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Background and Motivation

• Cosmic strings ARE non-Gaussian. Bispectrum?
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K. M. Górski64,94, S. Gratton66,59, A. Gregorio35,44, A. Gruppuso45, F. K. Hansen61, D. Hanson76,64,8, D. Harrison59,66, S. Henrot-Versillé67,
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ABSTRACT

Planck data have been used to provide stringent new constraints on cosmic strings and other defects. We describe forecasts of the CMB power
spectrum induced by cosmic strings, calculating these from network models and simulations using line-of-sight Boltzmann solvers. We have
studied Nambu-Goto cosmic strings, as well as field theory strings for which radiative effects are important, thus spanning the range of theoretical
uncertainty in the underlying strings models. We have added the angular power spectrum from strings to that for a simple adiabatic model, with
the extra fraction defined as f10 at multipole � = 10. This parameter has been added to the standard six parameter fit using COSMOMC with flat
priors. For the Nambu-Goto string model, we have obtained a constraint on the string tension of Gµ/c2 < 1.5 × 10−7 and f10 < 0.015 at 95%
confidence that can be improved to Gµ/c2 < 1.3 × 10−7 and f10 < 0.010 on inclusion of high-� CMB data. For the abelian-Higgs field theory
model we find, GµAH/c2 < 3.2× 10−7 and f10 < 0.028. The marginalized likelihoods for f10 and in the f10–Ωbh2 plane are also presented. We have
additionally obtained comparable constraints on f10 for models with semilocal strings and global textures. In terms of the effective defect energy
scale these are somewhat weaker at Gµ/c2 < 1.1 × 10−6. We have made complementarity searches for the specific non-Gaussian signatures of
cosmic strings, calibrating with all-sky Planck resolution CMB maps generated from networks of post-recombination strings. We have validated
our non-Gaussian searches using these simulated maps in a Planck-realistic context, estimating sensitivities of up to ∆Gµ/c2 ≈ 4 × 10−7. We have
obtained upper limits on the string tension at 95% confidence of Gµ/c2 < 8.8×10−7 with modal bispectrum estimation and Gµ/c2 < 7.8×10−7 for
real space searches with Minkowski functionals. These are conservative upper bounds because only post-recombination string contributions have
been included in the non-Gaussian analysis.

Key words. Astroparticle physics – cosmology: cosmic background radiation – cosmology: observations – cosmology: theory – cosmology: early
Universe
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Computed in arXiv:0908.0432 (Hindmarsh, Ringeval, Suyama)
arXiv:0911.2491 (DMR, Shellard)

Symmetry suppressed signal but a possibility...

All-sky maps generated by Ringeval and Bouchet 
arXiv:1204.5041 and in Planck arXiv:1303.5085

with bispectrum extracted via modal methods(see Shellard talk)
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• CMB Power Spectrum accepted test bed for 
cosmic strings 

• Trispectrum? NOT symmetry suppressed signal. Possibly competitive...
See arXiv:0911.1241, arXiv:0911.2491 and arXiv:1012.6039

Optimal Trispectrum Estimators and WMAP Constraints

J.R. Fergusson, D.M. Regan, and E.P.S. Shellard

Centre for Theoretical Cosmology,
Department of Applied Mathematics and Theoretical Physics,

University of Cambridge, Wilberforce Road,
Cambridge CB3 0WA, United Kingdom

(Dated: December 30, 2010)

We present an implementation of an optimal CMB trispectrum estimator which accounts for
anisotropic noise and incomplete sky coverage. We use a general separable mode expansion which
can and has been applied to constrain both primordial and late-time models. We validate our
methods on large angular scales using known analytic results in the Sachs-Wolfe limit. We present
the first near-optimal trispectrum constraints from WMAP data on the cubic term of local model
inflation gNL = (1.6± 7.0)× 105, for the equilateral model tequilNL = (−3.11± 7.5)× 106 and for the
constant model tconstNL = (−1.33 ± 3.62). These results, particularly the equilateral constraint, are
relevant to a number of well-motivated models (such as DBI and K-inflation) with closely correlated
trispectrum shapes. We also use the trispectrum signal predicted for cosmic strings to provide
a conservative upper limit on the string tension Gµ ≤ 1.1 × 10−6 (at 95% confidence), which is
largely background and model independent. All these new trispectrum results are consistent with
a Gaussian Universe. We discuss the importance of constraining general classes of trispectra using
these methods and the prospects for higher precision with the Planck satellite.

I. INTRODUCTION

Measurements of the cosmic microwave background (CMB) and large scale structure, such as those provided by the

WMAP satellite or the Sloan Digital Sky Survey (SDSS), agree well with the predictions of standard single field slow-

roll inflation. In particular the power spectrum verifies the prediction of a nearly scale invariant spectrum of adiabatic

perturbations with a Gaussian distribution. However, there remains the prospect that significant non-Gaussianities

may be produced by well-motivatived cosmological models which are consistent with the measured power spectrum.

In order to quantify this non-Gaussianity we need to measure higher order correlators, beyond the two-point function

or power spectrum. In [1], we presented an optimal estimation methodology to obtain the four-point correlator or

trispectrum. This was developed from the general bispectrum estimator of [2, 3] which used separable mode expansions

to investigate a much wider class of models than previously had been investigated, as well as to reconstruct the full

CMB bispectrum of the Universe. These general bispectrum results were consistent with a Gaussian distribution.

However, it is possible for the three-point correlator to remain small but for there to be a large four-point correlator

(see, for example, some inflationary models [4] and cosmic strings [5]). It is our purpose here to continue to test the

standard inflationary paradigm through an optimised and expanded search for a trispectrum signal in the WMAP

data.

In this paper we consider the class of four-dimensional trispectra which are independent of the diagonal. Such

models include the cubic term of the local model, the equilateral model and the so-called ‘constant’ model. However,

as we shall discuss, a general search for non-diagonal trispectrum shapes encompasses a much wider class of models,

including most trispectra currently discussed in the literature. We demonstrate this for the non-diagonal equilateral

shape which exhibits a high degree of correlation with the (apparently) higher dimensional shapes predicted by DBI

and K inflation. Another example is the cosmic string trispectrum which can be reduced to a closely correlated non-

diagonal shape. Such dimensional reduction is an important first step in testing even truly diagonal shapes because

trispectrum estimation in the non-diagonal case is much more straightforward. Exploiting the use of a separable

expansion, as we do here, ensures the computation is tractable, reducing the complexity from O(l7max) to O(l4max),

and it also ensures the stability of the algorithms used in the analysis without the need to correct for pathological

terms commonly present in other approaches.

The constraints obtained here on the cubic term of the local model, the equilateral model and the ‘constant’ model

result from comparison to year 5 WMAP data out to l = 500 together with a pseudo-optimal analysis of inhomogeneous

noise and masking contributions. The estimators and other algorithms employed here were outlined in detail in [1],

but are expressed in this paper with the simplifying assumption that the trispectrum is independent of the diagonal

term. We validate our results by using known analytic results in the large angle limit [6] where the signal-to-noise can

be calculated explicitly. This is important because we are able to show that previous trispectrum forecasts using this

Sachs-Wolfe approximation were over-optimistic (see, for example, the interesting analysis of trispectrum forecasts in

refs [7, 8]). We note that we will describe the implementation of these methods and the reconstruction of the CMB
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ABSTRACT

Planck data have been used to provide stringent new constraints on cosmic strings and other defects. We describe forecasts of the CMB power
spectrum induced by cosmic strings, calculating these from network models and simulations using line-of-sight Boltzmann solvers. We have
studied Nambu-Goto cosmic strings, as well as field theory strings for which radiative effects are important, thus spanning the range of theoretical
uncertainty in the underlying strings models. We have added the angular power spectrum from strings to that for a simple adiabatic model, with
the extra fraction defined as f10 at multipole � = 10. This parameter has been added to the standard six parameter fit using COSMOMC with flat
priors. For the Nambu-Goto string model, we have obtained a constraint on the string tension of Gµ/c2 < 1.5 × 10−7 and f10 < 0.015 at 95%
confidence that can be improved to Gµ/c2 < 1.3 × 10−7 and f10 < 0.010 on inclusion of high-� CMB data. For the abelian-Higgs field theory
model we find, GµAH/c2 < 3.2× 10−7 and f10 < 0.028. The marginalized likelihoods for f10 and in the f10–Ωbh2 plane are also presented. We have
additionally obtained comparable constraints on f10 for models with semilocal strings and global textures. In terms of the effective defect energy
scale these are somewhat weaker at Gµ/c2 < 1.1 × 10−6. We have made complementarity searches for the specific non-Gaussian signatures of
cosmic strings, calibrating with all-sky Planck resolution CMB maps generated from networks of post-recombination strings. We have validated
our non-Gaussian searches using these simulated maps in a Planck-realistic context, estimating sensitivities of up to ∆Gµ/c2 ≈ 4 × 10−7. We have
obtained upper limits on the string tension at 95% confidence of Gµ/c2 < 8.8×10−7 with modal bispectrum estimation and Gµ/c2 < 7.8×10−7 for
real space searches with Minkowski functionals. These are conservative upper bounds because only post-recombination string contributions have
been included in the non-Gaussian analysis.

Key words. Astroparticle physics – cosmology: cosmic background radiation – cosmology: observations – cosmology: theory – cosmology: early
Universe
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Computed in arXiv:0908.0432 (Hindmarsh, Ringeval, Suyama)
arXiv:0911.2491 (DMR, Shellard)

Symmetry suppressed signal but a possibility...

All-sky maps generated by Ringeval and Bouchet 
arXiv:1204.5041 and in Planck arXiv:1303.5085

with bispectrum extracted via modal methods(see Shellard talk)

Astronomy & Astrophysics manuscript no. Defects c� ESO 2013
March 22, 2013

Planck 2013 results. XXV. Searches for cosmic strings
and other topological defects

Planck Collaboration: P. A. R. Ade83, N. Aghanim55, C. Armitage-Caplan88, M. Arnaud69, M. Ashdown66,6, F. Atrio-Barandela18, J. Aumont55,
C. Baccigalupi82, A. J. Banday91,9, R. B. Barreiro63, J. G. Bartlett1,64, N. Bartolo31, E. Battaner92, R. Battye65, K. Benabed56,90, A. Benoı̂t53,
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K. M. Górski64,94, S. Gratton66,59, A. Gregorio35,44, A. Gruppuso45, F. K. Hansen61, D. Hanson76,64,8, D. Harrison59,66, S. Henrot-Versillé67,
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ABSTRACT

Planck data have been used to provide stringent new constraints on cosmic strings and other defects. We describe forecasts of the CMB power
spectrum induced by cosmic strings, calculating these from network models and simulations using line-of-sight Boltzmann solvers. We have
studied Nambu-Goto cosmic strings, as well as field theory strings for which radiative effects are important, thus spanning the range of theoretical
uncertainty in the underlying strings models. We have added the angular power spectrum from strings to that for a simple adiabatic model, with
the extra fraction defined as f10 at multipole � = 10. This parameter has been added to the standard six parameter fit using COSMOMC with flat
priors. For the Nambu-Goto string model, we have obtained a constraint on the string tension of Gµ/c2 < 1.5 × 10−7 and f10 < 0.015 at 95%
confidence that can be improved to Gµ/c2 < 1.3 × 10−7 and f10 < 0.010 on inclusion of high-� CMB data. For the abelian-Higgs field theory
model we find, GµAH/c2 < 3.2× 10−7 and f10 < 0.028. The marginalized likelihoods for f10 and in the f10–Ωbh2 plane are also presented. We have
additionally obtained comparable constraints on f10 for models with semilocal strings and global textures. In terms of the effective defect energy
scale these are somewhat weaker at Gµ/c2 < 1.1 × 10−6. We have made complementarity searches for the specific non-Gaussian signatures of
cosmic strings, calibrating with all-sky Planck resolution CMB maps generated from networks of post-recombination strings. We have validated
our non-Gaussian searches using these simulated maps in a Planck-realistic context, estimating sensitivities of up to ∆Gµ/c2 ≈ 4 × 10−7. We have
obtained upper limits on the string tension at 95% confidence of Gµ/c2 < 8.8×10−7 with modal bispectrum estimation and Gµ/c2 < 7.8×10−7 for
real space searches with Minkowski functionals. These are conservative upper bounds because only post-recombination string contributions have
been included in the non-Gaussian analysis.
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• CMB Power Spectrum accepted test bed for 
cosmic strings 

• Trispectrum? NOT symmetry suppressed signal. Possibly competitive...
See arXiv:0911.1241, arXiv:0911.2491 and arXiv:1012.6039

• What about matter spectra? Soon galaxy surveys will 
have enough modes to exceed CMB sensitivity

Optimal Trispectrum Estimators and WMAP Constraints

J.R. Fergusson, D.M. Regan, and E.P.S. Shellard

Centre for Theoretical Cosmology,
Department of Applied Mathematics and Theoretical Physics,

University of Cambridge, Wilberforce Road,
Cambridge CB3 0WA, United Kingdom

(Dated: December 30, 2010)

We present an implementation of an optimal CMB trispectrum estimator which accounts for
anisotropic noise and incomplete sky coverage. We use a general separable mode expansion which
can and has been applied to constrain both primordial and late-time models. We validate our
methods on large angular scales using known analytic results in the Sachs-Wolfe limit. We present
the first near-optimal trispectrum constraints from WMAP data on the cubic term of local model
inflation gNL = (1.6± 7.0)× 105, for the equilateral model tequilNL = (−3.11± 7.5)× 106 and for the
constant model tconstNL = (−1.33 ± 3.62). These results, particularly the equilateral constraint, are
relevant to a number of well-motivated models (such as DBI and K-inflation) with closely correlated
trispectrum shapes. We also use the trispectrum signal predicted for cosmic strings to provide
a conservative upper limit on the string tension Gµ ≤ 1.1 × 10−6 (at 95% confidence), which is
largely background and model independent. All these new trispectrum results are consistent with
a Gaussian Universe. We discuss the importance of constraining general classes of trispectra using
these methods and the prospects for higher precision with the Planck satellite.

I. INTRODUCTION

Measurements of the cosmic microwave background (CMB) and large scale structure, such as those provided by the

WMAP satellite or the Sloan Digital Sky Survey (SDSS), agree well with the predictions of standard single field slow-

roll inflation. In particular the power spectrum verifies the prediction of a nearly scale invariant spectrum of adiabatic

perturbations with a Gaussian distribution. However, there remains the prospect that significant non-Gaussianities

may be produced by well-motivatived cosmological models which are consistent with the measured power spectrum.

In order to quantify this non-Gaussianity we need to measure higher order correlators, beyond the two-point function

or power spectrum. In [1], we presented an optimal estimation methodology to obtain the four-point correlator or

trispectrum. This was developed from the general bispectrum estimator of [2, 3] which used separable mode expansions

to investigate a much wider class of models than previously had been investigated, as well as to reconstruct the full

CMB bispectrum of the Universe. These general bispectrum results were consistent with a Gaussian distribution.

However, it is possible for the three-point correlator to remain small but for there to be a large four-point correlator

(see, for example, some inflationary models [4] and cosmic strings [5]). It is our purpose here to continue to test the

standard inflationary paradigm through an optimised and expanded search for a trispectrum signal in the WMAP

data.

In this paper we consider the class of four-dimensional trispectra which are independent of the diagonal. Such

models include the cubic term of the local model, the equilateral model and the so-called ‘constant’ model. However,

as we shall discuss, a general search for non-diagonal trispectrum shapes encompasses a much wider class of models,

including most trispectra currently discussed in the literature. We demonstrate this for the non-diagonal equilateral

shape which exhibits a high degree of correlation with the (apparently) higher dimensional shapes predicted by DBI

and K inflation. Another example is the cosmic string trispectrum which can be reduced to a closely correlated non-

diagonal shape. Such dimensional reduction is an important first step in testing even truly diagonal shapes because

trispectrum estimation in the non-diagonal case is much more straightforward. Exploiting the use of a separable

expansion, as we do here, ensures the computation is tractable, reducing the complexity from O(l7max) to O(l4max),

and it also ensures the stability of the algorithms used in the analysis without the need to correct for pathological

terms commonly present in other approaches.

The constraints obtained here on the cubic term of the local model, the equilateral model and the ‘constant’ model

result from comparison to year 5 WMAP data out to l = 500 together with a pseudo-optimal analysis of inhomogeneous

noise and masking contributions. The estimators and other algorithms employed here were outlined in detail in [1],

but are expressed in this paper with the simplifying assumption that the trispectrum is independent of the diagonal

term. We validate our results by using known analytic results in the large angle limit [6] where the signal-to-noise can

be calculated explicitly. This is important because we are able to show that previous trispectrum forecasts using this

Sachs-Wolfe approximation were over-optimistic (see, for example, the interesting analysis of trispectrum forecasts in

refs [7, 8]). We note that we will describe the implementation of these methods and the reconstruction of the CMB
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• Cosmic strings ARE non-Gaussian. Bispectrum?
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ABSTRACT

Planck data have been used to provide stringent new constraints on cosmic strings and other defects. We describe forecasts of the CMB power
spectrum induced by cosmic strings, calculating these from network models and simulations using line-of-sight Boltzmann solvers. We have
studied Nambu-Goto cosmic strings, as well as field theory strings for which radiative effects are important, thus spanning the range of theoretical
uncertainty in the underlying strings models. We have added the angular power spectrum from strings to that for a simple adiabatic model, with
the extra fraction defined as f10 at multipole � = 10. This parameter has been added to the standard six parameter fit using COSMOMC with flat
priors. For the Nambu-Goto string model, we have obtained a constraint on the string tension of Gµ/c2 < 1.5 × 10−7 and f10 < 0.015 at 95%
confidence that can be improved to Gµ/c2 < 1.3 × 10−7 and f10 < 0.010 on inclusion of high-� CMB data. For the abelian-Higgs field theory
model we find, GµAH/c2 < 3.2× 10−7 and f10 < 0.028. The marginalized likelihoods for f10 and in the f10–Ωbh2 plane are also presented. We have
additionally obtained comparable constraints on f10 for models with semilocal strings and global textures. In terms of the effective defect energy
scale these are somewhat weaker at Gµ/c2 < 1.1 × 10−6. We have made complementarity searches for the specific non-Gaussian signatures of
cosmic strings, calibrating with all-sky Planck resolution CMB maps generated from networks of post-recombination strings. We have validated
our non-Gaussian searches using these simulated maps in a Planck-realistic context, estimating sensitivities of up to ∆Gµ/c2 ≈ 4 × 10−7. We have
obtained upper limits on the string tension at 95% confidence of Gµ/c2 < 8.8×10−7 with modal bispectrum estimation and Gµ/c2 < 7.8×10−7 for
real space searches with Minkowski functionals. These are conservative upper bounds because only post-recombination string contributions have
been included in the non-Gaussian analysis.
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C. R. Lawrence64, J. P. Leahy65, R. Leonardi39, J. Lesgourgues89,81, M. Liguori31, P. B. Lilje61, M. Linden-Vørnle16, M. López-Caniego63,
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spectrum induced by cosmic strings, calculating these from network models and simulations using line-of-sight Boltzmann solvers. We have
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Computed in arXiv:0908.0432 (Hindmarsh, Ringeval, Suyama)
arXiv:0911.2491 (DMR, Shellard)

Symmetry suppressed signal but a possibility...

All-sky maps generated by Ringeval and Bouchet 
arXiv:1204.5041 and in Planck arXiv:1303.5085

with bispectrum extracted via modal methods(see Shellard talk)

Astronomy & Astrophysics manuscript no. Defects c� ESO 2013
March 22, 2013

Planck 2013 results. XXV. Searches for cosmic strings
and other topological defects

Planck Collaboration: P. A. R. Ade83, N. Aghanim55, C. Armitage-Caplan88, M. Arnaud69, M. Ashdown66,6, F. Atrio-Barandela18, J. Aumont55,
C. Baccigalupi82, A. J. Banday91,9, R. B. Barreiro63, J. G. Bartlett1,64, N. Bartolo31, E. Battaner92, R. Battye65, K. Benabed56,90, A. Benoı̂t53,
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O. Doré64,10, M. Douspis55, A. Ducout56, J. Dunkley88, X. Dupac39, G. Efstathiou59, T. A. Enßlin74, H. K. Eriksen61, J. Fergusson11, F. Finelli45,47,

O. Forni91,9, M. Frailis44, E. Franceschi45, S. Galeotta44, K. Ganga1, M. Giard91,9, G. Giardino40, Y. Giraud-Héraud1, J. González-Nuevo63,82,
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ABSTRACT

Planck data have been used to provide stringent new constraints on cosmic strings and other defects. We describe forecasts of the CMB power
spectrum induced by cosmic strings, calculating these from network models and simulations using line-of-sight Boltzmann solvers. We have
studied Nambu-Goto cosmic strings, as well as field theory strings for which radiative effects are important, thus spanning the range of theoretical
uncertainty in the underlying strings models. We have added the angular power spectrum from strings to that for a simple adiabatic model, with
the extra fraction defined as f10 at multipole � = 10. This parameter has been added to the standard six parameter fit using COSMOMC with flat
priors. For the Nambu-Goto string model, we have obtained a constraint on the string tension of Gµ/c2 < 1.5 × 10−7 and f10 < 0.015 at 95%
confidence that can be improved to Gµ/c2 < 1.3 × 10−7 and f10 < 0.010 on inclusion of high-� CMB data. For the abelian-Higgs field theory
model we find, GµAH/c2 < 3.2× 10−7 and f10 < 0.028. The marginalized likelihoods for f10 and in the f10–Ωbh2 plane are also presented. We have
additionally obtained comparable constraints on f10 for models with semilocal strings and global textures. In terms of the effective defect energy
scale these are somewhat weaker at Gµ/c2 < 1.1 × 10−6. We have made complementarity searches for the specific non-Gaussian signatures of
cosmic strings, calibrating with all-sky Planck resolution CMB maps generated from networks of post-recombination strings. We have validated
our non-Gaussian searches using these simulated maps in a Planck-realistic context, estimating sensitivities of up to ∆Gµ/c2 ≈ 4 × 10−7. We have
obtained upper limits on the string tension at 95% confidence of Gµ/c2 < 8.8×10−7 with modal bispectrum estimation and Gµ/c2 < 7.8×10−7 for
real space searches with Minkowski functionals. These are conservative upper bounds because only post-recombination string contributions have
been included in the non-Gaussian analysis.

Key words. Astroparticle physics – cosmology: cosmic background radiation – cosmology: observations – cosmology: theory – cosmology: early
Universe
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• CMB Power Spectrum accepted test bed for 
cosmic strings 

• Trispectrum? NOT symmetry suppressed signal. Possibly competitive...
See arXiv:0911.1241, arXiv:0911.2491 and arXiv:1012.6039

• What about matter spectra? Soon galaxy surveys will 
have enough modes to exceed CMB sensitivity

• Matter Bispectrum will not be symmetry suppressed

Optimal Trispectrum Estimators and WMAP Constraints

J.R. Fergusson, D.M. Regan, and E.P.S. Shellard

Centre for Theoretical Cosmology,
Department of Applied Mathematics and Theoretical Physics,

University of Cambridge, Wilberforce Road,
Cambridge CB3 0WA, United Kingdom

(Dated: December 30, 2010)

We present an implementation of an optimal CMB trispectrum estimator which accounts for
anisotropic noise and incomplete sky coverage. We use a general separable mode expansion which
can and has been applied to constrain both primordial and late-time models. We validate our
methods on large angular scales using known analytic results in the Sachs-Wolfe limit. We present
the first near-optimal trispectrum constraints from WMAP data on the cubic term of local model
inflation gNL = (1.6± 7.0)× 105, for the equilateral model tequilNL = (−3.11± 7.5)× 106 and for the
constant model tconstNL = (−1.33 ± 3.62). These results, particularly the equilateral constraint, are
relevant to a number of well-motivated models (such as DBI and K-inflation) with closely correlated
trispectrum shapes. We also use the trispectrum signal predicted for cosmic strings to provide
a conservative upper limit on the string tension Gµ ≤ 1.1 × 10−6 (at 95% confidence), which is
largely background and model independent. All these new trispectrum results are consistent with
a Gaussian Universe. We discuss the importance of constraining general classes of trispectra using
these methods and the prospects for higher precision with the Planck satellite.

I. INTRODUCTION

Measurements of the cosmic microwave background (CMB) and large scale structure, such as those provided by the

WMAP satellite or the Sloan Digital Sky Survey (SDSS), agree well with the predictions of standard single field slow-

roll inflation. In particular the power spectrum verifies the prediction of a nearly scale invariant spectrum of adiabatic

perturbations with a Gaussian distribution. However, there remains the prospect that significant non-Gaussianities

may be produced by well-motivatived cosmological models which are consistent with the measured power spectrum.

In order to quantify this non-Gaussianity we need to measure higher order correlators, beyond the two-point function

or power spectrum. In [1], we presented an optimal estimation methodology to obtain the four-point correlator or

trispectrum. This was developed from the general bispectrum estimator of [2, 3] which used separable mode expansions

to investigate a much wider class of models than previously had been investigated, as well as to reconstruct the full

CMB bispectrum of the Universe. These general bispectrum results were consistent with a Gaussian distribution.

However, it is possible for the three-point correlator to remain small but for there to be a large four-point correlator

(see, for example, some inflationary models [4] and cosmic strings [5]). It is our purpose here to continue to test the

standard inflationary paradigm through an optimised and expanded search for a trispectrum signal in the WMAP

data.

In this paper we consider the class of four-dimensional trispectra which are independent of the diagonal. Such

models include the cubic term of the local model, the equilateral model and the so-called ‘constant’ model. However,

as we shall discuss, a general search for non-diagonal trispectrum shapes encompasses a much wider class of models,

including most trispectra currently discussed in the literature. We demonstrate this for the non-diagonal equilateral

shape which exhibits a high degree of correlation with the (apparently) higher dimensional shapes predicted by DBI

and K inflation. Another example is the cosmic string trispectrum which can be reduced to a closely correlated non-

diagonal shape. Such dimensional reduction is an important first step in testing even truly diagonal shapes because

trispectrum estimation in the non-diagonal case is much more straightforward. Exploiting the use of a separable

expansion, as we do here, ensures the computation is tractable, reducing the complexity from O(l7max) to O(l4max),

and it also ensures the stability of the algorithms used in the analysis without the need to correct for pathological

terms commonly present in other approaches.

