2IdHXRWnEpMOjlks+yFShFFBOppqRvqJJIiHjPTCyc3M7z0QqWgs7vU0IT5HI0EjipE2UmBXMy+MoAwaObyCXiQRzjye5hk3ysLKA7vm1J054CpxC1IDBdqB/eUNY5xyIjRmSKmB6yTaz5DUFDOSV7xUkQThCRqRgaECcaL8bP5LDk+NMoRRLE0JDefq74kMcaWmPDSdHOmxWvZm4n/eINXRhZ9RkaSaCLxYFKUM6hjOgoFDKgnWbGoIwpKaWyEeIxOINvFVTAju8surpNuou8365V2z1rou4iiDE1AFZ8AF56AFbkEbdAAGj+AZvII368l6sd6tj0VrySpmjsEfWJ8/RGmamQ==</latexit>

E =
1

2
µv2 �G

Mµ

r

<latexit sha1_base64="IiKecp5JlVCEtIDtesJh7zDhmDI=">AAACE3icbZDLSsNAFIYn9VbrLerSzWARRLAkpaAuhKKIboQK9gJNLZPppB06mYSZSaGEvIMbX8WNC0XcunHn2zhps9DWHwZ+vnMOZ87vhoxKZVnfRm5hcWl5Jb9aWFvf2Nwyt3caMogEJnUcsEC0XCQJo5zUFVWMtEJBkO8y0nSHl2m9OSJC0oDfq3FIOj7qc+pRjJRGXfPoCp5DxxMIx3YSlxPo+BEcPZThMbye4tsUJbFIumbRKlkTwXljZ6YIMtW65pfTC3DkE64wQ1K2bStUnRgJRTEjScGJJAkRHqI+aWvLkU9kJ57clMADTXrQC4R+XMEJ/T0RI1/Kse/qTh+pgZytpfC/WjtS3mknpjyMFOF4usiLGFQBTAOCPSoIVmysDcKC6r9CPEA6CaVjLOgQ7NmT502jXLIrpbO7SrF6kcWRB3tgHxwCG5yAKrgBNVAHGDyCZ/AK3own48V4Nz6mrTkjm9kFf2R8/gBbg5yl</latexit>

i.e., the total energy of the system is equal to the 
kinetic energy of the reduced mass plus the 
potential energy of the reduced mass moving about 
a mass M located and fixed at the origin.



Center of mass
r = r02 � r01

<latexit sha1_base64="rc5i/ethk5ardnrxjxKSA+EL9Ho=">AAACHnicbZDLSgMxFIYz9VbrbdSlm2AR3FhmSkVdCEU3LivYC3TGkkkzbWiSGZKMUIZ5Eje+ihsXigiu9G1M21lo6w+Bj/+cw8n5g5hRpR3n2yosLa+srhXXSxubW9s79u5eS0WJxKSJIxbJToAUYVSQpqaakU4sCeIBI+1gdD2ptx+IVDQSd3ocE5+jgaAhxUgbq2efpl4QQpnBSzij+9SLJeUk66XVLIMni7abZT277FScqeAiuDmUQa5Gz/70+hFOOBEaM6RU13Vi7adIaooZyUpeokiM8AgNSNegQJwoP52el8Ej4/RhGEnzhIZT9/dEirhSYx6YTo70UM3XJuZ/tW6iw3M/pSJONBF4tihMGNQRnGQF+1QSrNnYAMKSmr9CPEQSYW0SLZkQ3PmTF6FVrbi1ysVtrVy/yuMoggNwCI6BC85AHdyABmgCDB7BM3gFb9aT9WK9Wx+z1oKVz+yDP7K+fgDtiqJs</latexit>

displacement vector

Total angular momentum: 

L = m1r1 ⇥ v1 +m2r2 ⇥ v2 = µr⇥ v = r⇥ p

<latexit sha1_base64="aRHCMkp/UcNG4M0pCTuQ9OTg6OY="></latexit>

i.e., the total angular momentum equals the 
angular momentum of the reduced mass only
The two-body problem can be treated as an equivalent one-body problem 
with the reduced mass      moving about a fixed mass M at a distance r.µ

<latexit sha1_base64="78EuS6LOXAG8aEjxmwocUWGHntw=">AAAB6nicdVDJSgNBEK2JW4xb1KOXxiB4CjMiqLegF48RzQLJEHo6PUmT7p6hu0YIIZ/gxYMiXv0ib/6NnUWI24OCx3tVVNWLUiks+v6Hl1taXlldy68XNja3tneKu3t1m2SG8RpLZGKaEbVcCs1rKFDyZmo4VZHkjWhwNfEb99xYkeg7HKY8VLSnRSwYRSfdtlXWKZaCsj8F8X+RL6sEc1Q7xfd2N2GZ4hqZpNa2Aj/FcEQNCib5uNDOLE8pG9AebzmqqeI2HE1PHZMjp3RJnBhXGslUXZwYUWXtUEWuU1Hs25/eRPzLa2UYn4cjodMMuWazRXEmCSZk8jfpCsMZyqEjlBnhbiWsTw1l6NIpLIbwP6mflIPT8sXNaalyOY8jDwdwCMcQwBlU4BqqUAMGPXiAJ3j2pPfovXivs9acN5/Zh2/w3j4BYr6N4w==</latexit>

dL

dt
=

d

dt
(r⇥ p) =

dr

dt
⇥ p+ r⇥ dp

dt
= v ⇥ p+ r⇥ F = 0
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L of a system is 
a constant for a 
central law force



Revisited Kepler’s 1st Law

r =
L2/µ2

GM(1 + e cos ✓)
General equation of a conic section
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i.e., the path of the reduced mass about the center of mass under the influence of 
gravity is a conic section.

Elliptical orbits result from an attractive r-2 central-force law (i.e., gravity) when the total 
energy of the system is less than 0 (E<0, bound system); parabolic trajectories when 
E=0; and hyperbolic trajectories when E>0 (unbound systems).

NOTE: both objects in a binary system move about the center of mass in ellipses, with 
the center of mass occupying one focus of each ellipse. 

For closed planetary orbits, comparing the above with the previous equation of an 
ellipse, I obtain the total angular momentum of the system (max for e=0, i.e., circular 
motions):  

L = µ
p

GMa(1� e2)
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Derivation of  Kepler’s 2nd Law

d�
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Derivation of  Kepler’s 2nd Law
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1st law
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Derivation of  Kepler’s 2nd Law

Kepler’s revised
1st law



Derivation of  Kepler’s 3rd Law