The constraints obtained here on the cubic term of the local model, the equilateral model and the ‘constant’ model

result from comparison to year 5 WMAP data out to l = 500 together with a pseudo-optimal analysis of inhomogeneous

noise and masking contributions. The estimators and other algorithms employed here were outlined in detail in [1],

but are expressed in this paper with the simplifying assumption that the trispectrum is independent of the diagonal

term. We validate our results by using known analytic results in the large angle limit [6] where the signal-to-noise can

be calculated explicitly. This is important because we are able to show that previous trispectrum forecasts using this

Sachs-Wolfe approximation were over-optimistic (see, for example, the interesting analysis of trispectrum forecasts in

refs [7, 8]). We note that we will describe the implementation of these methods and the reconstruction of the CMB
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• Cosmic strings ARE non-Gaussian. Bispectrum?
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P. M. Lubin29, J. F. Macı́as-Pérez71, B. Maffei65, D. Maino34,46, N. Mandolesi45,5,32, M. Maris44, D. J. Marshall69, P. G. Martin8,
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ABSTRACT

Planck data have been used to provide stringent new constraints on cosmic strings and other defects. We describe forecasts of the CMB power
spectrum induced by cosmic strings, calculating these from network models and simulations using line-of-sight Boltzmann solvers. We have
studied Nambu-Goto cosmic strings, as well as field theory strings for which radiative effects are important, thus spanning the range of theoretical
uncertainty in the underlying strings models. We have added the angular power spectrum from strings to that for a simple adiabatic model, with
the extra fraction defined as f10 at multipole � = 10. This parameter has been added to the standard six parameter fit using COSMOMC with flat
priors. For the Nambu-Goto string model, we have obtained a constraint on the string tension of Gµ/c2 < 1.5 × 10−7 and f10 < 0.015 at 95%
confidence that can be improved to Gµ/c2 < 1.3 × 10−7 and f10 < 0.010 on inclusion of high-� CMB data. For the abelian-Higgs field theory
model we find, GµAH/c2 < 3.2× 10−7 and f10 < 0.028. The marginalized likelihoods for f10 and in the f10–Ωbh2 plane are also presented. We have
additionally obtained comparable constraints on f10 for models with semilocal strings and global textures. In terms of the effective defect energy
scale these are somewhat weaker at Gµ/c2 < 1.1 × 10−6. We have made complementarity searches for the specific non-Gaussian signatures of
cosmic strings, calibrating with all-sky Planck resolution CMB maps generated from networks of post-recombination strings. We have validated
our non-Gaussian searches using these simulated maps in a Planck-realistic context, estimating sensitivities of up to ∆Gµ/c2 ≈ 4 × 10−7. We have
obtained upper limits on the string tension at 95% confidence of Gµ/c2 < 8.8×10−7 with modal bispectrum estimation and Gµ/c2 < 7.8×10−7 for
real space searches with Minkowski functionals. These are conservative upper bounds because only post-recombination string contributions have
been included in the non-Gaussian analysis.
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P. M. Lubin29, J. F. Macı́as-Pérez71, B. Maffei65, D. Maino34,46, N. Mandolesi45,5,32, M. Maris44, D. J. Marshall69, P. G. Martin8,
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A. Moss84, D. Munshi83, P. Naselsky78,37, P. Natoli32,4,45, C. B. Netterfield20, H. U. Nørgaard-Nielsen16, F. Noviello65, D. Novikov51, I. Novikov78,

S. Osborne87, C. A. Oxborrow16, F. Paci82, L. Pagano33,48, F. Pajot55, D. Paoletti45,47, F. Pasian44, G. Patanchon1, H. V. Peiris25, O. Perdereau67,
L. Perotto71, F. Perrotta82, F. Piacentini33, M. Piat1, E. Pierpaoli24, D. Pietrobon64, S. Plaszczynski67, E. Pointecouteau91,9, G. Polenta4,43,

N. Ponthieu55,49, L. Popa57, T. Poutanen41,26,2, G. W. Pratt69, G. Prézeau10,64, S. Prunet56,90, J.-L. Puget55, J. P. Rachen21,74, C. Räth75,
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ABSTRACT

Planck data have been used to provide stringent new constraints on cosmic strings and other defects. We describe forecasts of the CMB power
spectrum induced by cosmic strings, calculating these from network models and simulations using line-of-sight Boltzmann solvers. We have
studied Nambu-Goto cosmic strings, as well as field theory strings for which radiative effects are important, thus spanning the range of theoretical
uncertainty in the underlying strings models. We have added the angular power spectrum from strings to that for a simple adiabatic model, with
the extra fraction defined as f10 at multipole � = 10. This parameter has been added to the standard six parameter fit using COSMOMC with flat
priors. For the Nambu-Goto string model, we have obtained a constraint on the string tension of Gµ/c2 < 1.5 × 10−7 and f10 < 0.015 at 95%
confidence that can be improved to Gµ/c2 < 1.3 × 10−7 and f10 < 0.010 on inclusion of high-� CMB data. For the abelian-Higgs field theory
model we find, GµAH/c2 < 3.2× 10−7 and f10 < 0.028. The marginalized likelihoods for f10 and in the f10–Ωbh2 plane are also presented. We have
additionally obtained comparable constraints on f10 for models with semilocal strings and global textures. In terms of the effective defect energy
scale these are somewhat weaker at Gµ/c2 < 1.1 × 10−6. We have made complementarity searches for the specific non-Gaussian signatures of
cosmic strings, calibrating with all-sky Planck resolution CMB maps generated from networks of post-recombination strings. We have validated
our non-Gaussian searches using these simulated maps in a Planck-realistic context, estimating sensitivities of up to ∆Gµ/c2 ≈ 4 × 10−7. We have
obtained upper limits on the string tension at 95% confidence of Gµ/c2 < 8.8×10−7 with modal bispectrum estimation and Gµ/c2 < 7.8×10−7 for
real space searches with Minkowski functionals. These are conservative upper bounds because only post-recombination string contributions have
been included in the non-Gaussian analysis.
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C. R. Lawrence64, J. P. Leahy65, R. Leonardi39, J. Lesgourgues89,81, M. Liguori31, P. B. Lilje61, M. Linden-Vørnle16, M. López-Caniego63,
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priors. For the Nambu-Goto string model, we have obtained a constraint on the string tension of Gµ/c2 < 1.5 × 10−7 and f10 < 0.015 at 95%
confidence that can be improved to Gµ/c2 < 1.3 × 10−7 and f10 < 0.010 on inclusion of high-� CMB data. For the abelian-Higgs field theory
model we find, GµAH/c2 < 3.2× 10−7 and f10 < 0.028. The marginalized likelihoods for f10 and in the f10–Ωbh2 plane are also presented. We have
additionally obtained comparable constraints on f10 for models with semilocal strings and global textures. In terms of the effective defect energy
scale these are somewhat weaker at Gµ/c2 < 1.1 × 10−6. We have made complementarity searches for the specific non-Gaussian signatures of
cosmic strings, calibrating with all-sky Planck resolution CMB maps generated from networks of post-recombination strings. We have validated
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• CMB Power Spectrum accepted test bed for 
cosmic strings 

• Trispectrum? NOT symmetry suppressed signal. Possibly competitive...
See arXiv:0911.1241, arXiv:0911.2491 and arXiv:1012.6039

• What about matter spectra? Soon galaxy surveys will 
have enough modes to exceed CMB sensitivity

• Matter Bispectrum will not be symmetry suppressed
• Wakes could dominate non-linear structures at high z

Optimal Trispectrum Estimators and WMAP Constraints

J.R. Fergusson, D.M. Regan, and E.P.S. Shellard

Centre for Theoretical Cosmology,
Department of Applied Mathematics and Theoretical Physics,

University of Cambridge, Wilberforce Road,
Cambridge CB3 0WA, United Kingdom

(Dated: December 30, 2010)

We present an implementation of an optimal CMB trispectrum estimator which accounts for
anisotropic noise and incomplete sky coverage. We use a general separable mode expansion which
can and has been applied to constrain both primordial and late-time models. We validate our
methods on large angular scales using known analytic results in the Sachs-Wolfe limit. We present
the first near-optimal trispectrum constraints from WMAP data on the cubic term of local model
inflation gNL = (1.6± 7.0)× 105, for the equilateral model tequilNL = (−3.11± 7.5)× 106 and for the
constant model tconstNL = (−1.33 ± 3.62). These results, particularly the equilateral constraint, are
relevant to a number of well-motivated models (such as DBI and K-inflation) with closely correlated
trispectrum shapes. We also use the trispectrum signal predicted for cosmic strings to provide
a conservative upper limit on the string tension Gµ ≤ 1.1 × 10−6 (at 95% confidence), which is
largely background and model independent. All these new trispectrum results are consistent with
a Gaussian Universe. We discuss the importance of constraining general classes of trispectra using
these methods and the prospects for higher precision with the Planck satellite.

I. INTRODUCTION

Measurements of the cosmic microwave background (CMB) and large scale structure, such as those provided by the

WMAP satellite or the Sloan Digital Sky Survey (SDSS), agree well with the predictions of standard single field slow-

roll inflation. In particular the power spectrum verifies the prediction of a nearly scale invariant spectrum of adiabatic

perturbations with a Gaussian distribution. However, there remains the prospect that significant non-Gaussianities

may be produced by well-motivatived cosmological models which are consistent with the measured power spectrum.

In order to quantify this non-Gaussianity we need to measure higher order correlators, beyond the two-point function

or power spectrum. In [1], we presented an optimal estimation methodology to obtain the four-point correlator or

trispectrum. This was developed from the general bispectrum estimator of [2, 3] which used separable mode expansions

to investigate a much wider class of models than previously had been investigated, as well as to reconstruct the full

CMB bispectrum of the Universe. These general bispectrum results were consistent with a Gaussian distribution.

However, it is possible for the three-point correlator to remain small but for there to be a large four-point correlator

(see, for example, some inflationary models [4] and cosmic strings [5]). It is our purpose here to continue to test the

standard inflationary paradigm through an optimised and expanded search for a trispectrum signal in the WMAP

data.

In this paper we consider the class of four-dimensional trispectra which are independent of the diagonal. Such

models include the cubic term of the local model, the equilateral model and the so-called ‘constant’ model. However,

as we shall discuss, a general search for non-diagonal trispectrum shapes encompasses a much wider class of models,

including most trispectra currently discussed in the literature. We demonstrate this for the non-diagonal equilateral

shape which exhibits a high degree of correlation with the (apparently) higher dimensional shapes predicted by DBI

and K inflation. Another example is the cosmic string trispectrum which can be reduced to a closely correlated non-

diagonal shape. Such dimensional reduction is an important first step in testing even truly diagonal shapes because

trispectrum estimation in the non-diagonal case is much more straightforward. Exploiting the use of a separable

expansion, as we do here, ensures the computation is tractable, reducing the complexity from O(l7max) to O(l4max),

and it also ensures the stability of the algorithms used in the analysis without the need to correct for pathological

terms commonly present in other approaches.

The constraints obtained here on the cubic term of the local model, the equilateral model and the ‘constant’ model

result from comparison to year 5 WMAP data out to l = 500 together with a pseudo-optimal analysis of inhomogeneous

noise and masking contributions. The estimators and other algorithms employed here were outlined in detail in [1],

but are expressed in this paper with the simplifying assumption that the trispectrum is independent of the diagonal

term. We validate our results by using known analytic results in the large angle limit [6] where the signal-to-noise can

be calculated explicitly. This is important because we are able to show that previous trispectrum forecasts using this

Sachs-Wolfe approximation were over-optimistic (see, for example, the interesting analysis of trispectrum forecasts in

refs [7, 8]). We note that we will describe the implementation of these methods and the reconstruction of the CMB
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Planck data have been used to provide stringent new constraints on cosmic strings and other defects. We describe forecasts of the CMB power
spectrum induced by cosmic strings, calculating these from network models and simulations using line-of-sight Boltzmann solvers. We have
studied Nambu-Goto cosmic strings, as well as field theory strings for which radiative effects are important, thus spanning the range of theoretical
uncertainty in the underlying strings models. We have added the angular power spectrum from strings to that for a simple adiabatic model, with
the extra fraction defined as f10 at multipole � = 10. This parameter has been added to the standard six parameter fit using COSMOMC with flat
priors. For the Nambu-Goto string model, we have obtained a constraint on the string tension of Gµ/c2 < 1.5 × 10−7 and f10 < 0.015 at 95%
confidence that can be improved to Gµ/c2 < 1.3 × 10−7 and f10 < 0.010 on inclusion of high-� CMB data. For the abelian-Higgs field theory
model we find, GµAH/c2 < 3.2× 10−7 and f10 < 0.028. The marginalized likelihoods for f10 and in the f10–Ωbh2 plane are also presented. We have
additionally obtained comparable constraints on f10 for models with semilocal strings and global textures. In terms of the effective defect energy
scale these are somewhat weaker at Gµ/c2 < 1.1 × 10−6. We have made complementarity searches for the specific non-Gaussian signatures of
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ABSTRACT

Planck data have been used to provide stringent new constraints on cosmic strings and other defects. We describe forecasts of the CMB power
spectrum induced by cosmic strings, calculating these from network models and simulations using line-of-sight Boltzmann solvers. We have
studied Nambu-Goto cosmic strings, as well as field theory strings for which radiative effects are important, thus spanning the range of theoretical
uncertainty in the underlying strings models. We have added the angular power spectrum from strings to that for a simple adiabatic model, with
the extra fraction defined as f10 at multipole � = 10. This parameter has been added to the standard six parameter fit using COSMOMC with flat
priors. For the Nambu-Goto string model, we have obtained a constraint on the string tension of Gµ/c2 < 1.5 × 10−7 and f10 < 0.015 at 95%
confidence that can be improved to Gµ/c2 < 1.3 × 10−7 and f10 < 0.010 on inclusion of high-� CMB data. For the abelian-Higgs field theory
model we find, GµAH/c2 < 3.2× 10−7 and f10 < 0.028. The marginalized likelihoods for f10 and in the f10–Ωbh2 plane are also presented. We have
additionally obtained comparable constraints on f10 for models with semilocal strings and global textures. In terms of the effective defect energy
scale these are somewhat weaker at Gµ/c2 < 1.1 × 10−6. We have made complementarity searches for the specific non-Gaussian signatures of
cosmic strings, calibrating with all-sky Planck resolution CMB maps generated from networks of post-recombination strings. We have validated
our non-Gaussian searches using these simulated maps in a Planck-realistic context, estimating sensitivities of up to ∆Gµ/c2 ≈ 4 × 10−7. We have
obtained upper limits on the string tension at 95% confidence of Gµ/c2 < 8.8×10−7 with modal bispectrum estimation and Gµ/c2 < 7.8×10−7 for
real space searches with Minkowski functionals. These are conservative upper bounds because only post-recombination string contributions have
been included in the non-Gaussian analysis.
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Computed in arXiv:0908.0432 (Hindmarsh, Ringeval, Suyama)
arXiv:0911.2491 (DMR, Shellard)

Symmetry suppressed signal but a possibility...

All-sky maps generated by Ringeval and Bouchet 
arXiv:1204.5041 and in Planck arXiv:1303.5085

with bispectrum extracted via modal methods(see Shellard talk)
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additionally obtained comparable constraints on f10 for models with semilocal strings and global textures. In terms of the effective defect energy
scale these are somewhat weaker at Gµ/c2 < 1.1 × 10−6. We have made complementarity searches for the specific non-Gaussian signatures of
cosmic strings, calibrating with all-sky Planck resolution CMB maps generated from networks of post-recombination strings. We have validated
our non-Gaussian searches using these simulated maps in a Planck-realistic context, estimating sensitivities of up to ∆Gµ/c2 ≈ 4 × 10−7. We have
obtained upper limits on the string tension at 95% confidence of Gµ/c2 < 8.8×10−7 with modal bispectrum estimation and Gµ/c2 < 7.8×10−7 for
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• CMB Power Spectrum accepted test bed for 
cosmic strings 

• Trispectrum? NOT symmetry suppressed signal. Possibly competitive...
See arXiv:0911.1241, arXiv:0911.2491 and arXiv:1012.6039

• What about matter spectra? Soon galaxy surveys will 
have enough modes to exceed CMB sensitivity

• Matter Bispectrum will not be symmetry suppressed
• Wakes could dominate non-linear structures at high z

arXiv:1302.3467 Duplessis & Brandenberger

Optimal Trispectrum Estimators and WMAP Constraints

J.R. Fergusson, D.M. Regan, and E.P.S. Shellard

Centre for Theoretical Cosmology,
Department of Applied Mathematics and Theoretical Physics,

University of Cambridge, Wilberforce Road,
Cambridge CB3 0WA, United Kingdom

(Dated: December 30, 2010)

We present an implementation of an optimal CMB trispectrum estimator which accounts for
anisotropic noise and incomplete sky coverage. We use a general separable mode expansion which
can and has been applied to constrain both primordial and late-time models. We validate our
methods on large angular scales using known analytic results in the Sachs-Wolfe limit. We present
the first near-optimal trispectrum constraints from WMAP data on the cubic term of local model
inflation gNL = (1.6± 7.0)× 105, for the equilateral model tequilNL = (−3.11± 7.5)× 106 and for the
constant model tconstNL = (−1.33 ± 3.62). These results, particularly the equilateral constraint, are
relevant to a number of well-motivated models (such as DBI and K-inflation) with closely correlated
trispectrum shapes. We also use the trispectrum signal predicted for cosmic strings to provide
a conservative upper limit on the string tension Gµ ≤ 1.1 × 10−6 (at 95% confidence), which is
largely background and model independent. All these new trispectrum results are consistent with
a Gaussian Universe. We discuss the importance of constraining general classes of trispectra using
these methods and the prospects for higher precision with the Planck satellite.

I. INTRODUCTION

Measurements of the cosmic microwave background (CMB) and large scale structure, such as those provided by the

WMAP satellite or the Sloan Digital Sky Survey (SDSS), agree well with the predictions of standard single field slow-

roll inflation. In particular the power spectrum verifies the prediction of a nearly scale invariant spectrum of adiabatic

perturbations with a Gaussian distribution. However, there remains the prospect that significant non-Gaussianities

may be produced by well-motivatived cosmological models which are consistent with the measured power spectrum.

In order to quantify this non-Gaussianity we need to measure higher order correlators, beyond the two-point function

or power spectrum. In [1], we presented an optimal estimation methodology to obtain the four-point correlator or

trispectrum. This was developed from the general bispectrum estimator of [2, 3] which used separable mode expansions

to investigate a much wider class of models than previously had been investigated, as well as to reconstruct the full

CMB bispectrum of the Universe. These general bispectrum results were consistent with a Gaussian distribution.

However, it is possible for the three-point correlator to remain small but for there to be a large four-point correlator

(see, for example, some inflationary models [4] and cosmic strings [5]). It is our purpose here to continue to test the

standard inflationary paradigm through an optimised and expanded search for a trispectrum signal in the WMAP

data.

In this paper we consider the class of four-dimensional trispectra which are independent of the diagonal. Such

models include the cubic term of the local model, the equilateral model and the so-called ‘constant’ model. However,

as we shall discuss, a general search for non-diagonal trispectrum shapes encompasses a much wider class of models,

including most trispectra currently discussed in the literature. We demonstrate this for the non-diagonal equilateral

shape which exhibits a high degree of correlation with the (apparently) higher dimensional shapes predicted by DBI

and K inflation. Another example is the cosmic string trispectrum which can be reduced to a closely correlated non-

diagonal shape. Such dimensional reduction is an important first step in testing even truly diagonal shapes because

trispectrum estimation in the non-diagonal case is much more straightforward. Exploiting the use of a separable

expansion, as we do here, ensures the computation is tractable, reducing the complexity from O(l7max) to O(l4max),

and it also ensures the stability of the algorithms used in the analysis without the need to correct for pathological

terms commonly present in other approaches.

The constraints obtained here on the cubic term of the local model, the equilateral model and the ‘constant’ model

result from comparison to year 5 WMAP data out to l = 500 together with a pseudo-optimal analysis of inhomogeneous

noise and masking contributions. The estimators and other algorithms employed here were outlined in detail in [1],

but are expressed in this paper with the simplifying assumption that the trispectrum is independent of the diagonal

term. We validate our results by using known analytic results in the large angle limit [6] where the signal-to-noise can

be calculated explicitly. This is important because we are able to show that previous trispectrum forecasts using this

Sachs-Wolfe approximation were over-optimistic (see, for example, the interesting analysis of trispectrum forecasts in

refs [7, 8]). We note that we will describe the implementation of these methods and the reconstruction of the CMB
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Methodology
• 2 approaches... UETC approach & ‘wake model’

UETC are the source functions for the Einstein-Boltzmann solver 
(decomposed into coherent basis functions)

Don’t really need full Einstein-Boltzmann hierarchy for our study. Instead 
just get Green’s function from simple matter + radiation equations

UETC
Matter Power Spectrum and Bispectrum of Cosmic String Wakes

D.M. Regan and M. Hindmarsh
Department of Physics and Astronomy,

University of Sussex, Brighton, BN1 9QH, UK

(Dated: January 2, 2014)
Matter accretion in wakes formed by cosmic strings We present a calculation of the matter

power spectrum and bispectrum of cosmic strings induced.

I. MATTER PERTURBATIONS WITH SOURCES

The equations of motion for the radiation and matter density perturbations at a comoving wavenumber k are given,
in the synchronous gauge, by the coupled equations [ cite Albrecht-Stebbins ’92, Pen-Spergel-Turok, AVELINO ET
AL 9712008]

δ̈c +
ȧ

a
δ̇c −

3

2

(

ȧ

a

)2
(

aδc + 2aeqδr

a+ aeq +
ΩΛ

Ωc

a4

a3
0

)

= 4πGΘ+, (1)

δ̈r +
1

3
k2δr −

4

3
δ̈c = 0, (2)

where the source term due to the energy-momentum tensor is given by Θ+ = Θ00 + Θii, a is the scale factor (with
the subscript eq denoting matter-radiation equality, and 0 denoting today), and a dot represents differentiation with
respect to the conformal time, η.
According to [Veeraraghavan and Stebbins], the perturbations can be split into initial (I) and subsequent parts

(S) such that δN = δIN + δSN where N = c, r. The initial perturbations are the energy-momentum in conventional
matter and radiation left over from that required to form the network of strings. The subsequent perturbations are
those generated actively by the strings themselves. On comoving scales kη " 1 the growing modes of the initial and
subsequent perturbations must cancel due to causality.
The equations of motion may be solved by calculating the Green’s functions, GN for the homogeneous equations

(with initial conditions at η = η′ Gc = 0 = Gr, Ġc = 1 = 3Ġr/4, such that δN = 0 = ˙δN , and GN = 0 for η < η′)
giving the (Fourier space) expression

δSN (k, η) = 4πG

∫ η

ηi

dη′GN (k; η, η′)Θ+(k, η
′). (3)

In order to compute the density perturbations, we will need the growing mode parts of the CDM Green’s functions
well inside the horizon, well after matter-radiation equality, which are [Veeraraghavan-Stebbins 90]

Gc(k; η, η
′) ≈


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
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




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
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



η′

5

(

η

η′

)2

, kηeq " 1 " kη′,

η′

4

(

η

η′

)2

, kη′ " kηeq " 1,

Kη′
ln (kηeq)

(kηeq)2

(

η

η′

)2

1 " kη′ " kηeq

(4)

where K ≈ 0.928.
We note that the Green’s function gives (by definition) the subsequent perturbation. In the Appendix we show

how the subsequent perturbation contains a super-horizon growing mode which is exactly cancelled by the initial
compensation δIN , using cold dark matter in a matter-dominated universe as an example.
Substituting in the solution, (3), of the (linear) evolution equation, (1), gives

〈δSc (k, η)δSc
∗
(k′, η)〉 = 16π2G2

∫ η

ηi

dη′
∫ η

ηi

dη′′Gc(k; η, η
′)G∗

c (k; η, η
′′)〈Θ+(k, η

′)Θ∗
+(k

′, η′′)〉 , (5)

Albrecht & Stebbins ’92
Avelino, Shellard, Wu, Allen arXiv:9712008

Pen, Spergel, Turok arXiv:9704165
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Cosmic string-seeded structure formation

P.P. Avelino1, E.P.S. Shellard2, J.H.P. Wu2 and B. Allen3

1Centro de Astrofisica, Universidade do Porto, Rua do Campo Alegre 823, 4150 Porto, Portugal
2Department of Applied Mathematics and Theoretical Physics, University of Cambridge,

Silver Street, Cambridge CB3 9EW, U.K. 3University of Wisconsin—Milwaukee, U.S.A.

We describe the results of high-resolution numerical simulations of string-induced structure for-
mation in open universes and those with a non-zero cosmological constant. For models with
Γ = Ωh = 0.1–0.2 and a cold dark matter background, we show that the linear density fluctuation
power spectrum has both an amplitude at 8h−1Mpc, σ8, and an overall shape which are consistent
within uncertainties with those currently inferred from galaxy surveys. The cosmic string scenario
with hot dark matter requires a strongly scale-dependent bias in order to agree with observations.

A. Introduction—In this Letter we describe new re-
sults from an investigation of cosmic string-seeded struc-
ture formation in hot and cold dark matter models. The
cosmic string scenario [1] predated inflation as a realistic
structure formation model, but it has proved computa-
tionally much more challenging to make robust predic-
tions with which to confront observation. The present
paper relies on high resolution numerical simulations of
a cosmic string network [2] with a dynamic range extend-
ing from before the matter-radiation transition through
to deep in the matter era (developing on previous work
[3]). We calculate the linear power spectrum of density
perturbations P(k) induced by the strings in flat models
with and without a cosmological constant, and we then
extrapolate to open cosmologies. This work represents a
considerable quantitative advance by incorporating im-
portant aspects of the relevant physics not included in
previous treatments.

In the first instance, we consider density perturba-
tions about a flat Friedmann-Robertson-Walker (FRW)
model with a cosmological constant Λ and which are
causally sourced by an evolving string network with
energy-momentum tensor Θαβ(x, η). In the synchronous
gauge, the linear evolution equations of the radiation and
cold dark matter (CDM) perturbations, δr and δc respec-
tively, are given by (modified from [4])
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where Θ+ = Θ00 + Θii, a is the scale factor, the sub-
script “eq” denotes the epoch of radiation-matter den-
sity equality, “0” denotes the epoch today, a dot rep-
resents a derivative with respect to conformal time η,
Ωc = 8πGρc0/3H2

0 and ΩΛ = Λ/3H2
0 . It proves use-

ful to split these linear perturbations into initial (I) and
subsequent (S) parts [4], δN (x, η) = δI

N (x, η) + δS
N(x, η) ,

where N = c, r. The initial perturbations δI(x, η) de-
pend on the string configuration at some early time ηi,
because the formation of strings creates underdensities in
the initially homogeneous background out of which they

are carved. The subsequent perturbations δS(x, η) are
those which are generated actively by the strings them-
selves for η > ηi. Because strings induce isocurvature
perturbations, δI(x, η) must compensate δS(x, η) on co-
moving scales |x− x′| > η to prevent acausal fluctuation
growth on superhorizon scales.

The system of equations (1,2) can be solved for the
subsequent perturbations δS(x, η), with initial conditions
δS
c =δS

r =0 and δ̇S
c = δ̇S

r =0 at η=ηi, by using a discretized
version of the integral equation with Green’s functions:

δS
N (x, η) = 4πG

∫ η

ηi

dη′

∫
d3x′ GN (X ; η, η′)Θ+(x′, η′), (3)

where X = |x − x′|. The Green’s functions in Fourier
space can be calculated numerically by solving the homo-
geneous version of (1,2) with initial conditions at η=η′:
˙̃Gc =3

˙̃Gr/4=1 and G̃c = G̃r =0 (G̃N =0 for η<η′).
The subsequent perturbations δS(x, η) are dynamically

sourced by moving local strings with spacetime trajecto-
ries we can represent as xµ

s = (η,xs(σ, η)), where σ is a
spacelike parameter labelling points along the string (a
prime represents a derivative with respect to σ). The
stress energy tensor of the string source is then given by
[1]

Θµν(x, η) = µ

∫
dσ(εẋµ

s ẋν
s − ε−1x′

s
µ
x′

s
ν
)δ3(x − xs), (4)

where µ is the string linear energy density, ε = [x′

s
2/(1−

ẋ2
s )]

1/2, and we have also assumed that ẋs · xs
′ = 0. In

this case, it is straightforward to compute Θ+ in (1) as

Θ+(x, η) = Θ00 + Θii = 2µ

∫
dσεẋ2

s δ
3(x − xs). (5)

The stress energy Θµν was calculated directly from high
resolution string network simulations [2]. Dynamical
ranges exceeding 100 in conformal time (redshifts up to
1000) were achievable because of a ‘point-joining’ algo-
rithm maintaining fixed comoving resolution [5] and par-
allelization.
B. Approximation schemes—It is a very substantial
numerical challenge to evolve the initial and subsequent
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FIG. 2: The variation of the string width r and coupling
parameters with conformal time τ (in units of φ−1

0 ) for the
s=0.3 simulations described in Section II C. The subscript 0
indicates the value at the end of the simulation.

III. CMB CALCULATION METHOD

A. UETC approach

The evolution of the cosmological perturbations may
be described by a linear differential equation of the fol-
lowing form:

D̂ac(k, a, ȧ, ρ, ...)X̃a(k, τ ′) = S̃c(k, τ ′), (24)

with X̃a denoting the Fourier Transform of Xa. The
linear differential operator D̂ab includes quantities from
the background FRW universe such as the mean physi-
cal density ρ and the cosmic scale factor. It acts upon
the metric, matter and photon perturbations described
by the vector X̃a, with the source term S̃c describing
the active seeding due to the defect presence — their
energy-momentum tensor. For the homogeneous case
corresponding to inflation (S̃c = 0), this equation set
can be solved using the standard CMBEASY code. In
principle therefore, if S̃c(k, τ ′) is known, then this inho-
mogeneous set can be solved using a Green’s function
Gac(k, τ, τ ′) to give the perturbation power spectra for a
wave vector k and time τ as:

〈

X̃aX̃∗
b

〉

=

∫∫

dτ ′dτ ′′Gac(τ
′)G∗

bd(τ
′′)

〈

S̃c(τ
′)S̃∗

d(τ ′′)
〉

.

(25)
Although this is not the actual method used here, this
equation shows that the data needed from the simulations
for CMB power spectra calculations are the bracketted
terms on the right. These are the Fourier transforms of
the two-point correlation functions:

Ucd(y, τ, τ ′) =
1

V

∫

d3x 〈Sc(x, τ)Sd(x−y, τ ′)〉 , (26)

with the normalization of the Fourier transform chosen
as:

Ũcd(k, τ, τ ′) =
1

V

∫

d3y Ucd(y, τ, τ ′) e−ik·y. (27)

Here V is the fiducial simulation volume and its inclusion
yields Ũcd with the same dimensions as Sc (and so Tµν)
squared: [Ũcd]=[Ucd]=(time)−4.

For scaling sources, a statistical measure of the dynam-
ics should be dependent upon a single scale d. While the
energy-scale φ0 should not affect the spatial distribution
of strings, it does set the normalization of the energy-
momentum tensor as φ2

0. Hence assuming scaling, Ubc

may be written as:

Ucd(y, τ, τ ′) =
φ4

0

d4
f

(

y

d
,
τ

d
,
τ ′

d

)

, (28)

with f a dimensionless function. The scale d must be
symmetric in the two times involved and hence may be
written as:

d =
√

τ τ ′ g(τ/τ ′) =
√

τ τ ′ g(τ ′/τ). (29)

In this form the final two inputs in f provide the same
information, and further the dimensionless function g can
be absorbed to yield:

Ucd(y, τ, τ ′) =
φ4

0

(τ τ ′)2
F

(

y√
τ τ ′

,
τ

τ ′

)

. (30)

The Fourier transform then gives:

Ũcd(k, τ, τ) =
φ4

0√
τ τ ′

1

V
C̃(k

√
τ τ ′, τ/τ ′). (31)

The change in the power of (τ τ ′) comes from a change
in integration variable, required to match the dimension-
less spatial input to F . Note also that V , which is not
involved in the dynamics of the system, is left aside in
the dimensional analysis.

The resultant scaling function C̃, which describes all
the unknowns with regard to this UETC, has no associ-
ated absolute scale and is a function merely of two vari-
ables. Further, since the quantities correlated are real
(in real-space), then Ũ∗

cd(k) = Ũcd(−k) and statistical
isotropy implies that the scaling functions are also real.
Hence these functions are an efficient means of summa-
rizing the data from the simulation as well as having the
function of scale-extrapolation.

It should be noted however, that the power of the
UETC approach stems also from (i) strings decay on
scales much smaller than the horizon and (ii) there can
be no super-horizon correlations (since the strings form
at the end of or after inflation). From (i), the string
T̃µν(k, τ) is unimportant for kτ % 1 and since the scal-
ing functions involve a product of two such terms they
therefore decay for high k

√
ττ ′. In the opposite limit,

(ii) implies that the scaling functions may be expanded
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0 ) for the
s=0.3 simulations described in Section II C. The subscript 0
indicates the value at the end of the simulation.
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Θµν(y) =
1√
−g

�
dτdσ

�
U

�
x�2

ẋ2
ẋµẋν − T

�
ẋ2

x�2x
�µx�ν

�
δ(4)(y − x(σ, τ)) , (9)

where U is the string energy per unit length and T the
string tension. Lorentz invariance requires U = T ≡ µ.
However, if short scale wiggles cannot be resolved, this
has the effect of increasing the string energy per unit
length and reducing the tension [51, 52] in such a way
that their product remains constant2

UT = µ2 . (10)

Then, an effective “coarse-grained” energy-momentum
tensor can be written in the form of (9) with “renor-
malised” string energy density and tension, parame-
terised through α as follows

U = αµ , T =
µ

α
. (11)

As we will see, this parameter α enters directly into the
UETC through this effective energy-momentum tensor
for “coarse-grained” string segments.

B. Energy-momentum tensor from a single string

Let us consider a single straight segment of the string
network. We are free to orientate the wave vector as
k = kk̂3, where k is its magnitude, in which case the
real component of the Fourier transform of the energy-
momentum tensor (9) becomes (e.g. [25, 26])

Θ00 =
µα√
1− v2

sin(kX̂3ξτ/2)

kX̂3/2
cos

�
χ+ k ˆ̇X3vτ

�
,(12)

Θij =

�
v2 ˆ̇Xi

ˆ̇Xj −
1− v2

α
X̂iX̂j

�
Θ00 , (13)

where X̂ and ˆ̇X are randomly orientated unit vectors

satisfying X̂ · ˆ̇X = 0 and i, j = 1 . . . 3. The phase of
the Fourier mode is set by the location of the string,
x0, where χ = k · x0. One can then identify the scalar,
vector and tensor anisotropic stress by

ΘS = (2Θ33 −Θ11 −Θ22) /2 , (14)

ΘV = Θ13 , (15)

ΘT = Θ12 . (16)

For each string segment this gives

2ΘS

Θ00
= v2

�
3 ˆ̇X3

ˆ̇X3 − 1
�
− 1− v2

α2

�
3X̂3X̂3 − 1

�
,(17)

ΘV

Θ00
= v2 ˆ̇X1

ˆ̇X3 −
1− v2

α2
X̂1X̂3 , (18)

ΘT

Θ00
= v2 ˆ̇X1

ˆ̇X2 −
1− v2

α2
X̂1X̂2 . (19)

2 This is also the case if Lorentz invariance is broken at a fun-
damental level, e.g. in superconducting strings [53].

We choose X̂ to be the usual position vector in spheri-
cal coordinates, i.e. X̂T = (sin θ cosφ, sin θ sinφ, cos θ).

Given the orthogonality of X̂ and ˆ̇X, once you specify

X̂ there is an angle ψ from 0 to 2π which gives ˆ̇X,

ˆ̇X =





cos θ cosφ cosψ − sinφ sinψ

cos θ sinφ cosψ + cosφ sinψ

− sin θ cosψ




. (20)

We can then generalise to a network of strings com-
prising many segments with different orientations, by
averaging over angles.

C. Unconnected segment model

The Unconnected Segment Model (USM) frame-
work [25, 26] models the string network as a set of uncor-
related straight segments, each moving with random ve-
locity. All segments are assumed to be produced at some
fixed initial time. Throughout cosmic history a certain
fraction of these segments decay at each epoch in order
to maintain scaling of the network. Since, during scal-
ing, the number density of strings falls as n(τ) ∝ τ−3,
one needs to track an extremely large number of seg-
ments in order to have of order one segment remaining
today.
To avoid tracking each segment, the USM consolidates

all string segments that decay at the same discretised
epoch τi into a single string. Specifically, the number of
segments which decay between conformal time τi−1 and
τi is

Nd(τi) = V [n(τi−1)− n(τi)] , (21)

where V is the simulation volume and n(τ) the number
density of strings, given by

n(τ) =
C(τ)

(ξτ)3
. (22)

The coefficient C(τ) is determined by requiring the to-
tal number of strings at any time be equal to V/(ξτ)3.
The Nd(τi) string segments are then consolidated into a
single segment, which has a energy-momentum weight�
Nd(τi). The total energy-momentum tensor is a sum

of these consolidated segments, given by

Θµν =
K�

i=1

[Nd(τi)]
1/2 Θi

µνT
off(τ, τi, Lf ) , (23)

where Θi
µν is the energy-momentum tensor of a sin-

gle segment i, K the number of consolidated segments

5

and T off
(τ, τi, Lf ) is a function that controls the rate of

string decay. This has the form

T off
(τ, τi, Lf ) =






1 τ < Lfτi ,

1
2 +

1
4

�
y3 − 3y

�
Lfτi < τ < τi ,

0 τ > τi ,

(24)

where

y = 2
ln(Lfτi/τ)

ln(Lf )
− 1 . (25)

Segments start to decay at Lfτi and have disappeared

completely at τi. The parameter Lf < 1 therefore con-

trols how fast the segments decay, and approximates

the Heaviside step function when Lf → 1. The value

of this parameter is less well understood from Nambu-

Goto simulations. In general, higher Lf results in less

power in the CMB power spectrum [25, 26] for a fixed

string tension Gµ.

D. Analytic expressions

To compute the unequal time correlator (UETC) an-

alytically we integrate over all strings in the network

�Θ(k, τ1)Θ(k, τ2)� =
2f(τ1, τ2, ξ, Lf )

16π3

� 2π

0
dφ

� π

0
sin θ dθ

� 2π

0
dψ

� 2π

0
dχΘ(k, τ1)Θ(k, τ2) , (26)

where by Θ we mean Θ00,ΘS ,ΘV ,ΘT
and

f(τ1, τ2, ξ, Lf ) is a scaling factor associated with

the decrease in the number density and the decay of

strings (see below). The factor of two in the numerator

arises from us only considering the real part of the

UETC. Three of the integrals can be performed to give

the remaining θ integral in terms of Bessel functions.

Some of the resulting terms do not have compact

analytic expressions, so we need to make use of series

expansions. In each case we can write the θ integral as

the sum

�Θ(k, τ1)Θ(k, τ2)� =
f(τ1, τ2, ξ, Lf )µ2

k2 (1− v2)
× (27)

6�

i=1

Ai [Ii(x−, ρ)− Ii(x+, ρ)] ,

where the relevant integral identities Ii(x±, ρ) are given
in Appendix A, ρ = k|τ1 − τ2|v, x1,2 = kξτ1,2 and

x± = (x1 ± x2)/2. For each scalar, vector and tensor

UETC we write down the amplitude Ai of each integral

component, in Appendix A.

We will also be interested in certain asymptotic limits

of the UETC. For completeness we write down the small

x limit,

�Θ(k, τ1)Θ(k, τ2)� ≈
f(τ1, τ2, ξ, Lf )µ2

k2 (1− v2)
B . (28)

Finally, we are also interested in the equal time correla-

tor (ETC), so that x1 = x2 = x+ = x and x− = ρ = 0.

In this case we write the exact expression

�Θ(k, τ)Θ(k, τ)� = f(τ, τ, ξ, Lf )µ2

k2 (1− v2)
C . (29)

The B and C coefficients are also given in Appendix A.

Equations (27), (28) and (29) form the basis of our fast

UETC code.

E. Scaling factor

In the above we introduced the scaling factor

f(τ1, τ2, ξ, Lf ). If we assume the network consists of

only a single string whose number density per simula-

tion volume is fixed and the string does not decay, then

from (23) in the USM Θµν = Θ1
µν , while analytically we

can set f(τ1, τ2, ξ, Lf ) = 1. Next, we turn on the scaling

and decay of strings. This means in the USM the UETC

is given by

�Θµν(k, τ1)Θρσ(k, τ2)� = �Θ1
µν(k, τ1)Θ

1
ρσ(k, τ2)�

K�

i=1

Nd(τi)T
off
(τ1, τi, Lf )T

off
(τ2, τi, Lf ) . (30)

since �ΘiΘj� is equal to �Θ1Θ1� for i = j and 0 for i �= j.
Increasing the number of segments such that K → ∞
then the sum when Lf → 1 can be evaluated to give the

scaling factor

f(τ1, τ2, ξ, Lf → 1) =
1

[ξMax(τ1, τ2)]
3 . (31)
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ẋµẋν − T

�
ẋ2
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the Fourier mode is set by the location of the string,
x0, where χ = k · x0. One can then identify the scalar,
vector and tensor anisotropic stress by

ΘS = (2Θ33 −Θ11 −Θ22) /2 , (14)

ΘV = Θ13 , (15)

ΘT = Θ12 . (16)

For each string segment this gives

2ΘS

Θ00
= v2

�
3 ˆ̇X3

ˆ̇X3 − 1
�
− 1− v2

α2

�
3X̂3X̂3 − 1

�
,(17)

ΘV

Θ00
= v2 ˆ̇X1

ˆ̇X3 −
1− v2

α2
X̂1X̂3 , (18)

ΘT

Θ00
= v2 ˆ̇X1

ˆ̇X2 −
1− v2

α2
X̂1X̂2 . (19)

2 This is also the case if Lorentz invariance is broken at a fun-
damental level, e.g. in superconducting strings [53].

We choose X̂ to be the usual position vector in spheri-
cal coordinates, i.e. X̂T = (sin θ cosφ, sin θ sinφ, cos θ).

Given the orthogonality of X̂ and ˆ̇X, once you specify

X̂ there is an angle ψ from 0 to 2π which gives ˆ̇X,

ˆ̇X =





cos θ cosφ cosψ − sinφ sinψ

cos θ sinφ cosψ + cosφ sinψ

− sin θ cosψ




. (20)

We can then generalise to a network of strings com-
prising many segments with different orientations, by
averaging over angles.

C. Unconnected segment model

The Unconnected Segment Model (USM) frame-
work [25, 26] models the string network as a set of uncor-
related straight segments, each moving with random ve-
locity. All segments are assumed to be produced at some
fixed initial time. Throughout cosmic history a certain
fraction of these segments decay at each epoch in order
to maintain scaling of the network. Since, during scal-
ing, the number density of strings falls as n(τ) ∝ τ−3,
one needs to track an extremely large number of seg-
ments in order to have of order one segment remaining
today.
To avoid tracking each segment, the USM consolidates

all string segments that decay at the same discretised
epoch τi into a single string. Specifically, the number of
segments which decay between conformal time τi−1 and
τi is

Nd(τi) = V [n(τi−1)− n(τi)] , (21)

where V is the simulation volume and n(τ) the number
density of strings, given by

n(τ) =
C(τ)

(ξτ)3
. (22)

The coefficient C(τ) is determined by requiring the to-
tal number of strings at any time be equal to V/(ξτ)3.
The Nd(τi) string segments are then consolidated into a
single segment, which has a energy-momentum weight�
Nd(τi). The total energy-momentum tensor is a sum

of these consolidated segments, given by

Θµν =
K�

i=1

[Nd(τi)]
1/2 Θi

µνT
off(τ, τi, Lf ) , (23)

where Θi
µν is the energy-momentum tensor of a sin-

gle segment i, K the number of consolidated segments

5

and T off
(τ, τi, Lf ) is a function that controls the rate of

string decay. This has the form

T off
(τ, τi, Lf ) =






1 τ < Lfτi ,

1
2 +

1
4

�
y3 − 3y

�
Lfτi < τ < τi ,

0 τ > τi ,

(24)

where

y = 2
ln(Lfτi/τ)

ln(Lf )
− 1 . (25)

Segments start to decay at Lfτi and have disappeared

completely at τi. The parameter Lf < 1 therefore con-

trols how fast the segments decay, and approximates

the Heaviside step function when Lf → 1. The value

of this parameter is less well understood from Nambu-

Goto simulations. In general, higher Lf results in less

power in the CMB power spectrum [25, 26] for a fixed

string tension Gµ.

D. Analytic expressions

To compute the unequal time correlator (UETC) an-

alytically we integrate over all strings in the network

�Θ(k, τ1)Θ(k, τ2)� =
2f(τ1, τ2, ξ, Lf )

16π3

� 2π

0
dφ

� π

0
sin θ dθ

� 2π

0
dψ

� 2π

0
dχΘ(k, τ1)Θ(k, τ2) , (26)

where by Θ we mean Θ00,ΘS ,ΘV ,ΘT
and

f(τ1, τ2, ξ, Lf ) is a scaling factor associated with

the decrease in the number density and the decay of

strings (see below). The factor of two in the numerator

arises from us only considering the real part of the

UETC. Three of the integrals can be performed to give

the remaining θ integral in terms of Bessel functions.

Some of the resulting terms do not have compact

analytic expressions, so we need to make use of series

expansions. In each case we can write the θ integral as

the sum

�Θ(k, τ1)Θ(k, τ2)� =
f(τ1, τ2, ξ, Lf )µ2

k2 (1− v2)
× (27)

6�

i=1

Ai [Ii(x−, ρ)− Ii(x+, ρ)] ,

where the relevant integral identities Ii(x±, ρ) are given
in Appendix A, ρ = k|τ1 − τ2|v, x1,2 = kξτ1,2 and

x± = (x1 ± x2)/2. For each scalar, vector and tensor

UETC we write down the amplitude Ai of each integral

component, in Appendix A.

We will also be interested in certain asymptotic limits

of the UETC. For completeness we write down the small

x limit,

�Θ(k, τ1)Θ(k, τ2)� ≈
f(τ1, τ2, ξ, Lf )µ2

k2 (1− v2)
B . (28)

Finally, we are also interested in the equal time correla-

tor (ETC), so that x1 = x2 = x+ = x and x− = ρ = 0.

In this case we write the exact expression

�Θ(k, τ)Θ(k, τ)� = f(τ, τ, ξ, Lf )µ2

k2 (1− v2)
C . (29)

The B and C coefficients are also given in Appendix A.

Equations (27), (28) and (29) form the basis of our fast

UETC code.

E. Scaling factor

In the above we introduced the scaling factor

f(τ1, τ2, ξ, Lf ). If we assume the network consists of

only a single string whose number density per simula-

tion volume is fixed and the string does not decay, then

from (23) in the USM Θµν = Θ1
µν , while analytically we

can set f(τ1, τ2, ξ, Lf ) = 1. Next, we turn on the scaling

and decay of strings. This means in the USM the UETC

is given by

�Θµν(k, τ1)Θρσ(k, τ2)� = �Θ1
µν(k, τ1)Θ

1
ρσ(k, τ2)�

K�

i=1

Nd(τi)T
off
(τ1, τi, Lf )T

off
(τ2, τi, Lf ) . (30)

since �ΘiΘj� is equal to �Θ1Θ1� for i = j and 0 for i �= j.
Increasing the number of segments such that K → ∞
then the sum when Lf → 1 can be evaluated to give the

scaling factor

f(τ1, τ2, ξ, Lf → 1) =
1

[ξMax(τ1, τ2)]
3 . (31)
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is of order the two self correlators. In fact, it is easy to show analytically within the framework of the model that the
cross correlator must go like k2 outside the horizon in the limit of a large number of realizations and this behaviour
clearly manifests itself in the range τ = 20 to τ = 100. We should note that the noisy behaviour of the cross correlator
far outside the horizon does not appear to have too large an effect on the matter and CMB power spectra, for which
the ensemble average has a relatively small variance even for only 40 realizations.

In Fig. 3 shows the unequal time correlation function for the energy and the corresponding plot from ref. [35]. It
can be seen that the sub-horizon form of the unequal time correlators is similar in both models. However, we see that
our unequal time correlators have a distinctly different form on super-horizon scales. We quantify this difference by
using the function U(k, τ1, τ2) defined in terms of the violation of the factorization relation (23) as

U(k, τ1, τ2) =
〈P (k, τ1)P ∗(k, τ2)〉

〈P (k, τ1)P ∗(k, τ1)〉1/2〈P (k, τ2)P ∗(k, τ2)〉1/2
, (62)

for some arbitrary function P (k, τ), where τ1 and τ2 are the two times in question, with τ2 > τ1. In our model, only
those strings which are present both at τ1 and τ2 can contribute to the cross correlator and hence only those strings
present at the later time τ2 can contribute, implying that 〈P (k, τ1)P ∗(k, τ2)〉 ∝ 〈P (k, τ2)P ∗(k, τ2)〉. Hence, we find

U(k, τ1, τ2) ∝

√

〈P (k, τ2)P ∗(k, τ2)〉
〈P (k, τ1)P ∗(k, τ1)〉

, (63)

which outside the horizon gives

U(k, τ1, τ2) ∝
(

τ1

τ2

)1/2

. (64)

On the other hand in ref. [35], the super-horizon fall-off of the unequal time correlators is modelled as an exponential
decay, with

U(k, τ1, τ2) = e−(τ1−τ2)
2/τ2

c (65)

where the coherence time τc grows like k−1 outside the horizon. This behaviour gives a good fit on the sub-horizon
scales which their simulations primarily probe. However, on super-horizon scales the power-law fall-off evident in our
model must eventually dominate.

In summary, therefore, we have outlined methods for creating source histories based on a model with two parameters,
the rms 3 speed of the strings v and the persistence length ξ, which are measured in simulations. In doing this we have
been forced to introduce various ‘system’ parameters, to allow the problem to be solved in a finite time on a discrete
system, such as a computer. The value of each of these parameters was chosen, so that further increases or decreases
toward the continuum value resulted in no change in the two-point functions. In particular, for results presented in
this paper, we used xmax = 1000, L1

i = 0.001, L2
i = 0.01, NS = 200 and Fmax = 10.0. We have also introduced

the parameter Lf , quantifying the rate at which string segments are turned off. Unlike the systems parameters, Lf

clearly has some degree of physical significance. However, in section III C we demonstrate that the dependence of the
results on the value of Lf is relatively weak, and we choose to use the value Lf = 0.5 for the rest of our computations.

B. Power spectra for the standard scaling model

We define the standard scaling model to be one which uses the above two-point functions with the model parameters
v = 0.65 and ξ = 0.3, measured in expanding universe simulations 4 and an assumption of perfect scaling from defect
formation to the present day. Also, we must specify a particular cosmogony and we do this by analogy to what

3As mentioned earlier the distribution of strings has been truncated to prevent strings moving faster than the speed of light.
This prevents v from being exactly the rms value, the difference from the rms value being minimized for small v.

4Although, note the earlier comment, that we find better agreement with the two-point functions measured in flat space
simulations for slightly different values of v an ξ when we use our causal, stress-energy conserving model. We have decided to
use the calculated values from expanding universe simulations as our standard since they are likely to be more relevant for our
model.
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Recent analytical advances have greatly improved the computational speeds
Avgoustidis, Copeland, Moss, Skliros arXiv:1209.2461
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Θµν(y) =
1√
−g

�
dτdσ

�
U

�
x�2

ẋ2
ẋµẋν − T

�
ẋ2

x�2x
�µx�ν

�
δ(4)(y − x(σ, τ)) , (9)

where U is the string energy per unit length and T the
string tension. Lorentz invariance requires U = T ≡ µ.
However, if short scale wiggles cannot be resolved, this
has the effect of increasing the string energy per unit
length and reducing the tension [51, 52] in such a way
that their product remains constant2

UT = µ2 . (10)

Then, an effective “coarse-grained” energy-momentum
tensor can be written in the form of (9) with “renor-
malised” string energy density and tension, parame-
terised through α as follows

U = αµ , T =
µ

α
. (11)

As we will see, this parameter α enters directly into the
UETC through this effective energy-momentum tensor
for “coarse-grained” string segments.

B. Energy-momentum tensor from a single string

Let us consider a single straight segment of the string
network. We are free to orientate the wave vector as
k = kk̂3, where k is its magnitude, in which case the
real component of the Fourier transform of the energy-
momentum tensor (9) becomes (e.g. [25, 26])

Θ00 =
µα√
1− v2

sin(kX̂3ξτ/2)

kX̂3/2
cos

�
χ+ k ˆ̇X3vτ

�
,(12)

Θij =

�
v2 ˆ̇Xi

ˆ̇Xj −
1− v2

α
X̂iX̂j

�
Θ00 , (13)

where X̂ and ˆ̇X are randomly orientated unit vectors

satisfying X̂ · ˆ̇X = 0 and i, j = 1 . . . 3. The phase of
the Fourier mode is set by the location of the string,
x0, where χ = k · x0. One can then identify the scalar,
vector and tensor anisotropic stress by

ΘS = (2Θ33 −Θ11 −Θ22) /2 , (14)

ΘV = Θ13 , (15)

ΘT = Θ12 . (16)

For each string segment this gives

2ΘS

Θ00
= v2

�
3 ˆ̇X3

ˆ̇X3 − 1
�
− 1− v2

α2

�
3X̂3X̂3 − 1

�
,(17)

ΘV

Θ00
= v2 ˆ̇X1

ˆ̇X3 −
1− v2

α2
X̂1X̂3 , (18)

ΘT

Θ00
= v2 ˆ̇X1

ˆ̇X2 −
1− v2

α2
X̂1X̂2 . (19)

2 This is also the case if Lorentz invariance is broken at a fun-
damental level, e.g. in superconducting strings [53].

We choose X̂ to be the usual position vector in spheri-
cal coordinates, i.e. X̂T = (sin θ cosφ, sin θ sinφ, cos θ).

Given the orthogonality of X̂ and ˆ̇X, once you specify

X̂ there is an angle ψ from 0 to 2π which gives ˆ̇X,

ˆ̇X =





cos θ cosφ cosψ − sinφ sinψ

cos θ sinφ cosψ + cosφ sinψ

− sin θ cosψ




. (20)

We can then generalise to a network of strings com-
prising many segments with different orientations, by
averaging over angles.

C. Unconnected segment model

The Unconnected Segment Model (USM) frame-
work [25, 26] models the string network as a set of uncor-
related straight segments, each moving with random ve-
locity. All segments are assumed to be produced at some
fixed initial time. Throughout cosmic history a certain
fraction of these segments decay at each epoch in order
to maintain scaling of the network. Since, during scal-
ing, the number density of strings falls as n(τ) ∝ τ−3,
one needs to track an extremely large number of seg-
ments in order to have of order one segment remaining
today.
To avoid tracking each segment, the USM consolidates

all string segments that decay at the same discretised
epoch τi into a single string. Specifically, the number of
segments which decay between conformal time τi−1 and
τi is

Nd(τi) = V [n(τi−1)− n(τi)] , (21)

where V is the simulation volume and n(τ) the number
density of strings, given by

n(τ) =
C(τ)

(ξτ)3
. (22)

The coefficient C(τ) is determined by requiring the to-
tal number of strings at any time be equal to V/(ξτ)3.
The Nd(τi) string segments are then consolidated into a
single segment, which has a energy-momentum weight�
Nd(τi). The total energy-momentum tensor is a sum

of these consolidated segments, given by

Θµν =
K�

i=1

[Nd(τi)]
1/2 Θi

µνT
off(τ, τi, Lf ) , (23)

where Θi
µν is the energy-momentum tensor of a sin-

gle segment i, K the number of consolidated segments

5

and T off
(τ, τi, Lf ) is a function that controls the rate of

string decay. This has the form

T off
(τ, τi, Lf ) =






1 τ < Lfτi ,

1
2 +

1
4

�
y3 − 3y

�
Lfτi < τ < τi ,

0 τ > τi ,

(24)

where

y = 2
ln(Lfτi/τ)

ln(Lf )
− 1 . (25)

Segments start to decay at Lfτi and have disappeared

completely at τi. The parameter Lf < 1 therefore con-

trols how fast the segments decay, and approximates

the Heaviside step function when Lf → 1. The value

of this parameter is less well understood from Nambu-

Goto simulations. In general, higher Lf results in less

power in the CMB power spectrum [25, 26] for a fixed

string tension Gµ.

D. Analytic expressions

To compute the unequal time correlator (UETC) an-

alytically we integrate over all strings in the network

�Θ(k, τ1)Θ(k, τ2)� =
2f(τ1, τ2, ξ, Lf )

16π3

� 2π

0
dφ

� π

0
sin θ dθ

� 2π

0
dψ

� 2π

0
dχΘ(k, τ1)Θ(k, τ2) , (26)

where by Θ we mean Θ00,ΘS ,ΘV ,ΘT
and

f(τ1, τ2, ξ, Lf ) is a scaling factor associated with

the decrease in the number density and the decay of

strings (see below). The factor of two in the numerator

arises from us only considering the real part of the

UETC. Three of the integrals can be performed to give

the remaining θ integral in terms of Bessel functions.

Some of the resulting terms do not have compact

analytic expressions, so we need to make use of series

expansions. In each case we can write the θ integral as

the sum

�Θ(k, τ1)Θ(k, τ2)� =
f(τ1, τ2, ξ, Lf )µ2

k2 (1− v2)
× (27)

6�

i=1

Ai [Ii(x−, ρ)− Ii(x+, ρ)] ,

where the relevant integral identities Ii(x±, ρ) are given
in Appendix A, ρ = k|τ1 − τ2|v, x1,2 = kξτ1,2 and

x± = (x1 ± x2)/2. For each scalar, vector and tensor

UETC we write down the amplitude Ai of each integral

component, in Appendix A.

We will also be interested in certain asymptotic limits

of the UETC. For completeness we write down the small

x limit,

�Θ(k, τ1)Θ(k, τ2)� ≈
f(τ1, τ2, ξ, Lf )µ2

k2 (1− v2)
B . (28)

Finally, we are also interested in the equal time correla-

tor (ETC), so that x1 = x2 = x+ = x and x− = ρ = 0.

In this case we write the exact expression

�Θ(k, τ)Θ(k, τ)� = f(τ, τ, ξ, Lf )µ2

k2 (1− v2)
C . (29)

The B and C coefficients are also given in Appendix A.

Equations (27), (28) and (29) form the basis of our fast

UETC code.

E. Scaling factor

In the above we introduced the scaling factor

f(τ1, τ2, ξ, Lf ). If we assume the network consists of

only a single string whose number density per simula-

tion volume is fixed and the string does not decay, then

from (23) in the USM Θµν = Θ1
µν , while analytically we

can set f(τ1, τ2, ξ, Lf ) = 1. Next, we turn on the scaling

and decay of strings. This means in the USM the UETC

is given by

�Θµν(k, τ1)Θρσ(k, τ2)� = �Θ1
µν(k, τ1)Θ

1
ρσ(k, τ2)�

K�

i=1

Nd(τi)T
off
(τ1, τi, Lf )T

off
(τ2, τi, Lf ) . (30)

since �ΘiΘj� is equal to �Θ1Θ1� for i = j and 0 for i �= j.
Increasing the number of segments such that K → ∞
then the sum when Lf → 1 can be evaluated to give the

scaling factor

f(τ1, τ2, ξ, Lf → 1) =
1

[ξMax(τ1, τ2)]
3 . (31)
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is of order the two self correlators. In fact, it is easy to show analytically within the framework of the model that the
cross correlator must go like k2 outside the horizon in the limit of a large number of realizations and this behaviour
clearly manifests itself in the range τ = 20 to τ = 100. We should note that the noisy behaviour of the cross correlator
far outside the horizon does not appear to have too large an effect on the matter and CMB power spectra, for which
the ensemble average has a relatively small variance even for only 40 realizations.

In Fig. 3 shows the unequal time correlation function for the energy and the corresponding plot from ref. [35]. It
can be seen that the sub-horizon form of the unequal time correlators is similar in both models. However, we see that
our unequal time correlators have a distinctly different form on super-horizon scales. We quantify this difference by
using the function U(k, τ1, τ2) defined in terms of the violation of the factorization relation (23) as

U(k, τ1, τ2) =
〈P (k, τ1)P ∗(k, τ2)〉

〈P (k, τ1)P ∗(k, τ1)〉1/2〈P (k, τ2)P ∗(k, τ2)〉1/2
, (62)

for some arbitrary function P (k, τ), where τ1 and τ2 are the two times in question, with τ2 > τ1. In our model, only
those strings which are present both at τ1 and τ2 can contribute to the cross correlator and hence only those strings
present at the later time τ2 can contribute, implying that 〈P (k, τ1)P ∗(k, τ2)〉 ∝ 〈P (k, τ2)P ∗(k, τ2)〉. Hence, we find

U(k, τ1, τ2) ∝

√

〈P (k, τ2)P ∗(k, τ2)〉
〈P (k, τ1)P ∗(k, τ1)〉

, (63)

which outside the horizon gives

U(k, τ1, τ2) ∝
(

τ1

τ2

)1/2

. (64)

On the other hand in ref. [35], the super-horizon fall-off of the unequal time correlators is modelled as an exponential
decay, with

U(k, τ1, τ2) = e−(τ1−τ2)
2/τ2

c (65)

where the coherence time τc grows like k−1 outside the horizon. This behaviour gives a good fit on the sub-horizon
scales which their simulations primarily probe. However, on super-horizon scales the power-law fall-off evident in our
model must eventually dominate.

In summary, therefore, we have outlined methods for creating source histories based on a model with two parameters,
the rms 3 speed of the strings v and the persistence length ξ, which are measured in simulations. In doing this we have
been forced to introduce various ‘system’ parameters, to allow the problem to be solved in a finite time on a discrete
system, such as a computer. The value of each of these parameters was chosen, so that further increases or decreases
toward the continuum value resulted in no change in the two-point functions. In particular, for results presented in
this paper, we used xmax = 1000, L1

i = 0.001, L2
i = 0.01, NS = 200 and Fmax = 10.0. We have also introduced

the parameter Lf , quantifying the rate at which string segments are turned off. Unlike the systems parameters, Lf

clearly has some degree of physical significance. However, in section III C we demonstrate that the dependence of the
results on the value of Lf is relatively weak, and we choose to use the value Lf = 0.5 for the rest of our computations.

B. Power spectra for the standard scaling model

We define the standard scaling model to be one which uses the above two-point functions with the model parameters
v = 0.65 and ξ = 0.3, measured in expanding universe simulations 4 and an assumption of perfect scaling from defect
formation to the present day. Also, we must specify a particular cosmogony and we do this by analogy to what

3As mentioned earlier the distribution of strings has been truncated to prevent strings moving faster than the speed of light.
This prevents v from being exactly the rms value, the difference from the rms value being minimized for small v.

4Although, note the earlier comment, that we find better agreement with the two-point functions measured in flat space
simulations for slightly different values of v an ξ when we use our causal, stress-energy conserving model. We have decided to
use the calculated values from expanding universe simulations as our standard since they are likely to be more relevant for our
model.
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is of order the two self correlators. In fact, it is easy to show analytically within the framework of the model that the
cross correlator must go like k2 outside the horizon in the limit of a large number of realizations and this behaviour
clearly manifests itself in the range τ = 20 to τ = 100. We should note that the noisy behaviour of the cross correlator
far outside the horizon does not appear to have too large an effect on the matter and CMB power spectra, for which
the ensemble average has a relatively small variance even for only 40 realizations.

In Fig. 3 shows the unequal time correlation function for the energy and the corresponding plot from ref. [35]. It
can be seen that the sub-horizon form of the unequal time correlators is similar in both models. However, we see that
our unequal time correlators have a distinctly different form on super-horizon scales. We quantify this difference by
using the function U(k, τ1, τ2) defined in terms of the violation of the factorization relation (23) as

U(k, τ1, τ2) =
〈P (k, τ1)P ∗(k, τ2)〉

〈P (k, τ1)P ∗(k, τ1)〉1/2〈P (k, τ2)P ∗(k, τ2)〉1/2
, (62)

for some arbitrary function P (k, τ), where τ1 and τ2 are the two times in question, with τ2 > τ1. In our model, only
those strings which are present both at τ1 and τ2 can contribute to the cross correlator and hence only those strings
present at the later time τ2 can contribute, implying that 〈P (k, τ1)P ∗(k, τ2)〉 ∝ 〈P (k, τ2)P ∗(k, τ2)〉. Hence, we find

U(k, τ1, τ2) ∝
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which outside the horizon gives
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On the other hand in ref. [35], the super-horizon fall-off of the unequal time correlators is modelled as an exponential
decay, with

U(k, τ1, τ2) = e−(τ1−τ2)
2/τ2

c (65)

where the coherence time τc grows like k−1 outside the horizon. This behaviour gives a good fit on the sub-horizon
scales which their simulations primarily probe. However, on super-horizon scales the power-law fall-off evident in our
model must eventually dominate.

In summary, therefore, we have outlined methods for creating source histories based on a model with two parameters,
the rms 3 speed of the strings v and the persistence length ξ, which are measured in simulations. In doing this we have
been forced to introduce various ‘system’ parameters, to allow the problem to be solved in a finite time on a discrete
system, such as a computer. The value of each of these parameters was chosen, so that further increases or decreases
toward the continuum value resulted in no change in the two-point functions. In particular, for results presented in
this paper, we used xmax = 1000, L1

i = 0.001, L2
i = 0.01, NS = 200 and Fmax = 10.0. We have also introduced

the parameter Lf , quantifying the rate at which string segments are turned off. Unlike the systems parameters, Lf

clearly has some degree of physical significance. However, in section III C we demonstrate that the dependence of the
results on the value of Lf is relatively weak, and we choose to use the value Lf = 0.5 for the rest of our computations.

B. Power spectra for the standard scaling model

We define the standard scaling model to be one which uses the above two-point functions with the model parameters
v = 0.65 and ξ = 0.3, measured in expanding universe simulations 4 and an assumption of perfect scaling from defect
formation to the present day. Also, we must specify a particular cosmogony and we do this by analogy to what

3As mentioned earlier the distribution of strings has been truncated to prevent strings moving faster than the speed of light.
This prevents v from being exactly the rms value, the difference from the rms value being minimized for small v.

4Although, note the earlier comment, that we find better agreement with the two-point functions measured in flat space
simulations for slightly different values of v an ξ when we use our causal, stress-energy conserving model. We have decided to
use the calculated values from expanding universe simulations as our standard since they are likely to be more relevant for our
model.
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1√
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ẋ2
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�
ẋ2

x�2x
�µx�ν

�
δ(4)(y − x(σ, τ)) , (9)

where U is the string energy per unit length and T the
string tension. Lorentz invariance requires U = T ≡ µ.
However, if short scale wiggles cannot be resolved, this
has the effect of increasing the string energy per unit
length and reducing the tension [51, 52] in such a way
that their product remains constant2

UT = µ2 . (10)

Then, an effective “coarse-grained” energy-momentum
tensor can be written in the form of (9) with “renor-
malised” string energy density and tension, parame-
terised through α as follows

U = αµ , T =
µ

α
. (11)

As we will see, this parameter α enters directly into the
UETC through this effective energy-momentum tensor
for “coarse-grained” string segments.

B. Energy-momentum tensor from a single string

Let us consider a single straight segment of the string
network. We are free to orientate the wave vector as
k = kk̂3, where k is its magnitude, in which case the
real component of the Fourier transform of the energy-
momentum tensor (9) becomes (e.g. [25, 26])

Θ00 =
µα√
1− v2

sin(kX̂3ξτ/2)

kX̂3/2
cos

�
χ+ k ˆ̇X3vτ

�
,(12)

Θij =

�
v2 ˆ̇Xi

ˆ̇Xj −
1− v2

α
X̂iX̂j

�
Θ00 , (13)

where X̂ and ˆ̇X are randomly orientated unit vectors

satisfying X̂ · ˆ̇X = 0 and i, j = 1 . . . 3. The phase of
the Fourier mode is set by the location of the string,
x0, where χ = k · x0. One can then identify the scalar,
vector and tensor anisotropic stress by

ΘS = (2Θ33 −Θ11 −Θ22) /2 , (14)

ΘV = Θ13 , (15)

ΘT = Θ12 . (16)

For each string segment this gives

2ΘS

Θ00
= v2

�
3 ˆ̇X3

ˆ̇X3 − 1
�
− 1− v2

α2

�
3X̂3X̂3 − 1

�
,(17)

ΘV

Θ00
= v2 ˆ̇X1

ˆ̇X3 −
1− v2

α2
X̂1X̂3 , (18)

ΘT

Θ00
= v2 ˆ̇X1

ˆ̇X2 −
1− v2

α2
X̂1X̂2 . (19)

2 This is also the case if Lorentz invariance is broken at a fun-
damental level, e.g. in superconducting strings [53].

We choose X̂ to be the usual position vector in spheri-
cal coordinates, i.e. X̂T = (sin θ cosφ, sin θ sinφ, cos θ).

Given the orthogonality of X̂ and ˆ̇X, once you specify

X̂ there is an angle ψ from 0 to 2π which gives ˆ̇X,

ˆ̇X =





cos θ cosφ cosψ − sinφ sinψ

cos θ sinφ cosψ + cosφ sinψ

− sin θ cosψ




. (20)

We can then generalise to a network of strings com-
prising many segments with different orientations, by
averaging over angles.

C. Unconnected segment model

The Unconnected Segment Model (USM) frame-
work [25, 26] models the string network as a set of uncor-
related straight segments, each moving with random ve-
locity. All segments are assumed to be produced at some
fixed initial time. Throughout cosmic history a certain
fraction of these segments decay at each epoch in order
to maintain scaling of the network. Since, during scal-
ing, the number density of strings falls as n(τ) ∝ τ−3,
one needs to track an extremely large number of seg-
ments in order to have of order one segment remaining
today.
To avoid tracking each segment, the USM consolidates

all string segments that decay at the same discretised
epoch τi into a single string. Specifically, the number of
segments which decay between conformal time τi−1 and
τi is

Nd(τi) = V [n(τi−1)− n(τi)] , (21)

where V is the simulation volume and n(τ) the number
density of strings, given by

n(τ) =
C(τ)

(ξτ)3
. (22)

The coefficient C(τ) is determined by requiring the to-
tal number of strings at any time be equal to V/(ξτ)3.
The Nd(τi) string segments are then consolidated into a
single segment, which has a energy-momentum weight�
Nd(τi). The total energy-momentum tensor is a sum

of these consolidated segments, given by

Θµν =
K�

i=1

[Nd(τi)]
1/2 Θi

µνT
off(τ, τi, Lf ) , (23)

where Θi
µν is the energy-momentum tensor of a sin-

gle segment i, K the number of consolidated segments
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and T off
(τ, τi, Lf ) is a function that controls the rate of

string decay. This has the form

T off
(τ, τi, Lf ) =






1 τ < Lfτi ,

1
2 +

1
4

�
y3 − 3y

�
Lfτi < τ < τi ,

0 τ > τi ,

(24)

where

y = 2
ln(Lfτi/τ)

ln(Lf )
− 1 . (25)

Segments start to decay at Lfτi and have disappeared

completely at τi. The parameter Lf < 1 therefore con-

trols how fast the segments decay, and approximates

the Heaviside step function when Lf → 1. The value

of this parameter is less well understood from Nambu-

Goto simulations. In general, higher Lf results in less

power in the CMB power spectrum [25, 26] for a fixed

string tension Gµ.

D. Analytic expressions

To compute the unequal time correlator (UETC) an-

alytically we integrate over all strings in the network

�Θ(k, τ1)Θ(k, τ2)� =
2f(τ1, τ2, ξ, Lf )

16π3

� 2π

0
dφ

� π

0
sin θ dθ

� 2π

0
dψ

� 2π

0
dχΘ(k, τ1)Θ(k, τ2) , (26)

where by Θ we mean Θ00,ΘS ,ΘV ,ΘT
and

f(τ1, τ2, ξ, Lf ) is a scaling factor associated with

the decrease in the number density and the decay of

strings (see below). The factor of two in the numerator

arises from us only considering the real part of the

UETC. Three of the integrals can be performed to give

the remaining θ integral in terms of Bessel functions.

Some of the resulting terms do not have compact

analytic expressions, so we need to make use of series

expansions. In each case we can write the θ integral as

the sum

�Θ(k, τ1)Θ(k, τ2)� =
f(τ1, τ2, ξ, Lf )µ2

k2 (1− v2)
× (27)

6�

i=1

Ai [Ii(x−, ρ)− Ii(x+, ρ)] ,

where the relevant integral identities Ii(x±, ρ) are given
in Appendix A, ρ = k|τ1 − τ2|v, x1,2 = kξτ1,2 and

x± = (x1 ± x2)/2. For each scalar, vector and tensor

UETC we write down the amplitude Ai of each integral

component, in Appendix A.

We will also be interested in certain asymptotic limits

of the UETC. For completeness we write down the small

x limit,

�Θ(k, τ1)Θ(k, τ2)� ≈
f(τ1, τ2, ξ, Lf )µ2

k2 (1− v2)
B . (28)

Finally, we are also interested in the equal time correla-

tor (ETC), so that x1 = x2 = x+ = x and x− = ρ = 0.

In this case we write the exact expression

�Θ(k, τ)Θ(k, τ)� = f(τ, τ, ξ, Lf )µ2

k2 (1− v2)
C . (29)

The B and C coefficients are also given in Appendix A.

Equations (27), (28) and (29) form the basis of our fast

UETC code.

E. Scaling factor

In the above we introduced the scaling factor

f(τ1, τ2, ξ, Lf ). If we assume the network consists of

only a single string whose number density per simula-

tion volume is fixed and the string does not decay, then

from (23) in the USM Θµν = Θ1
µν , while analytically we

can set f(τ1, τ2, ξ, Lf ) = 1. Next, we turn on the scaling

and decay of strings. This means in the USM the UETC

is given by

�Θµν(k, τ1)Θρσ(k, τ2)� = �Θ1
µν(k, τ1)Θ

1
ρσ(k, τ2)�

K�

i=1

Nd(τi)T
off
(τ1, τi, Lf )T

off
(τ2, τi, Lf ) . (30)

since �ΘiΘj� is equal to �Θ1Θ1� for i = j and 0 for i �= j.
Increasing the number of segments such that K → ∞
then the sum when Lf → 1 can be evaluated to give the

scaling factor

f(τ1, τ2, ξ, Lf → 1) =
1

[ξMax(τ1, τ2)]
3 . (31)
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USM developed by Battye, Albrecht and Robinson... scaling on superhorizon scales emerges 
due to modelling of decay of string segments

is of order the two self correlators. In fact, it is easy to show analytically within the framework of the model that the
cross correlator must go like k2 outside the horizon in the limit of a large number of realizations and this behaviour
clearly manifests itself in the range τ = 20 to τ = 100. We should note that the noisy behaviour of the cross correlator
far outside the horizon does not appear to have too large an effect on the matter and CMB power spectra, for which
the ensemble average has a relatively small variance even for only 40 realizations.

In Fig. 3 shows the unequal time correlation function for the energy and the corresponding plot from ref. [35]. It
can be seen that the sub-horizon form of the unequal time correlators is similar in both models. However, we see that
our unequal time correlators have a distinctly different form on super-horizon scales. We quantify this difference by
using the function U(k, τ1, τ2) defined in terms of the violation of the factorization relation (23) as

U(k, τ1, τ2) =
〈P (k, τ1)P ∗(k, τ2)〉

〈P (k, τ1)P ∗(k, τ1)〉1/2〈P (k, τ2)P ∗(k, τ2)〉1/2
, (62)

for some arbitrary function P (k, τ), where τ1 and τ2 are the two times in question, with τ2 > τ1. In our model, only
those strings which are present both at τ1 and τ2 can contribute to the cross correlator and hence only those strings
present at the later time τ2 can contribute, implying that 〈P (k, τ1)P ∗(k, τ2)〉 ∝ 〈P (k, τ2)P ∗(k, τ2)〉. Hence, we find

U(k, τ1, τ2) ∝

√

〈P (k, τ2)P ∗(k, τ2)〉
〈P (k, τ1)P ∗(k, τ1)〉

, (63)

which outside the horizon gives

U(k, τ1, τ2) ∝
(

τ1

τ2

)1/2

. (64)

On the other hand in ref. [35], the super-horizon fall-off of the unequal time correlators is modelled as an exponential
decay, with

U(k, τ1, τ2) = e−(τ1−τ2)
2/τ2

c (65)

where the coherence time τc grows like k−1 outside the horizon. This behaviour gives a good fit on the sub-horizon
scales which their simulations primarily probe. However, on super-horizon scales the power-law fall-off evident in our
model must eventually dominate.

In summary, therefore, we have outlined methods for creating source histories based on a model with two parameters,
the rms 3 speed of the strings v and the persistence length ξ, which are measured in simulations. In doing this we have
been forced to introduce various ‘system’ parameters, to allow the problem to be solved in a finite time on a discrete
system, such as a computer. The value of each of these parameters was chosen, so that further increases or decreases
toward the continuum value resulted in no change in the two-point functions. In particular, for results presented in
this paper, we used xmax = 1000, L1

i = 0.001, L2
i = 0.01, NS = 200 and Fmax = 10.0. We have also introduced

the parameter Lf , quantifying the rate at which string segments are turned off. Unlike the systems parameters, Lf

clearly has some degree of physical significance. However, in section III C we demonstrate that the dependence of the
results on the value of Lf is relatively weak, and we choose to use the value Lf = 0.5 for the rest of our computations.

B. Power spectra for the standard scaling model

We define the standard scaling model to be one which uses the above two-point functions with the model parameters
v = 0.65 and ξ = 0.3, measured in expanding universe simulations 4 and an assumption of perfect scaling from defect
formation to the present day. Also, we must specify a particular cosmogony and we do this by analogy to what

3As mentioned earlier the distribution of strings has been truncated to prevent strings moving faster than the speed of light.
This prevents v from being exactly the rms value, the difference from the rms value being minimized for small v.

4Although, note the earlier comment, that we find better agreement with the two-point functions measured in flat space
simulations for slightly different values of v an ξ when we use our causal, stress-energy conserving model. We have decided to
use the calculated values from expanding universe simulations as our standard since they are likely to be more relevant for our
model.
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toward the continuum value resulted in no change in the two-point functions. In particular, for results presented in
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clearly has some degree of physical significance. However, in section III C we demonstrate that the dependence of the
results on the value of Lf is relatively weak, and we choose to use the value Lf = 0.5 for the rest of our computations.

B. Power spectra for the standard scaling model

We define the standard scaling model to be one which uses the above two-point functions with the model parameters
v = 0.65 and ξ = 0.3, measured in expanding universe simulations 4 and an assumption of perfect scaling from defect
formation to the present day. Also, we must specify a particular cosmogony and we do this by analogy to what
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ẋ2

x�2x
�µx�ν

�
δ(4)(y − x(σ, τ)) , (9)

where U is the string energy per unit length and T the
string tension. Lorentz invariance requires U = T ≡ µ.
However, if short scale wiggles cannot be resolved, this
has the effect of increasing the string energy per unit
length and reducing the tension [51, 52] in such a way
that their product remains constant2

UT = µ2 . (10)

Then, an effective “coarse-grained” energy-momentum
tensor can be written in the form of (9) with “renor-
malised” string energy density and tension, parame-
terised through α as follows

U = αµ , T =
µ

α
. (11)

As we will see, this parameter α enters directly into the
UETC through this effective energy-momentum tensor
for “coarse-grained” string segments.

B. Energy-momentum tensor from a single string

Let us consider a single straight segment of the string
network. We are free to orientate the wave vector as
k = kk̂3, where k is its magnitude, in which case the
real component of the Fourier transform of the energy-
momentum tensor (9) becomes (e.g. [25, 26])

Θ00 =
µα√
1− v2

sin(kX̂3ξτ/2)

kX̂3/2
cos

�
χ+ k ˆ̇X3vτ

�
,(12)

Θij =

�
v2 ˆ̇Xi

ˆ̇Xj −
1− v2

α
X̂iX̂j

�
Θ00 , (13)

where X̂ and ˆ̇X are randomly orientated unit vectors

satisfying X̂ · ˆ̇X = 0 and i, j = 1 . . . 3. The phase of
the Fourier mode is set by the location of the string,
x0, where χ = k · x0. One can then identify the scalar,
vector and tensor anisotropic stress by

ΘS = (2Θ33 −Θ11 −Θ22) /2 , (14)

ΘV = Θ13 , (15)

ΘT = Θ12 . (16)

For each string segment this gives

2ΘS

Θ00
= v2

�
3 ˆ̇X3

ˆ̇X3 − 1
�
− 1− v2

α2

�
3X̂3X̂3 − 1

�
,(17)

ΘV

Θ00
= v2 ˆ̇X1

ˆ̇X3 −
1− v2

α2
X̂1X̂3 , (18)

ΘT

Θ00
= v2 ˆ̇X1

ˆ̇X2 −
1− v2

α2
X̂1X̂2 . (19)

2 This is also the case if Lorentz invariance is broken at a fun-
damental level, e.g. in superconducting strings [53].

We choose X̂ to be the usual position vector in spheri-
cal coordinates, i.e. X̂T = (sin θ cosφ, sin θ sinφ, cos θ).

Given the orthogonality of X̂ and ˆ̇X, once you specify

X̂ there is an angle ψ from 0 to 2π which gives ˆ̇X,

ˆ̇X =





cos θ cosφ cosψ − sinφ sinψ

cos θ sinφ cosψ + cosφ sinψ

− sin θ cosψ




. (20)

We can then generalise to a network of strings com-
prising many segments with different orientations, by
averaging over angles.

C. Unconnected segment model

The Unconnected Segment Model (USM) frame-
work [25, 26] models the string network as a set of uncor-
related straight segments, each moving with random ve-
locity. All segments are assumed to be produced at some
fixed initial time. Throughout cosmic history a certain
fraction of these segments decay at each epoch in order
to maintain scaling of the network. Since, during scal-
ing, the number density of strings falls as n(τ) ∝ τ−3,
one needs to track an extremely large number of seg-
ments in order to have of order one segment remaining
today.
To avoid tracking each segment, the USM consolidates

all string segments that decay at the same discretised
epoch τi into a single string. Specifically, the number of
segments which decay between conformal time τi−1 and
τi is

Nd(τi) = V [n(τi−1)− n(τi)] , (21)

where V is the simulation volume and n(τ) the number
density of strings, given by

n(τ) =
C(τ)

(ξτ)3
. (22)

The coefficient C(τ) is determined by requiring the to-
tal number of strings at any time be equal to V/(ξτ)3.
The Nd(τi) string segments are then consolidated into a
single segment, which has a energy-momentum weight�
Nd(τi). The total energy-momentum tensor is a sum

of these consolidated segments, given by

Θµν =
K�

i=1

[Nd(τi)]
1/2 Θi

µνT
off(τ, τi, Lf ) , (23)

where Θi
µν is the energy-momentum tensor of a sin-

gle segment i, K the number of consolidated segments
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and T off
(τ, τi, Lf ) is a function that controls the rate of

string decay. This has the form

T off
(τ, τi, Lf ) =


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1 τ < Lfτi ,

1
2 +

1
4
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y3 − 3y
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0 τ > τi ,

(24)

where

y = 2
ln(Lfτi/τ)

ln(Lf )
− 1 . (25)

Segments start to decay at Lfτi and have disappeared

completely at τi. The parameter Lf < 1 therefore con-

trols how fast the segments decay, and approximates

the Heaviside step function when Lf → 1. The value

of this parameter is less well understood from Nambu-

Goto simulations. In general, higher Lf results in less

power in the CMB power spectrum [25, 26] for a fixed

string tension Gµ.

D. Analytic expressions

To compute the unequal time correlator (UETC) an-

alytically we integrate over all strings in the network

�Θ(k, τ1)Θ(k, τ2)� =
2f(τ1, τ2, ξ, Lf )

16π3

� 2π

0
dφ

� π

0
sin θ dθ

� 2π

0
dψ

� 2π

0
dχΘ(k, τ1)Θ(k, τ2) , (26)

where by Θ we mean Θ00,ΘS ,ΘV ,ΘT
and

f(τ1, τ2, ξ, Lf ) is a scaling factor associated with

the decrease in the number density and the decay of

strings (see below). The factor of two in the numerator

arises from us only considering the real part of the

UETC. Three of the integrals can be performed to give

the remaining θ integral in terms of Bessel functions.

Some of the resulting terms do not have compact

analytic expressions, so we need to make use of series

expansions. In each case we can write the θ integral as

the sum

�Θ(k, τ1)Θ(k, τ2)� =
f(τ1, τ2, ξ, Lf )µ2

k2 (1− v2)
× (27)

6�

i=1

Ai [Ii(x−, ρ)− Ii(x+, ρ)] ,

where the relevant integral identities Ii(x±, ρ) are given
in Appendix A, ρ = k|τ1 − τ2|v, x1,2 = kξτ1,2 and

x± = (x1 ± x2)/2. For each scalar, vector and tensor

UETC we write down the amplitude Ai of each integral

component, in Appendix A.

We will also be interested in certain asymptotic limits

of the UETC. For completeness we write down the small

x limit,

�Θ(k, τ1)Θ(k, τ2)� ≈
f(τ1, τ2, ξ, Lf )µ2

k2 (1− v2)
B . (28)

Finally, we are also interested in the equal time correla-

tor (ETC), so that x1 = x2 = x+ = x and x− = ρ = 0.

In this case we write the exact expression

�Θ(k, τ)Θ(k, τ)� = f(τ, τ, ξ, Lf )µ2

k2 (1− v2)
C . (29)

The B and C coefficients are also given in Appendix A.

Equations (27), (28) and (29) form the basis of our fast

UETC code.

E. Scaling factor

In the above we introduced the scaling factor

f(τ1, τ2, ξ, Lf ). If we assume the network consists of

only a single string whose number density per simula-

tion volume is fixed and the string does not decay, then

from (23) in the USM Θµν = Θ1
µν , while analytically we

can set f(τ1, τ2, ξ, Lf ) = 1. Next, we turn on the scaling

and decay of strings. This means in the USM the UETC

is given by

�Θµν(k, τ1)Θρσ(k, τ2)� = �Θ1
µν(k, τ1)Θ

1
ρσ(k, τ2)�

K�

i=1

Nd(τi)T
off
(τ1, τi, Lf )T

off
(τ2, τi, Lf ) . (30)

since �ΘiΘj� is equal to �Θ1Θ1� for i = j and 0 for i �= j.
Increasing the number of segments such that K → ∞
then the sum when Lf → 1 can be evaluated to give the

scaling factor

f(τ1, τ2, ξ, Lf → 1) =
1

[ξMax(τ1, τ2)]
3 . (31)
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How to calculate the UETC?

Superseded work by Vincent, Hindmarsh, Sakellariadou which had an acausal superhorizon 
behaviour 

USM developed by Battye, Albrecht and Robinson... scaling on superhorizon scales emerges 
due to modelling of decay of string segments

is of order the two self correlators. In fact, it is easy to show analytically within the framework of the model that the
cross correlator must go like k2 outside the horizon in the limit of a large number of realizations and this behaviour
clearly manifests itself in the range τ = 20 to τ = 100. We should note that the noisy behaviour of the cross correlator
far outside the horizon does not appear to have too large an effect on the matter and CMB power spectra, for which
the ensemble average has a relatively small variance even for only 40 realizations.

In Fig. 3 shows the unequal time correlation function for the energy and the corresponding plot from ref. [35]. It
can be seen that the sub-horizon form of the unequal time correlators is similar in both models. However, we see that
our unequal time correlators have a distinctly different form on super-horizon scales. We quantify this difference by
using the function U(k, τ1, τ2) defined in terms of the violation of the factorization relation (23) as

U(k, τ1, τ2) =
〈P (k, τ1)P ∗(k, τ2)〉

〈P (k, τ1)P ∗(k, τ1)〉1/2〈P (k, τ2)P ∗(k, τ2)〉1/2
, (62)

for some arbitrary function P (k, τ), where τ1 and τ2 are the two times in question, with τ2 > τ1. In our model, only
those strings which are present both at τ1 and τ2 can contribute to the cross correlator and hence only those strings
present at the later time τ2 can contribute, implying that 〈P (k, τ1)P ∗(k, τ2)〉 ∝ 〈P (k, τ2)P ∗(k, τ2)〉. Hence, we find

U(k, τ1, τ2) ∝

√

〈P (k, τ2)P ∗(k, τ2)〉
〈P (k, τ1)P ∗(k, τ1)〉

, (63)

which outside the horizon gives

U(k, τ1, τ2) ∝
(

τ1

τ2

)1/2

. (64)

On the other hand in ref. [35], the super-horizon fall-off of the unequal time correlators is modelled as an exponential
decay, with

U(k, τ1, τ2) = e−(τ1−τ2)
2/τ2

c (65)

where the coherence time τc grows like k−1 outside the horizon. This behaviour gives a good fit on the sub-horizon
scales which their simulations primarily probe. However, on super-horizon scales the power-law fall-off evident in our
model must eventually dominate.

In summary, therefore, we have outlined methods for creating source histories based on a model with two parameters,
the rms 3 speed of the strings v and the persistence length ξ, which are measured in simulations. In doing this we have
been forced to introduce various ‘system’ parameters, to allow the problem to be solved in a finite time on a discrete
system, such as a computer. The value of each of these parameters was chosen, so that further increases or decreases
toward the continuum value resulted in no change in the two-point functions. In particular, for results presented in
this paper, we used xmax = 1000, L1

i = 0.001, L2
i = 0.01, NS = 200 and Fmax = 10.0. We have also introduced

the parameter Lf , quantifying the rate at which string segments are turned off. Unlike the systems parameters, Lf

clearly has some degree of physical significance. However, in section III C we demonstrate that the dependence of the
results on the value of Lf is relatively weak, and we choose to use the value Lf = 0.5 for the rest of our computations.

B. Power spectra for the standard scaling model

We define the standard scaling model to be one which uses the above two-point functions with the model parameters
v = 0.65 and ξ = 0.3, measured in expanding universe simulations 4 and an assumption of perfect scaling from defect
formation to the present day. Also, we must specify a particular cosmogony and we do this by analogy to what

3As mentioned earlier the distribution of strings has been truncated to prevent strings moving faster than the speed of light.
This prevents v from being exactly the rms value, the difference from the rms value being minimized for small v.

4Although, note the earlier comment, that we find better agreement with the two-point functions measured in flat space
simulations for slightly different values of v an ξ when we use our causal, stress-energy conserving model. We have decided to
use the calculated values from expanding universe simulations as our standard since they are likely to be more relevant for our
model.
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Let’s revisit this...amongst other things it’s good to have 
a test for USM predictions

Recent analytical advances have greatly improved the computational speeds
Avgoustidis, Copeland, Moss, Skliros arXiv:1209.2461

4

Θµν(y) =
1√
−g

�
dτdσ

�
U

�
x�2

ẋ2
ẋµẋν − T

�
ẋ2

x�2x
�µx�ν

�
δ(4)(y − x(σ, τ)) , (9)

where U is the string energy per unit length and T the
string tension. Lorentz invariance requires U = T ≡ µ.
However, if short scale wiggles cannot be resolved, this
has the effect of increasing the string energy per unit
length and reducing the tension [51, 52] in such a way
that their product remains constant2

UT = µ2 . (10)

Then, an effective “coarse-grained” energy-momentum
tensor can be written in the form of (9) with “renor-
malised” string energy density and tension, parame-
terised through α as follows

U = αµ , T =
µ

α
. (11)

As we will see, this parameter α enters directly into the
UETC through this effective energy-momentum tensor
for “coarse-grained” string segments.

B. Energy-momentum tensor from a single string

Let us consider a single straight segment of the string
network. We are free to orientate the wave vector as
k = kk̂3, where k is its magnitude, in which case the
real component of the Fourier transform of the energy-
momentum tensor (9) becomes (e.g. [25, 26])

Θ00 =
µα√
1− v2

sin(kX̂3ξτ/2)

kX̂3/2
cos

�
χ+ k ˆ̇X3vτ

�
,(12)

Θij =

�
v2 ˆ̇Xi

ˆ̇Xj −
1− v2

α
X̂iX̂j

�
Θ00 , (13)

where X̂ and ˆ̇X are randomly orientated unit vectors

satisfying X̂ · ˆ̇X = 0 and i, j = 1 . . . 3. The phase of
the Fourier mode is set by the location of the string,
x0, where χ = k · x0. One can then identify the scalar,
vector and tensor anisotropic stress by

ΘS = (2Θ33 −Θ11 −Θ22) /2 , (14)

ΘV = Θ13 , (15)

ΘT = Θ12 . (16)

For each string segment this gives

2ΘS

Θ00
= v2

�
3 ˆ̇X3

ˆ̇X3 − 1
�
− 1− v2

α2

�
3X̂3X̂3 − 1

�
,(17)

ΘV

Θ00
= v2 ˆ̇X1

ˆ̇X3 −
1− v2

α2
X̂1X̂3 , (18)

ΘT

Θ00
= v2 ˆ̇X1

ˆ̇X2 −
1− v2

α2
X̂1X̂2 . (19)

2 This is also the case if Lorentz invariance is broken at a fun-
damental level, e.g. in superconducting strings [53].

We choose X̂ to be the usual position vector in spheri-
cal coordinates, i.e. X̂T = (sin θ cosφ, sin θ sinφ, cos θ).

Given the orthogonality of X̂ and ˆ̇X, once you specify

X̂ there is an angle ψ from 0 to 2π which gives ˆ̇X,

ˆ̇X =





cos θ cosφ cosψ − sinφ sinψ

cos θ sinφ cosψ + cosφ sinψ

− sin θ cosψ




. (20)

We can then generalise to a network of strings com-
prising many segments with different orientations, by
averaging over angles.

C. Unconnected segment model

The Unconnected Segment Model (USM) frame-
work [25, 26] models the string network as a set of uncor-
related straight segments, each moving with random ve-
locity. All segments are assumed to be produced at some
fixed initial time. Throughout cosmic history a certain
fraction of these segments decay at each epoch in order
to maintain scaling of the network. Since, during scal-
ing, the number density of strings falls as n(τ) ∝ τ−3,
one needs to track an extremely large number of seg-
ments in order to have of order one segment remaining
today.
To avoid tracking each segment, the USM consolidates

all string segments that decay at the same discretised
epoch τi into a single string. Specifically, the number of
segments which decay between conformal time τi−1 and
τi is

Nd(τi) = V [n(τi−1)− n(τi)] , (21)

where V is the simulation volume and n(τ) the number
density of strings, given by

n(τ) =
C(τ)

(ξτ)3
. (22)

The coefficient C(τ) is determined by requiring the to-
tal number of strings at any time be equal to V/(ξτ)3.
The Nd(τi) string segments are then consolidated into a
single segment, which has a energy-momentum weight�
Nd(τi). The total energy-momentum tensor is a sum

of these consolidated segments, given by

Θµν =
K�

i=1

[Nd(τi)]
1/2 Θi

µνT
off(τ, τi, Lf ) , (23)

where Θi
µν is the energy-momentum tensor of a sin-

gle segment i, K the number of consolidated segments
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and T off
(τ, τi, Lf ) is a function that controls the rate of

string decay. This has the form

T off
(τ, τi, Lf ) =






1 τ < Lfτi ,

1
2 +

1
4

�
y3 − 3y

�
Lfτi < τ < τi ,

0 τ > τi ,

(24)

where

y = 2
ln(Lfτi/τ)

ln(Lf )
− 1 . (25)

Segments start to decay at Lfτi and have disappeared

completely at τi. The parameter Lf < 1 therefore con-

trols how fast the segments decay, and approximates

the Heaviside step function when Lf → 1. The value

of this parameter is less well understood from Nambu-

Goto simulations. In general, higher Lf results in less

power in the CMB power spectrum [25, 26] for a fixed

string tension Gµ.

D. Analytic expressions

To compute the unequal time correlator (UETC) an-

alytically we integrate over all strings in the network

�Θ(k, τ1)Θ(k, τ2)� =
2f(τ1, τ2, ξ, Lf )

16π3

� 2π

0
dφ

� π

0
sin θ dθ

� 2π

0
dψ

� 2π

0
dχΘ(k, τ1)Θ(k, τ2) , (26)

where by Θ we mean Θ00,ΘS ,ΘV ,ΘT
and

f(τ1, τ2, ξ, Lf ) is a scaling factor associated with

the decrease in the number density and the decay of

strings (see below). The factor of two in the numerator

arises from us only considering the real part of the

UETC. Three of the integrals can be performed to give

the remaining θ integral in terms of Bessel functions.

Some of the resulting terms do not have compact

analytic expressions, so we need to make use of series

expansions. In each case we can write the θ integral as

the sum

�Θ(k, τ1)Θ(k, τ2)� =
f(τ1, τ2, ξ, Lf )µ2

k2 (1− v2)
× (27)

6�

i=1

Ai [Ii(x−, ρ)− Ii(x+, ρ)] ,

where the relevant integral identities Ii(x±, ρ) are given
in Appendix A, ρ = k|τ1 − τ2|v, x1,2 = kξτ1,2 and

x± = (x1 ± x2)/2. For each scalar, vector and tensor

UETC we write down the amplitude Ai of each integral

component, in Appendix A.

We will also be interested in certain asymptotic limits

of the UETC. For completeness we write down the small

x limit,

�Θ(k, τ1)Θ(k, τ2)� ≈
f(τ1, τ2, ξ, Lf )µ2

k2 (1− v2)
B . (28)

Finally, we are also interested in the equal time correla-

tor (ETC), so that x1 = x2 = x+ = x and x− = ρ = 0.

In this case we write the exact expression

�Θ(k, τ)Θ(k, τ)� = f(τ, τ, ξ, Lf )µ2

k2 (1− v2)
C . (29)

The B and C coefficients are also given in Appendix A.

Equations (27), (28) and (29) form the basis of our fast

UETC code.

E. Scaling factor

In the above we introduced the scaling factor

f(τ1, τ2, ξ, Lf ). If we assume the network consists of

only a single string whose number density per simula-

tion volume is fixed and the string does not decay, then

from (23) in the USM Θµν = Θ1
µν , while analytically we

can set f(τ1, τ2, ξ, Lf ) = 1. Next, we turn on the scaling

and decay of strings. This means in the USM the UETC

is given by

�Θµν(k, τ1)Θρσ(k, τ2)� = �Θ1
µν(k, τ1)Θ

1
ρσ(k, τ2)�

K�

i=1

Nd(τi)T
off
(τ1, τi, Lf )T

off
(τ2, τi, Lf ) . (30)

since �ΘiΘj� is equal to �Θ1Θ1� for i = j and 0 for i �= j.
Increasing the number of segments such that K → ∞
then the sum when Lf → 1 can be evaluated to give the

scaling factor

f(τ1, τ2, ξ, Lf → 1) =
1

[ξMax(τ1, τ2)]
3 . (31)
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2. Large scales, η−1 ! k ! η−1
eq

For perturbations on length scales smaller than the horizon, but still large compared with the horizon at matter-
radiation equality,

PS
>eq(k, η) ≈ ε2

kη4

25

[

∫ 1

zeq

dz′

z′2

∫

dr

r

2Em
+

r
3
2 + r−

3
2

+

∫ z

1

dz′

z′2

∫

dr

r

Em
+

z′
e−z′2 ln(r)2/2A2

]

= ε2kη4
2πE+

75

(

1

zeq
− 1

)

+ ε2kη4
√
2πAEm

+

25

∫ z

1

dz′

z′4
. (24)

Removing the ηeq dependent term with compensation, we find

P>eq(k, η) ≈ ε2kη4
Em

+

75

(√
2πA− 2π

)

. (25)

Hence we see that inside the horizon, the growing mode of the perturbation induced by the string takes the same
scale-invariant form as inflation-induced perturbations, proportional to k.

3. Small scales, η−1
eq ! k

For small scales, perturbations after matter-radiation equality are sourced by strings already inside the horizon,
and the contribution to the power spectrum takes the form

PS
>eq(k, η) ≈ ε2

kη4

25

∫ z

zeq

dz′

z′2

∫

dr

r

Em
+

z′
e−z′2 ln(r)2/2A2

= ε2kη4
√
2πAEm

+

25

∫ z

zeq

dz′

z′4

= ε2
ηeq
k2

η4

η4eq

√
2πAEm

+

75
. (26)

This must be added to the power generated during the radiation era,

PS
<eq(k, η) ≈ ε2kη4K2

(

ln (kηeq)

(kηeq)2

)2 [∫ 1

zi

dz′

z′2

∫

dr

r

2Er
+

r
3
2 + r−

3
2

+

∫ zeq

1

dz′

z′2

∫

dr

r

Er
+

z′
e−z′2 ln(r)2/2A2

]

= ε2K2Er
+

(

2π

3

(

1

zi
− 1

)

+

√
2π

3
A

)

ln2(kηeq)
1

k3
η4

η4eq
(27)

The sum of the two is, after subtracting the initial compensation,

P (k, η) ≈ ε2
√
2π

3

(

K2
(

A−
√
2π

)

Er
+
ln2(kηeq)

kηeq
+

AEm
+

25

)

ηeq
k2

η4

η4eq
(28)

For large kηeq we see the characteristic k−2 behaviour characteristic of strings, and consistent with their perturbations
being in the form of approximately planar wakes [Alb-Ste 92]. We will show in more detail in a later section how
string wakes produce a k−2 spectrum. We also see that the perturbations sourced in the radiation era are significant
for wavenumbers up to kηeq ≈ 1000, giving a power spectrum which is slightly steeper than k−2.
CHECK AGAINST CMBACT SPECTRUM, LOG-LOG

IV. GAUSSIAN MODEL FOR COSMIC STRING UETCS

A. Cosmic string energy-momentum tensor in the Nambu-Goto approximation

The energy-momentum tensor due to a cosmic string with spacetime trajectory Xµ = (η,X(σ, η)) where (σ, η)
denote the string worldsheet coordinates, is given by

Θµν(x, η) = µ

∫

dσ
(

εẊµẊν − ε−1X ′µX ′ν
)

δ3(x−X) , (29)
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, (62)

for some arbitrary function P (k, τ), where τ1 and τ2 are the two times in question, with τ2 > τ1. In our model, only
those strings which are present both at τ1 and τ2 can contribute to the cross correlator and hence only those strings
present at the later time τ2 can contribute, implying that 〈P (k, τ1)P ∗(k, τ2)〉 ∝ 〈P (k, τ2)P ∗(k, τ2)〉. Hence, we find

U(k, τ1, τ2) ∝

√
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〈P (k, τ1)P ∗(k, τ1)〉
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which outside the horizon gives

U(k, τ1, τ2) ∝
(

τ1

τ2

)1/2

. (64)

On the other hand in ref. [35], the super-horizon fall-off of the unequal time correlators is modelled as an exponential
decay, with

U(k, τ1, τ2) = e−(τ1−τ2)
2/τ2

c (65)

where the coherence time τc grows like k−1 outside the horizon. This behaviour gives a good fit on the sub-horizon
scales which their simulations primarily probe. However, on super-horizon scales the power-law fall-off evident in our
model must eventually dominate.

In summary, therefore, we have outlined methods for creating source histories based on a model with two parameters,
the rms 3 speed of the strings v and the persistence length ξ, which are measured in simulations. In doing this we have
been forced to introduce various ‘system’ parameters, to allow the problem to be solved in a finite time on a discrete
system, such as a computer. The value of each of these parameters was chosen, so that further increases or decreases
toward the continuum value resulted in no change in the two-point functions. In particular, for results presented in
this paper, we used xmax = 1000, L1

i = 0.001, L2
i = 0.01, NS = 200 and Fmax = 10.0. We have also introduced

the parameter Lf , quantifying the rate at which string segments are turned off. Unlike the systems parameters, Lf

clearly has some degree of physical significance. However, in section III C we demonstrate that the dependence of the
results on the value of Lf is relatively weak, and we choose to use the value Lf = 0.5 for the rest of our computations.

B. Power spectra for the standard scaling model

We define the standard scaling model to be one which uses the above two-point functions with the model parameters
v = 0.65 and ξ = 0.3, measured in expanding universe simulations 4 and an assumption of perfect scaling from defect
formation to the present day. Also, we must specify a particular cosmogony and we do this by analogy to what

3As mentioned earlier the distribution of strings has been truncated to prevent strings moving faster than the speed of light.
This prevents v from being exactly the rms value, the difference from the rms value being minimized for small v.

4Although, note the earlier comment, that we find better agreement with the two-point functions measured in flat space
simulations for slightly different values of v an ξ when we use our causal, stress-energy conserving model. We have decided to
use the calculated values from expanding universe simulations as our standard since they are likely to be more relevant for our
model.
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simulations for slightly different values of v an ξ when we use our causal, stress-energy conserving model. We have decided to
use the calculated values from expanding universe simulations as our standard since they are likely to be more relevant for our
model.

13

Let’s revisit this...amongst other things it’s good to have 
a test for USM predictions

Recent analytical advances have greatly improved the computational speeds
Avgoustidis, Copeland, Moss, Skliros arXiv:1209.2461

4

Θµν(y) =
1√
−g

�
dτdσ

�
U

�
x�2

ẋ2
ẋµẋν − T

�
ẋ2

x�2x
�µx�ν

�
δ(4)(y − x(σ, τ)) , (9)

where U is the string energy per unit length and T the
string tension. Lorentz invariance requires U = T ≡ µ.
However, if short scale wiggles cannot be resolved, this
has the effect of increasing the string energy per unit
length and reducing the tension [51, 52] in such a way
that their product remains constant2

UT = µ2 . (10)

Then, an effective “coarse-grained” energy-momentum
tensor can be written in the form of (9) with “renor-
malised” string energy density and tension, parame-
terised through α as follows

U = αµ , T =
µ

α
. (11)

As we will see, this parameter α enters directly into the
UETC through this effective energy-momentum tensor
for “coarse-grained” string segments.

B. Energy-momentum tensor from a single string

Let us consider a single straight segment of the string
network. We are free to orientate the wave vector as
k = kk̂3, where k is its magnitude, in which case the
real component of the Fourier transform of the energy-
momentum tensor (9) becomes (e.g. [25, 26])

Θ00 =
µα√
1− v2

sin(kX̂3ξτ/2)

kX̂3/2
cos

�
χ+ k ˆ̇X3vτ

�
,(12)

Θij =

�
v2 ˆ̇Xi

ˆ̇Xj −
1− v2

α
X̂iX̂j

�
Θ00 , (13)

where X̂ and ˆ̇X are randomly orientated unit vectors

satisfying X̂ · ˆ̇X = 0 and i, j = 1 . . . 3. The phase of
the Fourier mode is set by the location of the string,
x0, where χ = k · x0. One can then identify the scalar,
vector and tensor anisotropic stress by

ΘS = (2Θ33 −Θ11 −Θ22) /2 , (14)

ΘV = Θ13 , (15)

ΘT = Θ12 . (16)

For each string segment this gives

2ΘS

Θ00
= v2

�
3 ˆ̇X3

ˆ̇X3 − 1
�
− 1− v2

α2

�
3X̂3X̂3 − 1

�
,(17)

ΘV

Θ00
= v2 ˆ̇X1

ˆ̇X3 −
1− v2

α2
X̂1X̂3 , (18)

ΘT

Θ00
= v2 ˆ̇X1

ˆ̇X2 −
1− v2

α2
X̂1X̂2 . (19)

2 This is also the case if Lorentz invariance is broken at a fun-
damental level, e.g. in superconducting strings [53].

We choose X̂ to be the usual position vector in spheri-
cal coordinates, i.e. X̂T = (sin θ cosφ, sin θ sinφ, cos θ).

Given the orthogonality of X̂ and ˆ̇X, once you specify

X̂ there is an angle ψ from 0 to 2π which gives ˆ̇X,

ˆ̇X =





cos θ cosφ cosψ − sinφ sinψ

cos θ sinφ cosψ + cosφ sinψ

− sin θ cosψ




. (20)

We can then generalise to a network of strings com-
prising many segments with different orientations, by
averaging over angles.

C. Unconnected segment model

The Unconnected Segment Model (USM) frame-
work [25, 26] models the string network as a set of uncor-
related straight segments, each moving with random ve-
locity. All segments are assumed to be produced at some
fixed initial time. Throughout cosmic history a certain
fraction of these segments decay at each epoch in order
to maintain scaling of the network. Since, during scal-
ing, the number density of strings falls as n(τ) ∝ τ−3,
one needs to track an extremely large number of seg-
ments in order to have of order one segment remaining
today.
To avoid tracking each segment, the USM consolidates

all string segments that decay at the same discretised
epoch τi into a single string. Specifically, the number of
segments which decay between conformal time τi−1 and
τi is

Nd(τi) = V [n(τi−1)− n(τi)] , (21)

where V is the simulation volume and n(τ) the number
density of strings, given by

n(τ) =
C(τ)

(ξτ)3
. (22)

The coefficient C(τ) is determined by requiring the to-
tal number of strings at any time be equal to V/(ξτ)3.
The Nd(τi) string segments are then consolidated into a
single segment, which has a energy-momentum weight�
Nd(τi). The total energy-momentum tensor is a sum

of these consolidated segments, given by

Θµν =
K�

i=1

[Nd(τi)]
1/2 Θi

µνT
off(τ, τi, Lf ) , (23)

where Θi
µν is the energy-momentum tensor of a sin-

gle segment i, K the number of consolidated segments
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and T off
(τ, τi, Lf ) is a function that controls the rate of

string decay. This has the form

T off
(τ, τi, Lf ) =






1 τ < Lfτi ,

1
2 +

1
4

�
y3 − 3y

�
Lfτi < τ < τi ,

0 τ > τi ,

(24)

where

y = 2
ln(Lfτi/τ)

ln(Lf )
− 1 . (25)

Segments start to decay at Lfτi and have disappeared

completely at τi. The parameter Lf < 1 therefore con-

trols how fast the segments decay, and approximates

the Heaviside step function when Lf → 1. The value

of this parameter is less well understood from Nambu-

Goto simulations. In general, higher Lf results in less

power in the CMB power spectrum [25, 26] for a fixed

string tension Gµ.

D. Analytic expressions

To compute the unequal time correlator (UETC) an-

alytically we integrate over all strings in the network

�Θ(k, τ1)Θ(k, τ2)� =
2f(τ1, τ2, ξ, Lf )

16π3

� 2π

0
dφ

� π

0
sin θ dθ

� 2π

0
dψ

� 2π

0
dχΘ(k, τ1)Θ(k, τ2) , (26)

where by Θ we mean Θ00,ΘS ,ΘV ,ΘT
and

f(τ1, τ2, ξ, Lf ) is a scaling factor associated with

the decrease in the number density and the decay of

strings (see below). The factor of two in the numerator

arises from us only considering the real part of the

UETC. Three of the integrals can be performed to give

the remaining θ integral in terms of Bessel functions.

Some of the resulting terms do not have compact

analytic expressions, so we need to make use of series

expansions. In each case we can write the θ integral as

the sum

�Θ(k, τ1)Θ(k, τ2)� =
f(τ1, τ2, ξ, Lf )µ2

k2 (1− v2)
× (27)

6�

i=1

Ai [Ii(x−, ρ)− Ii(x+, ρ)] ,

where the relevant integral identities Ii(x±, ρ) are given
in Appendix A, ρ = k|τ1 − τ2|v, x1,2 = kξτ1,2 and

x± = (x1 ± x2)/2. For each scalar, vector and tensor

UETC we write down the amplitude Ai of each integral

component, in Appendix A.

We will also be interested in certain asymptotic limits

of the UETC. For completeness we write down the small

x limit,

�Θ(k, τ1)Θ(k, τ2)� ≈
f(τ1, τ2, ξ, Lf )µ2

k2 (1− v2)
B . (28)

Finally, we are also interested in the equal time correla-

tor (ETC), so that x1 = x2 = x+ = x and x− = ρ = 0.

In this case we write the exact expression

�Θ(k, τ)Θ(k, τ)� = f(τ, τ, ξ, Lf )µ2

k2 (1− v2)
C . (29)

The B and C coefficients are also given in Appendix A.

Equations (27), (28) and (29) form the basis of our fast

UETC code.

E. Scaling factor

In the above we introduced the scaling factor

f(τ1, τ2, ξ, Lf ). If we assume the network consists of

only a single string whose number density per simula-

tion volume is fixed and the string does not decay, then

from (23) in the USM Θµν = Θ1
µν , while analytically we

can set f(τ1, τ2, ξ, Lf ) = 1. Next, we turn on the scaling

and decay of strings. This means in the USM the UETC

is given by

�Θµν(k, τ1)Θρσ(k, τ2)� = �Θ1
µν(k, τ1)Θ

1
ρσ(k, τ2)�

K�

i=1

Nd(τi)T
off
(τ1, τi, Lf )T

off
(τ2, τi, Lf ) . (30)

since �ΘiΘj� is equal to �Θ1Θ1� for i = j and 0 for i �= j.
Increasing the number of segments such that K → ∞
then the sum when Lf → 1 can be evaluated to give the

scaling factor

f(τ1, τ2, ξ, Lf → 1) =
1

[ξMax(τ1, τ2)]
3 . (31)
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2. Large scales, η−1 ! k ! η−1
eq

For perturbations on length scales smaller than the horizon, but still large compared with the horizon at matter-
radiation equality,

PS
>eq(k, η) ≈ ε2

kη4

25

[

∫ 1

zeq

dz′

z′2

∫

dr

r

2Em
+

r
3
2 + r−

3
2

+

∫ z

1

dz′

z′2

∫

dr

r

Em
+

z′
e−z′2 ln(r)2/2A2

]

= ε2kη4
2πE+

75

(

1

zeq
− 1

)

+ ε2kη4
√
2πAEm

+

25

∫ z

1

dz′

z′4
. (24)

Removing the ηeq dependent term with compensation, we find

P>eq(k, η) ≈ ε2kη4
Em

+

75

(√
2πA− 2π

)

. (25)

Hence we see that inside the horizon, the growing mode of the perturbation induced by the string takes the same
scale-invariant form as inflation-induced perturbations, proportional to k.

3. Small scales, η−1
eq ! k

For small scales, perturbations after matter-radiation equality are sourced by strings already inside the horizon,
and the contribution to the power spectrum takes the form

PS
>eq(k, η) ≈ ε2

kη4

25

∫ z

zeq

dz′

z′2

∫

dr

r

Em
+

z′
e−z′2 ln(r)2/2A2

= ε2kη4
√
2πAEm

+

25

∫ z

zeq

dz′

z′4

= ε2
ηeq
k2

η4

η4eq

√
2πAEm

+

75
. (26)

This must be added to the power generated during the radiation era,

PS
<eq(k, η) ≈ ε2kη4K2

(

ln (kηeq)

(kηeq)2

)2 [∫ 1

zi

dz′

z′2

∫

dr

r

2Er
+

r
3
2 + r−

3
2

+

∫ zeq

1

dz′

z′2

∫

dr

r

Er
+

z′
e−z′2 ln(r)2/2A2

]

= ε2K2Er
+

(

2π

3

(

1

zi
− 1

)

+

√
2π

3
A

)

ln2(kηeq)
1

k3
η4

η4eq
(27)

The sum of the two is, after subtracting the initial compensation,

P (k, η) ≈ ε2
√
2π

3

(

K2
(

A−
√
2π

)

Er
+
ln2(kηeq)

kηeq
+

AEm
+

25

)

ηeq
k2

η4

η4eq
(28)

For large kηeq we see the characteristic k−2 behaviour characteristic of strings, and consistent with their perturbations
being in the form of approximately planar wakes [Alb-Ste 92]. We will show in more detail in a later section how
string wakes produce a k−2 spectrum. We also see that the perturbations sourced in the radiation era are significant
for wavenumbers up to kηeq ≈ 1000, giving a power spectrum which is slightly steeper than k−2.
CHECK AGAINST CMBACT SPECTRUM, LOG-LOG

IV. GAUSSIAN MODEL FOR COSMIC STRING UETCS

A. Cosmic string energy-momentum tensor in the Nambu-Goto approximation

The energy-momentum tensor due to a cosmic string with spacetime trajectory Xµ = (η,X(σ, η)) where (σ, η)
denote the string worldsheet coordinates, is given by

Θµν(x, η) = µ

∫

dσ
(

εẊµẊν − ε−1X ′µX ′ν
)

δ3(x−X) , (29)
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where prime denotes derivatives with respect to σ, ε =
√

X′2/(1− Ẋ2), and µ is the mass per unit length. We impose

Ẋ ·X′ = 0. This implies Θ+(x, η) = 2µ
∫

dσεẊ2δ3(x−X), or in Fourier space Θ+(k, η) = 2µ
∫

dσεẊ2eik·X(σ) . We
can change the variable dσ → ds = εdσ such that

Θ+(k, η) = 2µ

∫

dsẊ2
se

ik·Xs , (30)

where the s subscript indicates the argument of the function. Hence

〈Θ+(k, η)Θ
∗
+(k

′, η′)〉 = (2µ)2
∫

dsds′
〈

Ẋ
2
sẊ

2
s′e

i(k·Xs−k
′
·X

s
′ )
〉

, (31)

where the subscript s′ indicates that we take X(η′, s′).
For modes well inside the horizon, we approximate the string network as consisting of an ensemble of randomly

placed strings with a Gaussian distribution for the random fields Ẋ, X′, as in [MH ’93, MH-Ringeval-Suyama].
The important correlation functions are denoted:

Γ(s−, η) = 〈[X(s, η)−X(s′, η)]2〉 , (32)

Π(s−, η) = 〈(X(s, η) −X(s′, η)) · Ẋ(s′, η)〉 , (33)

V (s−, η) = 〈Ẋ(s, η) · Ẋ(s′, η)〉 . (34)

where s− ≡ s − s′. We will also write η− = η − η′, s+ = (s + s′)/2 and η+ = (η + η′)/2. For small time differences
small spatial separation between points on the string (such that |η−| < ξ and |s−| < ξ), we can approximate the two
point function 〈[X(σ, η) −X(σ′, η′)]2〉 in the following form,

〈[X(s, η) −X(s′, η′)]2〉 ≈ 〈[X(s, η+)−X(s′, η+)− Ẋ(s′, η+)(η−)]
2〉 ≈ Γ(s−, η+) +Π(s−, η+)η− + V (0, η+)η

2
− ,

The asymptotic small scale limit for these functions is given by

Γ(s) ≈ t
2
s2, Π(s) ≈ c0s/(2ξ), V (s) ≈ v2, (35)

where the correlation length ξ at time η obeys ξ ∝ η. The constant c0 is small thanks to the approximate time-reversal
symmetry of the string network [Wandelt private communication, MH-Ringeval-Suyama] and terms involving Π will

therefore be neglected in the remainder of the paper. Note that v2 + t
2
= 1.

For larger scales we assume the correlators between Ẋ and X′ vanish, as is appropriate for a random walk. A
suitable model for the velocity correlator is [PUT IN REFERENCES ETC]

V (s−, η) ≈ v2
(

1−
|s−|
ξ

)

exp(−|s−|/ξ). (36)

It is also useful to think of the string network as being made up of independent segments of length ξ, in which case
we should limit the range of integration over s− to (−ξ, ξ).
Using the relationships described here we obtain the following form for the UETC C+

C+(kη, kη
′) = 4µ̄2

√
ηη′

Ω

∫

ds+ds−

(

V (0)2 +
2

3
V (s−)

2

)

exp(−k2Γ2(s−)/6) exp(−k2v2η2−/6) , (37)

where Ω is a normalisation volume, and µ̄ = µ/φ2
0. Therefore, we find

C+(kη, kη
′) ≈ 4µ̄2

√

ηη′L
∫ ξ

−ξ
ds−

[

v4 exp

(

−
k2t

2
s2−

6

)

+
2

3
V (s−)

2 exp

(

−
k2t

2
s2−

6

)]

exp(−k2v2η2−/6), (38)

where L =
∫

ds+/Ω. Cosmic strings obey a scaling regime such that the energy density of long strings is given by
ρ∞ = µ/ξ2. This implies that L = 1/ξ2. We therefore obtain the following approximation for the UETC,

C+(kη, kη
′) ≈ 4µ̄2

√
ηη′

ξ2

√
6π

tk

5

3
v4erf(ktξ/

√
6) exp(−k2v2η2−/6) . (39)
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How to calculate the UETC?

Superseded work by Vincent, Hindmarsh, Sakellariadou which had an acausal superhorizon 
behaviour 

USM developed by Battye, Albrecht and Robinson... scaling on superhorizon scales emerges 
due to modelling of decay of string segments

is of order the two self correlators. In fact, it is easy to show analytically within the framework of the model that the
cross correlator must go like k2 outside the horizon in the limit of a large number of realizations and this behaviour
clearly manifests itself in the range τ = 20 to τ = 100. We should note that the noisy behaviour of the cross correlator
far outside the horizon does not appear to have too large an effect on the matter and CMB power spectra, for which
the ensemble average has a relatively small variance even for only 40 realizations.

In Fig. 3 shows the unequal time correlation function for the energy and the corresponding plot from ref. [35]. It
can be seen that the sub-horizon form of the unequal time correlators is similar in both models. However, we see that
our unequal time correlators have a distinctly different form on super-horizon scales. We quantify this difference by
using the function U(k, τ1, τ2) defined in terms of the violation of the factorization relation (23) as

U(k, τ1, τ2) =
〈P (k, τ1)P ∗(k, τ2)〉

〈P (k, τ1)P ∗(k, τ1)〉1/2〈P (k, τ2)P ∗(k, τ2)〉1/2
, (62)

for some arbitrary function P (k, τ), where τ1 and τ2 are the two times in question, with τ2 > τ1. In our model, only
those strings which are present both at τ1 and τ2 can contribute to the cross correlator and hence only those strings
present at the later time τ2 can contribute, implying that 〈P (k, τ1)P ∗(k, τ2)〉 ∝ 〈P (k, τ2)P ∗(k, τ2)〉. Hence, we find

U(k, τ1, τ2) ∝

√

〈P (k, τ2)P ∗(k, τ2)〉
〈P (k, τ1)P ∗(k, τ1)〉

, (63)

which outside the horizon gives

U(k, τ1, τ2) ∝
(

τ1

τ2

)1/2

. (64)

On the other hand in ref. [35], the super-horizon fall-off of the unequal time correlators is modelled as an exponential
decay, with

U(k, τ1, τ2) = e−(τ1−τ2)
2/τ2

c (65)

where the coherence time τc grows like k−1 outside the horizon. This behaviour gives a good fit on the sub-horizon
scales which their simulations primarily probe. However, on super-horizon scales the power-law fall-off evident in our
model must eventually dominate.

In summary, therefore, we have outlined methods for creating source histories based on a model with two parameters,
the rms 3 speed of the strings v and the persistence length ξ, which are measured in simulations. In doing this we have
been forced to introduce various ‘system’ parameters, to allow the problem to be solved in a finite time on a discrete
system, such as a computer. The value of each of these parameters was chosen, so that further increases or decreases
toward the continuum value resulted in no change in the two-point functions. In particular, for results presented in
this paper, we used xmax = 1000, L1

i = 0.001, L2
i = 0.01, NS = 200 and Fmax = 10.0. We have also introduced

the parameter Lf , quantifying the rate at which string segments are turned off. Unlike the systems parameters, Lf

clearly has some degree of physical significance. However, in section III C we demonstrate that the dependence of the
results on the value of Lf is relatively weak, and we choose to use the value Lf = 0.5 for the rest of our computations.

B. Power spectra for the standard scaling model

We define the standard scaling model to be one which uses the above two-point functions with the model parameters
v = 0.65 and ξ = 0.3, measured in expanding universe simulations 4 and an assumption of perfect scaling from defect
formation to the present day. Also, we must specify a particular cosmogony and we do this by analogy to what

3As mentioned earlier the distribution of strings has been truncated to prevent strings moving faster than the speed of light.
This prevents v from being exactly the rms value, the difference from the rms value being minimized for small v.

4Although, note the earlier comment, that we find better agreement with the two-point functions measured in flat space
simulations for slightly different values of v an ξ when we use our causal, stress-energy conserving model. We have decided to
use the calculated values from expanding universe simulations as our standard since they are likely to be more relevant for our
model.
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Let’s revisit this...amongst other things it’s good to have 
a test for USM predictions

Recent analytical advances have greatly improved the computational speeds
Avgoustidis, Copeland, Moss, Skliros arXiv:1209.2461

4

Θµν(y) =
1√
−g

�
dτdσ

�
U

�
x�2

ẋ2
ẋµẋν − T

�
ẋ2

x�2x
�µx�ν

�
δ(4)(y − x(σ, τ)) , (9)

where U is the string energy per unit length and T the
string tension. Lorentz invariance requires U = T ≡ µ.
However, if short scale wiggles cannot be resolved, this
has the effect of increasing the string energy per unit
length and reducing the tension [51, 52] in such a way
that their product remains constant2

UT = µ2 . (10)

Then, an effective “coarse-grained” energy-momentum
tensor can be written in the form of (9) with “renor-
malised” string energy density and tension, parame-
terised through α as follows

U = αµ , T =
µ

α
. (11)

As we will see, this parameter α enters directly into the
UETC through this effective energy-momentum tensor
for “coarse-grained” string segments.

B. Energy-momentum tensor from a single string

Let us consider a single straight segment of the string
network. We are free to orientate the wave vector as
k = kk̂3, where k is its magnitude, in which case the
real component of the Fourier transform of the energy-
momentum tensor (9) becomes (e.g. [25, 26])

Θ00 =
µα√
1− v2

sin(kX̂3ξτ/2)

kX̂3/2
cos

�
χ+ k ˆ̇X3vτ

�
,(12)

Θij =

�
v2 ˆ̇Xi

ˆ̇Xj −
1− v2

α
X̂iX̂j

�
Θ00 , (13)

where X̂ and ˆ̇X are randomly orientated unit vectors

satisfying X̂ · ˆ̇X = 0 and i, j = 1 . . . 3. The phase of
the Fourier mode is set by the location of the string,
x0, where χ = k · x0. One can then identify the scalar,
vector and tensor anisotropic stress by

ΘS = (2Θ33 −Θ11 −Θ22) /2 , (14)

ΘV = Θ13 , (15)

ΘT = Θ12 . (16)

For each string segment this gives

2ΘS

Θ00
= v2

�
3 ˆ̇X3

ˆ̇X3 − 1
�
− 1− v2

α2

�
3X̂3X̂3 − 1

�
,(17)

ΘV

Θ00
= v2 ˆ̇X1

ˆ̇X3 −
1− v2

α2
X̂1X̂3 , (18)

ΘT

Θ00
= v2 ˆ̇X1

ˆ̇X2 −
1− v2

α2
X̂1X̂2 . (19)

2 This is also the case if Lorentz invariance is broken at a fun-
damental level, e.g. in superconducting strings [53].

We choose X̂ to be the usual position vector in spheri-
cal coordinates, i.e. X̂T = (sin θ cosφ, sin θ sinφ, cos θ).

Given the orthogonality of X̂ and ˆ̇X, once you specify

X̂ there is an angle ψ from 0 to 2π which gives ˆ̇X,

ˆ̇X =





cos θ cosφ cosψ − sinφ sinψ

cos θ sinφ cosψ + cosφ sinψ

− sin θ cosψ




. (20)

We can then generalise to a network of strings com-
prising many segments with different orientations, by
averaging over angles.

C. Unconnected segment model

The Unconnected Segment Model (USM) frame-
work [25, 26] models the string network as a set of uncor-
related straight segments, each moving with random ve-
locity. All segments are assumed to be produced at some
fixed initial time. Throughout cosmic history a certain
fraction of these segments decay at each epoch in order
to maintain scaling of the network. Since, during scal-
ing, the number density of strings falls as n(τ) ∝ τ−3,
one needs to track an extremely large number of seg-
ments in order to have of order one segment remaining
today.
To avoid tracking each segment, the USM consolidates

all string segments that decay at the same discretised
epoch τi into a single string. Specifically, the number of
segments which decay between conformal time τi−1 and
τi is

Nd(τi) = V [n(τi−1)− n(τi)] , (21)

where V is the simulation volume and n(τ) the number
density of strings, given by

n(τ) =
C(τ)

(ξτ)3
. (22)

The coefficient C(τ) is determined by requiring the to-
tal number of strings at any time be equal to V/(ξτ)3.
The Nd(τi) string segments are then consolidated into a
single segment, which has a energy-momentum weight�
Nd(τi). The total energy-momentum tensor is a sum

of these consolidated segments, given by

Θµν =
K�

i=1

[Nd(τi)]
1/2 Θi

µνT
off(τ, τi, Lf ) , (23)

where Θi
µν is the energy-momentum tensor of a sin-

gle segment i, K the number of consolidated segments
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and T off
(τ, τi, Lf ) is a function that controls the rate of

string decay. This has the form

T off
(τ, τi, Lf ) =






1 τ < Lfτi ,

1
2 +

1
4

�
y3 − 3y

�
Lfτi < τ < τi ,

0 τ > τi ,

(24)

where

y = 2
ln(Lfτi/τ)

ln(Lf )
− 1 . (25)

Segments start to decay at Lfτi and have disappeared

completely at τi. The parameter Lf < 1 therefore con-

trols how fast the segments decay, and approximates

the Heaviside step function when Lf → 1. The value

of this parameter is less well understood from Nambu-

Goto simulations. In general, higher Lf results in less

power in the CMB power spectrum [25, 26] for a fixed

string tension Gµ.

D. Analytic expressions

To compute the unequal time correlator (UETC) an-

alytically we integrate over all strings in the network

�Θ(k, τ1)Θ(k, τ2)� =
2f(τ1, τ2, ξ, Lf )

16π3

� 2π

0
dφ

� π

0
sin θ dθ

� 2π

0
dψ

� 2π

0
dχΘ(k, τ1)Θ(k, τ2) , (26)

where by Θ we mean Θ00,ΘS ,ΘV ,ΘT
and

f(τ1, τ2, ξ, Lf ) is a scaling factor associated with

the decrease in the number density and the decay of

strings (see below). The factor of two in the numerator

arises from us only considering the real part of the

UETC. Three of the integrals can be performed to give

the remaining θ integral in terms of Bessel functions.

Some of the resulting terms do not have compact

analytic expressions, so we need to make use of series

expansions. In each case we can write the θ integral as

the sum

�Θ(k, τ1)Θ(k, τ2)� =
f(τ1, τ2, ξ, Lf )µ2

k2 (1− v2)
× (27)

6�

i=1

Ai [Ii(x−, ρ)− Ii(x+, ρ)] ,

where the relevant integral identities Ii(x±, ρ) are given
in Appendix A, ρ = k|τ1 − τ2|v, x1,2 = kξτ1,2 and

x± = (x1 ± x2)/2. For each scalar, vector and tensor

UETC we write down the amplitude Ai of each integral

component, in Appendix A.

We will also be interested in certain asymptotic limits

of the UETC. For completeness we write down the small

x limit,

�Θ(k, τ1)Θ(k, τ2)� ≈
f(τ1, τ2, ξ, Lf )µ2

k2 (1− v2)
B . (28)

Finally, we are also interested in the equal time correla-

tor (ETC), so that x1 = x2 = x+ = x and x− = ρ = 0.

In this case we write the exact expression

�Θ(k, τ)Θ(k, τ)� = f(τ, τ, ξ, Lf )µ2

k2 (1− v2)
C . (29)

The B and C coefficients are also given in Appendix A.

Equations (27), (28) and (29) form the basis of our fast

UETC code.

E. Scaling factor

In the above we introduced the scaling factor

f(τ1, τ2, ξ, Lf ). If we assume the network consists of

only a single string whose number density per simula-

tion volume is fixed and the string does not decay, then

from (23) in the USM Θµν = Θ1
µν , while analytically we

can set f(τ1, τ2, ξ, Lf ) = 1. Next, we turn on the scaling

and decay of strings. This means in the USM the UETC

is given by

�Θµν(k, τ1)Θρσ(k, τ2)� = �Θ1
µν(k, τ1)Θ

1
ρσ(k, τ2)�

K�

i=1

Nd(τi)T
off
(τ1, τi, Lf )T

off
(τ2, τi, Lf ) . (30)

since �ΘiΘj� is equal to �Θ1Θ1� for i = j and 0 for i �= j.
Increasing the number of segments such that K → ∞
then the sum when Lf → 1 can be evaluated to give the

scaling factor

f(τ1, τ2, ξ, Lf → 1) =
1

[ξMax(τ1, τ2)]
3 . (31)
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2. Large scales, η−1 ! k ! η−1
eq

For perturbations on length scales smaller than the horizon, but still large compared with the horizon at matter-
radiation equality,

PS
>eq(k, η) ≈ ε2

kη4

25

[

∫ 1

zeq

dz′

z′2

∫

dr

r

2Em
+

r
3
2 + r−

3
2

+

∫ z

1

dz′

z′2

∫

dr

r

Em
+

z′
e−z′2 ln(r)2/2A2

]

= ε2kη4
2πE+

75

(

1

zeq
− 1

)

+ ε2kη4
√
2πAEm

+

25

∫ z

1

dz′

z′4
. (24)

Removing the ηeq dependent term with compensation, we find

P>eq(k, η) ≈ ε2kη4
Em

+

75

(√
2πA− 2π

)

. (25)

Hence we see that inside the horizon, the growing mode of the perturbation induced by the string takes the same
scale-invariant form as inflation-induced perturbations, proportional to k.

3. Small scales, η−1
eq ! k

For small scales, perturbations after matter-radiation equality are sourced by strings already inside the horizon,
and the contribution to the power spectrum takes the form

PS
>eq(k, η) ≈ ε2

kη4

25

∫ z

zeq

dz′

z′2

∫

dr

r

Em
+

z′
e−z′2 ln(r)2/2A2

= ε2kη4
√
2πAEm

+

25

∫ z

zeq

dz′

z′4

= ε2
ηeq
k2

η4

η4eq

√
2πAEm

+

75
. (26)

This must be added to the power generated during the radiation era,

PS
<eq(k, η) ≈ ε2kη4K2

(

ln (kηeq)

(kηeq)2

)2 [∫ 1

zi

dz′

z′2

∫

dr

r

2Er
+

r
3
2 + r−

3
2

+

∫ zeq

1

dz′

z′2

∫

dr

r

Er
+

z′
e−z′2 ln(r)2/2A2

]

= ε2K2Er
+

(

2π

3

(

1

zi
− 1

)

+

√
2π

3
A

)

ln2(kηeq)
1

k3
η4

η4eq
(27)

The sum of the two is, after subtracting the initial compensation,

P (k, η) ≈ ε2
√
2π

3

(

K2
(

A−
√
2π

)

Er
+
ln2(kηeq)

kηeq
+

AEm
+

25

)

ηeq
k2

η4

η4eq
(28)

For large kηeq we see the characteristic k−2 behaviour characteristic of strings, and consistent with their perturbations
being in the form of approximately planar wakes [Alb-Ste 92]. We will show in more detail in a later section how
string wakes produce a k−2 spectrum. We also see that the perturbations sourced in the radiation era are significant
for wavenumbers up to kηeq ≈ 1000, giving a power spectrum which is slightly steeper than k−2.
CHECK AGAINST CMBACT SPECTRUM, LOG-LOG

IV. GAUSSIAN MODEL FOR COSMIC STRING UETCS

A. Cosmic string energy-momentum tensor in the Nambu-Goto approximation

The energy-momentum tensor due to a cosmic string with spacetime trajectory Xµ = (η,X(σ, η)) where (σ, η)
denote the string worldsheet coordinates, is given by

Θµν(x, η) = µ

∫

dσ
(

εẊµẊν − ε−1X ′µX ′ν
)

δ3(x−X) , (29) 6

where prime denotes derivatives with respect to σ, ε =
√

X′2/(1− Ẋ2), and µ is the mass per unit length. We impose

Ẋ ·X′ = 0. This implies Θ+(x, η) = 2µ
∫

dσεẊ2δ3(x−X), or in Fourier space Θ+(k, η) = 2µ
∫

dσεẊ2eik·X(σ) . We
can change the variable dσ → ds = εdσ such that

Θ+(k, η) = 2µ

∫

dsẊ2
se

ik·Xs , (30)

where the s subscript indicates the argument of the function. Hence

〈Θ+(k, η)Θ
∗
+(k

′, η′)〉 = (2µ)2
∫

dsds′
〈

Ẋ
2
sẊ

2
s′e

i(k·Xs−k
′
·X

s
′ )
〉

, (31)

where the subscript s′ indicates that we take X(η′, s′).
For modes well inside the horizon, we approximate the string network as consisting of an ensemble of randomly

placed strings with a Gaussian distribution for the random fields Ẋ, X′, as in [MH ’93, MH-Ringeval-Suyama].
The important correlation functions are denoted:

Γ(s−, η) = 〈[X(s, η)−X(s′, η)]2〉 , (32)

Π(s−, η) = 〈(X(s, η) −X(s′, η)) · Ẋ(s′, η)〉 , (33)

V (s−, η) = 〈Ẋ(s, η) · Ẋ(s′, η)〉 . (34)

where s− ≡ s − s′. We will also write η− = η − η′, s+ = (s + s′)/2 and η+ = (η + η′)/2. For small time differences
small spatial separation between points on the string (such that |η−| < ξ and |s−| < ξ), we can approximate the two
point function 〈[X(σ, η) −X(σ′, η′)]2〉 in the following form,

〈[X(s, η) −X(s′, η′)]2〉 ≈ 〈[X(s, η+)−X(s′, η+)− Ẋ(s′, η+)(η−)]
2〉 ≈ Γ(s−, η+) +Π(s−, η+)η− + V (0, η+)η

2
− ,

The asymptotic small scale limit for these functions is given by

Γ(s) ≈ t
2
s2, Π(s) ≈ c0s/(2ξ), V (s) ≈ v2, (35)

where the correlation length ξ at time η obeys ξ ∝ η. The constant c0 is small thanks to the approximate time-reversal
symmetry of the string network [Wandelt private communication, MH-Ringeval-Suyama] and terms involving Π will

therefore be neglected in the remainder of the paper. Note that v2 + t
2
= 1.

For larger scales we assume the correlators between Ẋ and X′ vanish, as is appropriate for a random walk. A
suitable model for the velocity correlator is [PUT IN REFERENCES ETC]

V (s−, η) ≈ v2
(

1−
|s−|
ξ

)

exp(−|s−|/ξ). (36)

It is also useful to think of the string network as being made up of independent segments of length ξ, in which case
we should limit the range of integration over s− to (−ξ, ξ).
Using the relationships described here we obtain the following form for the UETC C+

C+(kη, kη
′) = 4µ̄2

√
ηη′

Ω

∫

ds+ds−

(

V (0)2 +
2

3
V (s−)

2

)

exp(−k2Γ2(s−)/6) exp(−k2v2η2−/6) , (37)

where Ω is a normalisation volume, and µ̄ = µ/φ2
0. Therefore, we find

C+(kη, kη
′) ≈ 4µ̄2

√

ηη′L
∫ ξ

−ξ
ds−

[

v4 exp

(

−
k2t

2
s2−

6

)

+
2

3
V (s−)

2 exp

(

−
k2t

2
s2−

6

)]

exp(−k2v2η2−/6), (38)

where L =
∫

ds+/Ω. Cosmic strings obey a scaling regime such that the energy density of long strings is given by
ρ∞ = µ/ξ2. This implies that L = 1/ξ2. We therefore obtain the following approximation for the UETC,

C+(kη, kη
′) ≈ 4µ̄2

√
ηη′

ξ2

√
6π

tk

5

3
v4erf(ktξ/

√
6) exp(−k2v2η2−/6) . (39)
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where prime denotes derivatives with respect to σ, ε =
√
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dsẊ2
se

ik·Xs , (30)

where the s subscript indicates the argument of the function. Hence

〈Θ+(k, η)Θ
∗
+(k

′, η′)〉 = (2µ)2
∫

dsds′
〈

Ẋ
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therefore be neglected in the remainder of the paper. Note that v2 + t
2
= 1.

For larger scales we assume the correlators between Ẋ and X′ vanish, as is appropriate for a random walk. A
suitable model for the velocity correlator is [PUT IN REFERENCES ETC]

V (s−, η) ≈ v2
(

1−
|s−|
ξ

)

exp(−|s−|/ξ). (36)

It is also useful to think of the string network as being made up of independent segments of length ξ, in which case
we should limit the range of integration over s− to (−ξ, ξ).
Using the relationships described here we obtain the following form for the UETC C+

C+(kη, kη
′) = 4µ̄2

√
ηη′

Ω

∫

ds+ds−

(

V (0)2 +
2

3
V (s−)

2

)

exp(−k2Γ2(s−)/6) exp(−k2v2η2−/6) , (37)

where Ω is a normalisation volume, and µ̄ = µ/φ2
0. Therefore, we find

C+(kη, kη
′) ≈ 4µ̄2

√

ηη′L
∫ ξ

−ξ
ds−

[

v4 exp

(

−
k2t

2
s2−

6

)

+
2

3
V (s−)

2 exp

(

−
k2t

2
s2−

6

)]

exp(−k2v2η2−/6), (38)

where L =
∫

ds+/Ω. Cosmic strings obey a scaling regime such that the energy density of long strings is given by
ρ∞ = µ/ξ2. This implies that L = 1/ξ2. We therefore obtain the following approximation for the UETC,

C+(kη, kη
′) ≈ 4µ̄2

√
ηη′

ξ2

√
6π

tk

5

3
v4erf(ktξ/

√
6) exp(−k2v2η2−/6) . (39)
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How to calculate the UETC?

Superseded work by Vincent, Hindmarsh, Sakellariadou which had an acausal superhorizon 
behaviour 

USM developed by Battye, Albrecht and Robinson... scaling on superhorizon scales emerges 
due to modelling of decay of string segments

is of order the two self correlators. In fact, it is easy to show analytically within the framework of the model that the
cross correlator must go like k2 outside the horizon in the limit of a large number of realizations and this behaviour
clearly manifests itself in the range τ = 20 to τ = 100. We should note that the noisy behaviour of the cross correlator
far outside the horizon does not appear to have too large an effect on the matter and CMB power spectra, for which
the ensemble average has a relatively small variance even for only 40 realizations.

In Fig. 3 shows the unequal time correlation function for the energy and the corresponding plot from ref. [35]. It
can be seen that the sub-horizon form of the unequal time correlators is similar in both models. However, we see that
our unequal time correlators have a distinctly different form on super-horizon scales. We quantify this difference by
using the function U(k, τ1, τ2) defined in terms of the violation of the factorization relation (23) as

U(k, τ1, τ2) =
〈P (k, τ1)P ∗(k, τ2)〉

〈P (k, τ1)P ∗(k, τ1)〉1/2〈P (k, τ2)P ∗(k, τ2)〉1/2
, (62)

for some arbitrary function P (k, τ), where τ1 and τ2 are the two times in question, with τ2 > τ1. In our model, only
those strings which are present both at τ1 and τ2 can contribute to the cross correlator and hence only those strings
present at the later time τ2 can contribute, implying that 〈P (k, τ1)P ∗(k, τ2)〉 ∝ 〈P (k, τ2)P ∗(k, τ2)〉. Hence, we find

U(k, τ1, τ2) ∝

√

〈P (k, τ2)P ∗(k, τ2)〉
〈P (k, τ1)P ∗(k, τ1)〉

, (63)

which outside the horizon gives

U(k, τ1, τ2) ∝
(

τ1

τ2

)1/2

. (64)

On the other hand in ref. [35], the super-horizon fall-off of the unequal time correlators is modelled as an exponential
decay, with

U(k, τ1, τ2) = e−(τ1−τ2)
2/τ2

c (65)

where the coherence time τc grows like k−1 outside the horizon. This behaviour gives a good fit on the sub-horizon
scales which their simulations primarily probe. However, on super-horizon scales the power-law fall-off evident in our
model must eventually dominate.

In summary, therefore, we have outlined methods for creating source histories based on a model with two parameters,
the rms 3 speed of the strings v and the persistence length ξ, which are measured in simulations. In doing this we have
been forced to introduce various ‘system’ parameters, to allow the problem to be solved in a finite time on a discrete
system, such as a computer. The value of each of these parameters was chosen, so that further increases or decreases
toward the continuum value resulted in no change in the two-point functions. In particular, for results presented in
this paper, we used xmax = 1000, L1

i = 0.001, L2
i = 0.01, NS = 200 and Fmax = 10.0. We have also introduced

the parameter Lf , quantifying the rate at which string segments are turned off. Unlike the systems parameters, Lf

clearly has some degree of physical significance. However, in section III C we demonstrate that the dependence of the
results on the value of Lf is relatively weak, and we choose to use the value Lf = 0.5 for the rest of our computations.

B. Power spectra for the standard scaling model

We define the standard scaling model to be one which uses the above two-point functions with the model parameters
v = 0.65 and ξ = 0.3, measured in expanding universe simulations 4 and an assumption of perfect scaling from defect
formation to the present day. Also, we must specify a particular cosmogony and we do this by analogy to what

3As mentioned earlier the distribution of strings has been truncated to prevent strings moving faster than the speed of light.
This prevents v from being exactly the rms value, the difference from the rms value being minimized for small v.

4Although, note the earlier comment, that we find better agreement with the two-point functions measured in flat space
simulations for slightly different values of v an ξ when we use our causal, stress-energy conserving model. We have decided to
use the calculated values from expanding universe simulations as our standard since they are likely to be more relevant for our
model.
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Let’s revisit this...amongst other things it’s good to have 
a test for USM predictions

Recent analytical advances have greatly improved the computational speeds
Avgoustidis, Copeland, Moss, Skliros arXiv:1209.2461

4

Θµν(y) =
1√
−g

�
dτdσ

�
U

�
x�2

ẋ2
ẋµẋν − T

�
ẋ2

x�2x
�µx�ν

�
δ(4)(y − x(σ, τ)) , (9)

where U is the string energy per unit length and T the
string tension. Lorentz invariance requires U = T ≡ µ.
However, if short scale wiggles cannot be resolved, this
has the effect of increasing the string energy per unit
length and reducing the tension [51, 52] in such a way
that their product remains constant2

UT = µ2 . (10)

Then, an effective “coarse-grained” energy-momentum
tensor can be written in the form of (9) with “renor-
malised” string energy density and tension, parame-
terised through α as follows

U = αµ , T =
µ

α
. (11)

As we will see, this parameter α enters directly into the
UETC through this effective energy-momentum tensor
for “coarse-grained” string segments.

B. Energy-momentum tensor from a single string

Let us consider a single straight segment of the string
network. We are free to orientate the wave vector as
k = kk̂3, where k is its magnitude, in which case the
real component of the Fourier transform of the energy-
momentum tensor (9) becomes (e.g. [25, 26])

Θ00 =
µα√
1− v2

sin(kX̂3ξτ/2)

kX̂3/2
cos

�
χ+ k ˆ̇X3vτ

�
,(12)

Θij =

�
v2 ˆ̇Xi

ˆ̇Xj −
1− v2

α
X̂iX̂j

�
Θ00 , (13)

where X̂ and ˆ̇X are randomly orientated unit vectors

satisfying X̂ · ˆ̇X = 0 and i, j = 1 . . . 3. The phase of
the Fourier mode is set by the location of the string,
x0, where χ = k · x0. One can then identify the scalar,
vector and tensor anisotropic stress by

ΘS = (2Θ33 −Θ11 −Θ22) /2 , (14)

ΘV = Θ13 , (15)

ΘT = Θ12 . (16)

For each string segment this gives

2ΘS

Θ00
= v2

�
3 ˆ̇X3

ˆ̇X3 − 1
�
− 1− v2

α2

�
3X̂3X̂3 − 1

�
,(17)

ΘV

Θ00
= v2 ˆ̇X1

ˆ̇X3 −
1− v2

α2
X̂1X̂3 , (18)

ΘT

Θ00
= v2 ˆ̇X1

ˆ̇X2 −
1− v2

α2
X̂1X̂2 . (19)

2 This is also the case if Lorentz invariance is broken at a fun-
damental level, e.g. in superconducting strings [53].

We choose X̂ to be the usual position vector in spheri-
cal coordinates, i.e. X̂T = (sin θ cosφ, sin θ sinφ, cos θ).

Given the orthogonality of X̂ and ˆ̇X, once you specify

X̂ there is an angle ψ from 0 to 2π which gives ˆ̇X,

ˆ̇X =





cos θ cosφ cosψ − sinφ sinψ

cos θ sinφ cosψ + cosφ sinψ

− sin θ cosψ




. (20)

We can then generalise to a network of strings com-
prising many segments with different orientations, by
averaging over angles.

C. Unconnected segment model

The Unconnected Segment Model (USM) frame-
work [25, 26] models the string network as a set of uncor-
related straight segments, each moving with random ve-
locity. All segments are assumed to be produced at some
fixed initial time. Throughout cosmic history a certain
fraction of these segments decay at each epoch in order
to maintain scaling of the network. Since, during scal-
ing, the number density of strings falls as n(τ) ∝ τ−3,
one needs to track an extremely large number of seg-
ments in order to have of order one segment remaining
today.
To avoid tracking each segment, the USM consolidates

all string segments that decay at the same discretised
epoch τi into a single string. Specifically, the number of
segments which decay between conformal time τi−1 and
τi is

Nd(τi) = V [n(τi−1)− n(τi)] , (21)

where V is the simulation volume and n(τ) the number
density of strings, given by

n(τ) =
C(τ)

(ξτ)3
. (22)

The coefficient C(τ) is determined by requiring the to-
tal number of strings at any time be equal to V/(ξτ)3.
The Nd(τi) string segments are then consolidated into a
single segment, which has a energy-momentum weight�
Nd(τi). The total energy-momentum tensor is a sum

of these consolidated segments, given by

Θµν =
K�

i=1

[Nd(τi)]
1/2 Θi

µνT
off(τ, τi, Lf ) , (23)

where Θi
µν is the energy-momentum tensor of a sin-

gle segment i, K the number of consolidated segments

5

and T off
(τ, τi, Lf ) is a function that controls the rate of

string decay. This has the form

T off
(τ, τi, Lf ) =






1 τ < Lfτi ,

1
2 +

1
4

�
y3 − 3y

�
Lfτi < τ < τi ,

0 τ > τi ,

(24)

where

y = 2
ln(Lfτi/τ)

ln(Lf )
− 1 . (25)

Segments start to decay at Lfτi and have disappeared

completely at τi. The parameter Lf < 1 therefore con-

trols how fast the segments decay, and approximates

the Heaviside step function when Lf → 1. The value

of this parameter is less well understood from Nambu-

Goto simulations. In general, higher Lf results in less

power in the CMB power spectrum [25, 26] for a fixed

string tension Gµ.

D. Analytic expressions

To compute the unequal time correlator (UETC) an-

alytically we integrate over all strings in the network

�Θ(k, τ1)Θ(k, τ2)� =
2f(τ1, τ2, ξ, Lf )

16π3

� 2π

0
dφ

� π

0
sin θ dθ

� 2π

0
dψ

� 2π

0
dχΘ(k, τ1)Θ(k, τ2) , (26)

where by Θ we mean Θ00,ΘS ,ΘV ,ΘT
and

f(τ1, τ2, ξ, Lf ) is a scaling factor associated with

the decrease in the number density and the decay of

strings (see below). The factor of two in the numerator

arises from us only considering the real part of the

UETC. Three of the integrals can be performed to give

the remaining θ integral in terms of Bessel functions.

Some of the resulting terms do not have compact

analytic expressions, so we need to make use of series

expansions. In each case we can write the θ integral as

the sum

�Θ(k, τ1)Θ(k, τ2)� =
f(τ1, τ2, ξ, Lf )µ2

k2 (1− v2)
× (27)

6�

i=1

Ai [Ii(x−, ρ)− Ii(x+, ρ)] ,

where the relevant integral identities Ii(x±, ρ) are given
in Appendix A, ρ = k|τ1 − τ2|v, x1,2 = kξτ1,2 and

x± = (x1 ± x2)/2. For each scalar, vector and tensor

UETC we write down the amplitude Ai of each integral

component, in Appendix A.

We will also be interested in certain asymptotic limits

of the UETC. For completeness we write down the small

x limit,

�Θ(k, τ1)Θ(k, τ2)� ≈
f(τ1, τ2, ξ, Lf )µ2

k2 (1− v2)
B . (28)

Finally, we are also interested in the equal time correla-

tor (ETC), so that x1 = x2 = x+ = x and x− = ρ = 0.

In this case we write the exact expression

�Θ(k, τ)Θ(k, τ)� = f(τ, τ, ξ, Lf )µ2

k2 (1− v2)
C . (29)

The B and C coefficients are also given in Appendix A.

Equations (27), (28) and (29) form the basis of our fast

UETC code.

E. Scaling factor

In the above we introduced the scaling factor

f(τ1, τ2, ξ, Lf ). If we assume the network consists of

only a single string whose number density per simula-

tion volume is fixed and the string does not decay, then

from (23) in the USM Θµν = Θ1
µν , while analytically we

can set f(τ1, τ2, ξ, Lf ) = 1. Next, we turn on the scaling

and decay of strings. This means in the USM the UETC

is given by

�Θµν(k, τ1)Θρσ(k, τ2)� = �Θ1
µν(k, τ1)Θ

1
ρσ(k, τ2)�

K�

i=1

Nd(τi)T
off
(τ1, τi, Lf )T

off
(τ2, τi, Lf ) . (30)

since �ΘiΘj� is equal to �Θ1Θ1� for i = j and 0 for i �= j.
Increasing the number of segments such that K → ∞
then the sum when Lf → 1 can be evaluated to give the

scaling factor

f(τ1, τ2, ξ, Lf → 1) =
1

[ξMax(τ1, τ2)]
3 . (31)
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2. Large scales, η−1 ! k ! η−1
eq

For perturbations on length scales smaller than the horizon, but still large compared with the horizon at matter-
radiation equality,

PS
>eq(k, η) ≈ ε2

kη4

25

[

∫ 1

zeq

dz′

z′2

∫

dr

r

2Em
+

r
3
2 + r−

3
2

+

∫ z

1

dz′

z′2

∫

dr

r

Em
+

z′
e−z′2 ln(r)2/2A2

]

= ε2kη4
2πE+

75

(

1

zeq
− 1

)

+ ε2kη4
√
2πAEm

+

25

∫ z

1

dz′

z′4
. (24)

Removing the ηeq dependent term with compensation, we find

P>eq(k, η) ≈ ε2kη4
Em

+

75

(√
2πA− 2π

)

. (25)

Hence we see that inside the horizon, the growing mode of the perturbation induced by the string takes the same
scale-invariant form as inflation-induced perturbations, proportional to k.

3. Small scales, η−1
eq ! k

For small scales, perturbations after matter-radiation equality are sourced by strings already inside the horizon,
and the contribution to the power spectrum takes the form

PS
>eq(k, η) ≈ ε2

kη4

25

∫ z

zeq

dz′

z′2

∫

dr

r

Em
+

z′
e−z′2 ln(r)2/2A2

= ε2kη4
√
2πAEm

+

25

∫ z

zeq

dz′

z′4

= ε2
ηeq
k2

η4

η4eq

√
2πAEm

+

75
. (26)

This must be added to the power generated during the radiation era,

PS
<eq(k, η) ≈ ε2kη4K2

(

ln (kηeq)

(kηeq)2

)2 [∫ 1

zi

dz′

z′2

∫

dr

r

2Er
+

r
3
2 + r−

3
2

+

∫ zeq

1

dz′

z′2

∫

dr

r

Er
+

z′
e−z′2 ln(r)2/2A2

]

= ε2K2Er
+

(

2π

3

(

1

zi
− 1

)

+

√
2π

3
A

)

ln2(kηeq)
1

k3
η4

η4eq
(27)

The sum of the two is, after subtracting the initial compensation,

P (k, η) ≈ ε2
√
2π

3

(

K2
(

A−
√
2π

)

Er
+
ln2(kηeq)

kηeq
+

AEm
+

25

)

ηeq
k2

η4

η4eq
(28)

For large kηeq we see the characteristic k−2 behaviour characteristic of strings, and consistent with their perturbations
being in the form of approximately planar wakes [Alb-Ste 92]. We will show in more detail in a later section how
string wakes produce a k−2 spectrum. We also see that the perturbations sourced in the radiation era are significant
for wavenumbers up to kηeq ≈ 1000, giving a power spectrum which is slightly steeper than k−2.
CHECK AGAINST CMBACT SPECTRUM, LOG-LOG

IV. GAUSSIAN MODEL FOR COSMIC STRING UETCS

A. Cosmic string energy-momentum tensor in the Nambu-Goto approximation

The energy-momentum tensor due to a cosmic string with spacetime trajectory Xµ = (η,X(σ, η)) where (σ, η)
denote the string worldsheet coordinates, is given by

Θµν(x, η) = µ

∫

dσ
(

εẊµẊν − ε−1X ′µX ′ν
)

δ3(x−X) , (29) 6

where prime denotes derivatives with respect to σ, ε =
√

X′2/(1− Ẋ2), and µ is the mass per unit length. We impose

Ẋ ·X′ = 0. This implies Θ+(x, η) = 2µ
∫

dσεẊ2δ3(x−X), or in Fourier space Θ+(k, η) = 2µ
∫

dσεẊ2eik·X(σ) . We
can change the variable dσ → ds = εdσ such that

Θ+(k, η) = 2µ

∫

dsẊ2
se

ik·Xs , (30)

where the s subscript indicates the argument of the function. Hence

〈Θ+(k, η)Θ
∗
+(k

′, η′)〉 = (2µ)2
∫

dsds′
〈

Ẋ
2
sẊ

2
s′e

i(k·Xs−k
′
·X

s
′ )
〉

, (31)

where the subscript s′ indicates that we take X(η′, s′).
For modes well inside the horizon, we approximate the string network as consisting of an ensemble of randomly

placed strings with a Gaussian distribution for the random fields Ẋ, X′, as in [MH ’93, MH-Ringeval-Suyama].
The important correlation functions are denoted:

Γ(s−, η) = 〈[X(s, η)−X(s′, η)]2〉 , (32)

Π(s−, η) = 〈(X(s, η) −X(s′, η)) · Ẋ(s′, η)〉 , (33)

V (s−, η) = 〈Ẋ(s, η) · Ẋ(s′, η)〉 . (34)

where s− ≡ s − s′. We will also write η− = η − η′, s+ = (s + s′)/2 and η+ = (η + η′)/2. For small time differences
small spatial separation between points on the string (such that |η−| < ξ and |s−| < ξ), we can approximate the two
point function 〈[X(σ, η) −X(σ′, η′)]2〉 in the following form,

〈[X(s, η) −X(s′, η′)]2〉 ≈ 〈[X(s, η+)−X(s′, η+)− Ẋ(s′, η+)(η−)]
2〉 ≈ Γ(s−, η+) +Π(s−, η+)η− + V (0, η+)η

2
− ,

The asymptotic small scale limit for these functions is given by

Γ(s) ≈ t
2
s2, Π(s) ≈ c0s/(2ξ), V (s) ≈ v2, (35)

where the correlation length ξ at time η obeys ξ ∝ η. The constant c0 is small thanks to the approximate time-reversal
symmetry of the string network [Wandelt private communication, MH-Ringeval-Suyama] and terms involving Π will

therefore be neglected in the remainder of the paper. Note that v2 + t
2
= 1.

For larger scales we assume the correlators between Ẋ and X′ vanish, as is appropriate for a random walk. A
suitable model for the velocity correlator is [PUT IN REFERENCES ETC]

V (s−, η) ≈ v2
(

1−
|s−|
ξ

)

exp(−|s−|/ξ). (36)

It is also useful to think of the string network as being made up of independent segments of length ξ, in which case
we should limit the range of integration over s− to (−ξ, ξ).
Using the relationships described here we obtain the following form for the UETC C+
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3
V (s−)

2
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where Ω is a normalisation volume, and µ̄ = µ/φ2
0. Therefore, we find
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where L =
∫

ds+/Ω. Cosmic strings obey a scaling regime such that the energy density of long strings is given by
ρ∞ = µ/ξ2. This implies that L = 1/ξ2. We therefore obtain the following approximation for the UETC,
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√
ηη′
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√
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3
v4erf(ktξ/

√
6) exp(−k2v2η2−/6) . (39)
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where prime denotes derivatives with respect to σ, ε =
√

X′2/(1− Ẋ2), and µ is the mass per unit length. We impose

Ẋ ·X′ = 0. This implies Θ+(x, η) = 2µ
∫

dσεẊ2δ3(x−X), or in Fourier space Θ+(k, η) = 2µ
∫

dσεẊ2eik·X(σ) . We
can change the variable dσ → ds = εdσ such that

Θ+(k, η) = 2µ

∫

dsẊ2
se

ik·Xs , (30)

where the s subscript indicates the argument of the function. Hence
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′, η′)〉 = (2µ)2
∫

dsds′
〈

Ẋ
2
sẊ

2
s′e

i(k·Xs−k
′
·X

s
′ )
〉

, (31)

where the subscript s′ indicates that we take X(η′, s′).
For modes well inside the horizon, we approximate the string network as consisting of an ensemble of randomly

placed strings with a Gaussian distribution for the random fields Ẋ, X′, as in [MH ’93, MH-Ringeval-Suyama].
The important correlation functions are denoted:
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small spatial separation between points on the string (such that |η−| < ξ and |s−| < ξ), we can approximate the two
point function 〈[X(σ, η) −X(σ′, η′)]2〉 in the following form,

〈[X(s, η) −X(s′, η′)]2〉 ≈ 〈[X(s, η+)−X(s′, η+)− Ẋ(s′, η+)(η−)]
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How to calculate the UETC?

Superseded work by Vincent, Hindmarsh, Sakellariadou which had an acausal superhorizon 
behaviour 

USM developed by Battye, Albrecht and Robinson... scaling on superhorizon scales emerges 
due to modelling of decay of string segments

is of order the two self correlators. In fact, it is easy to show analytically within the framework of the model that the
cross correlator must go like k2 outside the horizon in the limit of a large number of realizations and this behaviour
clearly manifests itself in the range τ = 20 to τ = 100. We should note that the noisy behaviour of the cross correlator
far outside the horizon does not appear to have too large an effect on the matter and CMB power spectra, for which
the ensemble average has a relatively small variance even for only 40 realizations.

In Fig. 3 shows the unequal time correlation function for the energy and the corresponding plot from ref. [35]. It
can be seen that the sub-horizon form of the unequal time correlators is similar in both models. However, we see that
our unequal time correlators have a distinctly different form on super-horizon scales. We quantify this difference by
using the function U(k, τ1, τ2) defined in terms of the violation of the factorization relation (23) as

U(k, τ1, τ2) =
〈P (k, τ1)P ∗(k, τ2)〉

〈P (k, τ1)P ∗(k, τ1)〉1/2〈P (k, τ2)P ∗(k, τ2)〉1/2
, (62)

for some arbitrary function P (k, τ), where τ1 and τ2 are the two times in question, with τ2 > τ1. In our model, only
those strings which are present both at τ1 and τ2 can contribute to the cross correlator and hence only those strings
present at the later time τ2 can contribute, implying that 〈P (k, τ1)P ∗(k, τ2)〉 ∝ 〈P (k, τ2)P ∗(k, τ2)〉. Hence, we find

U(k, τ1, τ2) ∝

√

〈P (k, τ2)P ∗(k, τ2)〉
〈P (k, τ1)P ∗(k, τ1)〉

, (63)

which outside the horizon gives

U(k, τ1, τ2) ∝
(

τ1

τ2

)1/2

. (64)

On the other hand in ref. [35], the super-horizon fall-off of the unequal time correlators is modelled as an exponential
decay, with

U(k, τ1, τ2) = e−(τ1−τ2)
2/τ2

c (65)

where the coherence time τc grows like k−1 outside the horizon. This behaviour gives a good fit on the sub-horizon
scales which their simulations primarily probe. However, on super-horizon scales the power-law fall-off evident in our
model must eventually dominate.

In summary, therefore, we have outlined methods for creating source histories based on a model with two parameters,
the rms 3 speed of the strings v and the persistence length ξ, which are measured in simulations. In doing this we have
been forced to introduce various ‘system’ parameters, to allow the problem to be solved in a finite time on a discrete
system, such as a computer. The value of each of these parameters was chosen, so that further increases or decreases
toward the continuum value resulted in no change in the two-point functions. In particular, for results presented in
this paper, we used xmax = 1000, L1

i = 0.001, L2
i = 0.01, NS = 200 and Fmax = 10.0. We have also introduced

the parameter Lf , quantifying the rate at which string segments are turned off. Unlike the systems parameters, Lf

clearly has some degree of physical significance. However, in section III C we demonstrate that the dependence of the
results on the value of Lf is relatively weak, and we choose to use the value Lf = 0.5 for the rest of our computations.

B. Power spectra for the standard scaling model

We define the standard scaling model to be one which uses the above two-point functions with the model parameters
v = 0.65 and ξ = 0.3, measured in expanding universe simulations 4 and an assumption of perfect scaling from defect
formation to the present day. Also, we must specify a particular cosmogony and we do this by analogy to what

3As mentioned earlier the distribution of strings has been truncated to prevent strings moving faster than the speed of light.
This prevents v from being exactly the rms value, the difference from the rms value being minimized for small v.

4Although, note the earlier comment, that we find better agreement with the two-point functions measured in flat space
simulations for slightly different values of v an ξ when we use our causal, stress-energy conserving model. We have decided to
use the calculated values from expanding universe simulations as our standard since they are likely to be more relevant for our
model.
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Let’s revisit this...amongst other things it’s good to have 
a test for USM predictions

Recent analytical advances have greatly improved the computational speeds
Avgoustidis, Copeland, Moss, Skliros arXiv:1209.2461
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Θµν(y) =
1√
−g

�
dτdσ

�
U

�
x�2

ẋ2
ẋµẋν − T

�
ẋ2

x�2x
�µx�ν

�
δ(4)(y − x(σ, τ)) , (9)

where U is the string energy per unit length and T the
string tension. Lorentz invariance requires U = T ≡ µ.
However, if short scale wiggles cannot be resolved, this
has the effect of increasing the string energy per unit
length and reducing the tension [51, 52] in such a way
that their product remains constant2

UT = µ2 . (10)

Then, an effective “coarse-grained” energy-momentum
tensor can be written in the form of (9) with “renor-
malised” string energy density and tension, parame-
terised through α as follows

U = αµ , T =
µ

α
. (11)

As we will see, this parameter α enters directly into the
UETC through this effective energy-momentum tensor
for “coarse-grained” string segments.

B. Energy-momentum tensor from a single string

Let us consider a single straight segment of the string
network. We are free to orientate the wave vector as
k = kk̂3, where k is its magnitude, in which case the
real component of the Fourier transform of the energy-
momentum tensor (9) becomes (e.g. [25, 26])

Θ00 =
µα√
1− v2

sin(kX̂3ξτ/2)

kX̂3/2
cos

�
χ+ k ˆ̇X3vτ

�
,(12)

Θij =

�
v2 ˆ̇Xi

ˆ̇Xj −
1− v2

α
X̂iX̂j

�
Θ00 , (13)

where X̂ and ˆ̇X are randomly orientated unit vectors

satisfying X̂ · ˆ̇X = 0 and i, j = 1 . . . 3. The phase of
the Fourier mode is set by the location of the string,
x0, where χ = k · x0. One can then identify the scalar,
vector and tensor anisotropic stress by

ΘS = (2Θ33 −Θ11 −Θ22) /2 , (14)

ΘV = Θ13 , (15)

ΘT = Θ12 . (16)

For each string segment this gives

2ΘS

Θ00
= v2

�
3 ˆ̇X3

ˆ̇X3 − 1
�
− 1− v2

α2

�
3X̂3X̂3 − 1

�
,(17)

ΘV

Θ00
= v2 ˆ̇X1

ˆ̇X3 −
1− v2

α2
X̂1X̂3 , (18)

ΘT

Θ00
= v2 ˆ̇X1

ˆ̇X2 −
1− v2

α2
X̂1X̂2 . (19)

2 This is also the case if Lorentz invariance is broken at a fun-
damental level, e.g. in superconducting strings [53].

We choose X̂ to be the usual position vector in spheri-
cal coordinates, i.e. X̂T = (sin θ cosφ, sin θ sinφ, cos θ).

Given the orthogonality of X̂ and ˆ̇X, once you specify

X̂ there is an angle ψ from 0 to 2π which gives ˆ̇X,

ˆ̇X =





cos θ cosφ cosψ − sinφ sinψ

cos θ sinφ cosψ + cosφ sinψ

− sin θ cosψ




. (20)

We can then generalise to a network of strings com-
prising many segments with different orientations, by
averaging over angles.

C. Unconnected segment model

The Unconnected Segment Model (USM) frame-
work [25, 26] models the string network as a set of uncor-
related straight segments, each moving with random ve-
locity. All segments are assumed to be produced at some
fixed initial time. Throughout cosmic history a certain
fraction of these segments decay at each epoch in order
to maintain scaling of the network. Since, during scal-
ing, the number density of strings falls as n(τ) ∝ τ−3,
one needs to track an extremely large number of seg-
ments in order to have of order one segment remaining
today.
To avoid tracking each segment, the USM consolidates

all string segments that decay at the same discretised
epoch τi into a single string. Specifically, the number of
segments which decay between conformal time τi−1 and
τi is

Nd(τi) = V [n(τi−1)− n(τi)] , (21)

where V is the simulation volume and n(τ) the number
density of strings, given by

n(τ) =
C(τ)

(ξτ)3
. (22)

The coefficient C(τ) is determined by requiring the to-
tal number of strings at any time be equal to V/(ξτ)3.
The Nd(τi) string segments are then consolidated into a
single segment, which has a energy-momentum weight�
Nd(τi). The total energy-momentum tensor is a sum

of these consolidated segments, given by

Θµν =
K�

i=1

[Nd(τi)]
1/2 Θi

µνT
off(τ, τi, Lf ) , (23)

where Θi
µν is the energy-momentum tensor of a sin-

gle segment i, K the number of consolidated segments
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and T off
(τ, τi, Lf ) is a function that controls the rate of

string decay. This has the form

T off
(τ, τi, Lf ) =






1 τ < Lfτi ,

1
2 +

1
4

�
y3 − 3y

�
Lfτi < τ < τi ,

0 τ > τi ,

(24)

where

y = 2
ln(Lfτi/τ)

ln(Lf )
− 1 . (25)

Segments start to decay at Lfτi and have disappeared

completely at τi. The parameter Lf < 1 therefore con-

trols how fast the segments decay, and approximates

the Heaviside step function when Lf → 1. The value

of this parameter is less well understood from Nambu-

Goto simulations. In general, higher Lf results in less

power in the CMB power spectrum [25, 26] for a fixed

string tension Gµ.

D. Analytic expressions

To compute the unequal time correlator (UETC) an-

alytically we integrate over all strings in the network

�Θ(k, τ1)Θ(k, τ2)� =
2f(τ1, τ2, ξ, Lf )

16π3

� 2π

0
dφ

� π

0
sin θ dθ

� 2π

0
dψ

� 2π

0
dχΘ(k, τ1)Θ(k, τ2) , (26)

where by Θ we mean Θ00,ΘS ,ΘV ,ΘT
and

f(τ1, τ2, ξ, Lf ) is a scaling factor associated with

the decrease in the number density and the decay of

strings (see below). The factor of two in the numerator

arises from us only considering the real part of the

UETC. Three of the integrals can be performed to give

the remaining θ integral in terms of Bessel functions.

Some of the resulting terms do not have compact

analytic expressions, so we need to make use of series

expansions. In each case we can write the θ integral as

the sum

�Θ(k, τ1)Θ(k, τ2)� =
f(τ1, τ2, ξ, Lf )µ2

k2 (1− v2)
× (27)

6�

i=1

Ai [Ii(x−, ρ)− Ii(x+, ρ)] ,

where the relevant integral identities Ii(x±, ρ) are given
in Appendix A, ρ = k|τ1 − τ2|v, x1,2 = kξτ1,2 and

x± = (x1 ± x2)/2. For each scalar, vector and tensor

UETC we write down the amplitude Ai of each integral

component, in Appendix A.

We will also be interested in certain asymptotic limits

of the UETC. For completeness we write down the small

x limit,

�Θ(k, τ1)Θ(k, τ2)� ≈
f(τ1, τ2, ξ, Lf )µ2

k2 (1− v2)
B . (28)

Finally, we are also interested in the equal time correla-

tor (ETC), so that x1 = x2 = x+ = x and x− = ρ = 0.

In this case we write the exact expression

�Θ(k, τ)Θ(k, τ)� = f(τ, τ, ξ, Lf )µ2

k2 (1− v2)
C . (29)

The B and C coefficients are also given in Appendix A.

Equations (27), (28) and (29) form the basis of our fast

UETC code.

E. Scaling factor

In the above we introduced the scaling factor

f(τ1, τ2, ξ, Lf ). If we assume the network consists of

only a single string whose number density per simula-

tion volume is fixed and the string does not decay, then

from (23) in the USM Θµν = Θ1
µν , while analytically we

can set f(τ1, τ2, ξ, Lf ) = 1. Next, we turn on the scaling

and decay of strings. This means in the USM the UETC

is given by

�Θµν(k, τ1)Θρσ(k, τ2)� = �Θ1
µν(k, τ1)Θ

1
ρσ(k, τ2)�

K�

i=1

Nd(τi)T
off
(τ1, τi, Lf )T

off
(τ2, τi, Lf ) . (30)

since �ΘiΘj� is equal to �Θ1Θ1� for i = j and 0 for i �= j.
Increasing the number of segments such that K → ∞
then the sum when Lf → 1 can be evaluated to give the

scaling factor

f(τ1, τ2, ξ, Lf → 1) =
1

[ξMax(τ1, τ2)]
3 . (31)
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2. Large scales, η−1 ! k ! η−1
eq

For perturbations on length scales smaller than the horizon, but still large compared with the horizon at matter-
radiation equality,

PS
>eq(k, η) ≈ ε2

kη4

25

[

∫ 1

zeq

dz′

z′2

∫

dr

r

2Em
+

r
3
2 + r−

3
2

+

∫ z

1

dz′

z′2

∫

dr

r

Em
+

z′
e−z′2 ln(r)2/2A2

]

= ε2kη4
2πE+

75

(

1

zeq
− 1

)

+ ε2kη4
√
2πAEm

+

25

∫ z

1

dz′

z′4
. (24)

Removing the ηeq dependent term with compensation, we find

P>eq(k, η) ≈ ε2kη4
Em

+

75

(√
2πA− 2π

)

. (25)

Hence we see that inside the horizon, the growing mode of the perturbation induced by the string takes the same
scale-invariant form as inflation-induced perturbations, proportional to k.

3. Small scales, η−1
eq ! k

For small scales, perturbations after matter-radiation equality are sourced by strings already inside the horizon,
and the contribution to the power spectrum takes the form

PS
>eq(k, η) ≈ ε2

kη4

25

∫ z

zeq

dz′

z′2

∫

dr

r

Em
+

z′
e−z′2 ln(r)2/2A2

= ε2kη4
√
2πAEm

+

25

∫ z

zeq

dz′

z′4

= ε2
ηeq
k2

η4

η4eq

√
2πAEm

+

75
. (26)

This must be added to the power generated during the radiation era,

PS
<eq(k, η) ≈ ε2kη4K2

(

ln (kηeq)

(kηeq)2

)2 [∫ 1

zi

dz′

z′2

∫

dr

r

2Er
+

r
3
2 + r−

3
2

+

∫ zeq

1

dz′

z′2

∫

dr

r

Er
+

z′
e−z′2 ln(r)2/2A2

]

= ε2K2Er
+

(

2π

3

(

1

zi
− 1

)

+

√
2π

3
A

)

ln2(kηeq)
1

k3
η4

η4eq
(27)

The sum of the two is, after subtracting the initial compensation,

P (k, η) ≈ ε2
√
2π

3

(

K2
(

A−
√
2π

)

Er
+
ln2(kηeq)

kηeq
+

AEm
+

25

)

ηeq
k2

η4

η4eq
(28)

For large kηeq we see the characteristic k−2 behaviour characteristic of strings, and consistent with their perturbations
being in the form of approximately planar wakes [Alb-Ste 92]. We will show in more detail in a later section how
string wakes produce a k−2 spectrum. We also see that the perturbations sourced in the radiation era are significant
for wavenumbers up to kηeq ≈ 1000, giving a power spectrum which is slightly steeper than k−2.
CHECK AGAINST CMBACT SPECTRUM, LOG-LOG

IV. GAUSSIAN MODEL FOR COSMIC STRING UETCS

A. Cosmic string energy-momentum tensor in the Nambu-Goto approximation

The energy-momentum tensor due to a cosmic string with spacetime trajectory Xµ = (η,X(σ, η)) where (σ, η)
denote the string worldsheet coordinates, is given by

Θµν(x, η) = µ

∫

dσ
(

εẊµẊν − ε−1X ′µX ′ν
)

δ3(x−X) , (29) 6

where prime denotes derivatives with respect to σ, ε =
√

X′2/(1− Ẋ2), and µ is the mass per unit length. We impose

Ẋ ·X′ = 0. This implies Θ+(x, η) = 2µ
∫

dσεẊ2δ3(x−X), or in Fourier space Θ+(k, η) = 2µ
∫

dσεẊ2eik·X(σ) . We
can change the variable dσ → ds = εdσ such that

Θ+(k, η) = 2µ

∫

dsẊ2
se

ik·Xs , (30)

where the s subscript indicates the argument of the function. Hence

〈Θ+(k, η)Θ
∗
+(k

′, η′)〉 = (2µ)2
∫

dsds′
〈

Ẋ
2
sẊ

2
s′e

i(k·Xs−k
′
·X

s
′ )
〉

, (31)

where the subscript s′ indicates that we take X(η′, s′).
For modes well inside the horizon, we approximate the string network as consisting of an ensemble of randomly

placed strings with a Gaussian distribution for the random fields Ẋ, X′, as in [MH ’93, MH-Ringeval-Suyama].
The important correlation functions are denoted:

Γ(s−, η) = 〈[X(s, η)−X(s′, η)]2〉 , (32)

Π(s−, η) = 〈(X(s, η) −X(s′, η)) · Ẋ(s′, η)〉 , (33)

V (s−, η) = 〈Ẋ(s, η) · Ẋ(s′, η)〉 . (34)

where s− ≡ s − s′. We will also write η− = η − η′, s+ = (s + s′)/2 and η+ = (η + η′)/2. For small time differences
small spatial separation between points on the string (such that |η−| < ξ and |s−| < ξ), we can approximate the two
point function 〈[X(σ, η) −X(σ′, η′)]2〉 in the following form,

〈[X(s, η) −X(s′, η′)]2〉 ≈ 〈[X(s, η+)−X(s′, η+)− Ẋ(s′, η+)(η−)]
2〉 ≈ Γ(s−, η+) +Π(s−, η+)η− + V (0, η+)η

2
− ,

The asymptotic small scale limit for these functions is given by

Γ(s) ≈ t
2
s2, Π(s) ≈ c0s/(2ξ), V (s) ≈ v2, (35)

where the correlation length ξ at time η obeys ξ ∝ η. The constant c0 is small thanks to the approximate time-reversal
symmetry of the string network [Wandelt private communication, MH-Ringeval-Suyama] and terms involving Π will

therefore be neglected in the remainder of the paper. Note that v2 + t
2
= 1.

For larger scales we assume the correlators between Ẋ and X′ vanish, as is appropriate for a random walk. A
suitable model for the velocity correlator is [PUT IN REFERENCES ETC]

V (s−, η) ≈ v2
(

1−
|s−|
ξ

)

exp(−|s−|/ξ). (36)

It is also useful to think of the string network as being made up of independent segments of length ξ, in which case
we should limit the range of integration over s− to (−ξ, ξ).
Using the relationships described here we obtain the following form for the UETC C+
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′) = 4µ̄2

√
ηη′

Ω

∫

ds+ds−

(

V (0)2 +
2

3
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where Ω is a normalisation volume, and µ̄ = µ/φ2
0. Therefore, we find
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where L =
∫

ds+/Ω. Cosmic strings obey a scaling regime such that the energy density of long strings is given by
ρ∞ = µ/ξ2. This implies that L = 1/ξ2. We therefore obtain the following approximation for the UETC,

C+(kη, kη
′) ≈ 4µ̄2
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√
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tk
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√
6) exp(−k2v2η2−/6) . (39)
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where s− ≡ s − s′. We will also write η− = η − η′, s+ = (s + s′)/2 and η+ = (η + η′)/2. For small time differences
small spatial separation between points on the string (such that |η−| < ξ and |s−| < ξ), we can approximate the two
point function 〈[X(σ, η) −X(σ′, η′)]2〉 in the following form,

〈[X(s, η) −X(s′, η′)]2〉 ≈ 〈[X(s, η+)−X(s′, η+)− Ẋ(s′, η+)(η−)]
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How to calculate the UETC?

Superseded work by Vincent, Hindmarsh, Sakellariadou which had an acausal superhorizon 
behaviour 

USM developed by Battye, Albrecht and Robinson... scaling on superhorizon scales emerges 
due to modelling of decay of string segments

is of order the two self correlators. In fact, it is easy to show analytically within the framework of the model that the
cross correlator must go like k2 outside the horizon in the limit of a large number of realizations and this behaviour
clearly manifests itself in the range τ = 20 to τ = 100. We should note that the noisy behaviour of the cross correlator
far outside the horizon does not appear to have too large an effect on the matter and CMB power spectra, for which
the ensemble average has a relatively small variance even for only 40 realizations.

In Fig. 3 shows the unequal time correlation function for the energy and the corresponding plot from ref. [35]. It
can be seen that the sub-horizon form of the unequal time correlators is similar in both models. However, we see that
our unequal time correlators have a distinctly different form on super-horizon scales. We quantify this difference by
using the function U(k, τ1, τ2) defined in terms of the violation of the factorization relation (23) as

U(k, τ1, τ2) =
〈P (k, τ1)P ∗(k, τ2)〉

〈P (k, τ1)P ∗(k, τ1)〉1/2〈P (k, τ2)P ∗(k, τ2)〉1/2
, (62)

for some arbitrary function P (k, τ), where τ1 and τ2 are the two times in question, with τ2 > τ1. In our model, only
those strings which are present both at τ1 and τ2 can contribute to the cross correlator and hence only those strings
present at the later time τ2 can contribute, implying that 〈P (k, τ1)P ∗(k, τ2)〉 ∝ 〈P (k, τ2)P ∗(k, τ2)〉. Hence, we find

U(k, τ1, τ2) ∝

√

〈P (k, τ2)P ∗(k, τ2)〉
〈P (k, τ1)P ∗(k, τ1)〉

, (63)

which outside the horizon gives

U(k, τ1, τ2) ∝
(

τ1

τ2

)1/2

. (64)

On the other hand in ref. [35], the super-horizon fall-off of the unequal time correlators is modelled as an exponential
decay, with

U(k, τ1, τ2) = e−(τ1−τ2)
2/τ2

c (65)

where the coherence time τc grows like k−1 outside the horizon. This behaviour gives a good fit on the sub-horizon
scales which their simulations primarily probe. However, on super-horizon scales the power-law fall-off evident in our
model must eventually dominate.

In summary, therefore, we have outlined methods for creating source histories based on a model with two parameters,
the rms 3 speed of the strings v and the persistence length ξ, which are measured in simulations. In doing this we have
been forced to introduce various ‘system’ parameters, to allow the problem to be solved in a finite time on a discrete
system, such as a computer. The value of each of these parameters was chosen, so that further increases or decreases
toward the continuum value resulted in no change in the two-point functions. In particular, for results presented in
this paper, we used xmax = 1000, L1

i = 0.001, L2
i = 0.01, NS = 200 and Fmax = 10.0. We have also introduced

the parameter Lf , quantifying the rate at which string segments are turned off. Unlike the systems parameters, Lf

clearly has some degree of physical significance. However, in section III C we demonstrate that the dependence of the
results on the value of Lf is relatively weak, and we choose to use the value Lf = 0.5 for the rest of our computations.

B. Power spectra for the standard scaling model

We define the standard scaling model to be one which uses the above two-point functions with the model parameters
v = 0.65 and ξ = 0.3, measured in expanding universe simulations 4 and an assumption of perfect scaling from defect
formation to the present day. Also, we must specify a particular cosmogony and we do this by analogy to what

3As mentioned earlier the distribution of strings has been truncated to prevent strings moving faster than the speed of light.
This prevents v from being exactly the rms value, the difference from the rms value being minimized for small v.

4Although, note the earlier comment, that we find better agreement with the two-point functions measured in flat space
simulations for slightly different values of v an ξ when we use our causal, stress-energy conserving model. We have decided to
use the calculated values from expanding universe simulations as our standard since they are likely to be more relevant for our
model.
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Let’s revisit this...amongst other things it’s good to have 
a test for USM predictions

Recent analytical advances have greatly improved the computational speeds
Avgoustidis, Copeland, Moss, Skliros arXiv:1209.2461
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Θµν(y) =
1√
−g

�
dτdσ

�
U

�
x�2

ẋ2
ẋµẋν − T

�
ẋ2

x�2x
�µx�ν

�
δ(4)(y − x(σ, τ)) , (9)

where U is the string energy per unit length and T the
string tension. Lorentz invariance requires U = T ≡ µ.
However, if short scale wiggles cannot be resolved, this
has the effect of increasing the string energy per unit
length and reducing the tension [51, 52] in such a way
that their product remains constant2

UT = µ2 . (10)

Then, an effective “coarse-grained” energy-momentum
tensor can be written in the form of (9) with “renor-
malised” string energy density and tension, parame-
terised through α as follows

U = αµ , T =
µ

α
. (11)

As we will see, this parameter α enters directly into the
UETC through this effective energy-momentum tensor
for “coarse-grained” string segments.

B. Energy-momentum tensor from a single string

Let us consider a single straight segment of the string
network. We are free to orientate the wave vector as
k = kk̂3, where k is its magnitude, in which case the
real component of the Fourier transform of the energy-
momentum tensor (9) becomes (e.g. [25, 26])

Θ00 =
µα√
1− v2

sin(kX̂3ξτ/2)

kX̂3/2
cos

�
χ+ k ˆ̇X3vτ

�
,(12)

Θij =

�
v2 ˆ̇Xi

ˆ̇Xj −
1− v2

α
X̂iX̂j

�
Θ00 , (13)

where X̂ and ˆ̇X are randomly orientated unit vectors

satisfying X̂ · ˆ̇X = 0 and i, j = 1 . . . 3. The phase of
the Fourier mode is set by the location of the string,
x0, where χ = k · x0. One can then identify the scalar,
vector and tensor anisotropic stress by

ΘS = (2Θ33 −Θ11 −Θ22) /2 , (14)

ΘV = Θ13 , (15)

ΘT = Θ12 . (16)

For each string segment this gives

2ΘS

Θ00
= v2

�
3 ˆ̇X3

ˆ̇X3 − 1
�
− 1− v2

α2

�
3X̂3X̂3 − 1

�
,(17)

ΘV

Θ00
= v2 ˆ̇X1

ˆ̇X3 −
1− v2

α2
X̂1X̂3 , (18)

ΘT

Θ00
= v2 ˆ̇X1

ˆ̇X2 −
1− v2

α2
X̂1X̂2 . (19)

2 This is also the case if Lorentz invariance is broken at a fun-
damental level, e.g. in superconducting strings [53].

We choose X̂ to be the usual position vector in spheri-
cal coordinates, i.e. X̂T = (sin θ cosφ, sin θ sinφ, cos θ).

Given the orthogonality of X̂ and ˆ̇X, once you specify

X̂ there is an angle ψ from 0 to 2π which gives ˆ̇X,

ˆ̇X =





cos θ cosφ cosψ − sinφ sinψ

cos θ sinφ cosψ + cosφ sinψ

− sin θ cosψ




. (20)

We can then generalise to a network of strings com-
prising many segments with different orientations, by
averaging over angles.

C. Unconnected segment model

The Unconnected Segment Model (USM) frame-
work [25, 26] models the string network as a set of uncor-
related straight segments, each moving with random ve-
locity. All segments are assumed to be produced at some
fixed initial time. Throughout cosmic history a certain
fraction of these segments decay at each epoch in order
to maintain scaling of the network. Since, during scal-
ing, the number density of strings falls as n(τ) ∝ τ−3,
one needs to track an extremely large number of seg-
ments in order to have of order one segment remaining
today.
To avoid tracking each segment, the USM consolidates

all string segments that decay at the same discretised
epoch τi into a single string. Specifically, the number of
segments which decay between conformal time τi−1 and
τi is

Nd(τi) = V [n(τi−1)− n(τi)] , (21)

where V is the simulation volume and n(τ) the number
density of strings, given by

n(τ) =
C(τ)

(ξτ)3
. (22)

The coefficient C(τ) is determined by requiring the to-
tal number of strings at any time be equal to V/(ξτ)3.
The Nd(τi) string segments are then consolidated into a
single segment, which has a energy-momentum weight�
Nd(τi). The total energy-momentum tensor is a sum

of these consolidated segments, given by

Θµν =
K�

i=1

[Nd(τi)]
1/2 Θi

µνT
off(τ, τi, Lf ) , (23)

where Θi
µν is the energy-momentum tensor of a sin-

gle segment i, K the number of consolidated segments
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and T off
(τ, τi, Lf ) is a function that controls the rate of

string decay. This has the form

T off
(τ, τi, Lf ) =






1 τ < Lfτi ,

1
2 +

1
4

�
y3 − 3y

�
Lfτi < τ < τi ,

0 τ > τi ,

(24)

where

y = 2
ln(Lfτi/τ)

ln(Lf )
− 1 . (25)

Segments start to decay at Lfτi and have disappeared

completely at τi. The parameter Lf < 1 therefore con-

trols how fast the segments decay, and approximates

the Heaviside step function when Lf → 1. The value

of this parameter is less well understood from Nambu-

Goto simulations. In general, higher Lf results in less

power in the CMB power spectrum [25, 26] for a fixed

string tension Gµ.

D. Analytic expressions

To compute the unequal time correlator (UETC) an-

alytically we integrate over all strings in the network

�Θ(k, τ1)Θ(k, τ2)� =
2f(τ1, τ2, ξ, Lf )

16π3

� 2π

0
dφ

� π

0
sin θ dθ

� 2π

0
dψ

� 2π

0
dχΘ(k, τ1)Θ(k, τ2) , (26)

where by Θ we mean Θ00,ΘS ,ΘV ,ΘT
and

f(τ1, τ2, ξ, Lf ) is a scaling factor associated with

the decrease in the number density and the decay of

strings (see below). The factor of two in the numerator

arises from us only considering the real part of the

UETC. Three of the integrals can be performed to give

the remaining θ integral in terms of Bessel functions.

Some of the resulting terms do not have compact

analytic expressions, so we need to make use of series

expansions. In each case we can write the θ integral as

the sum

�Θ(k, τ1)Θ(k, τ2)� =
f(τ1, τ2, ξ, Lf )µ2

k2 (1− v2)
× (27)

6�

i=1

Ai [Ii(x−, ρ)− Ii(x+, ρ)] ,

where the relevant integral identities Ii(x±, ρ) are given
in Appendix A, ρ = k|τ1 − τ2|v, x1,2 = kξτ1,2 and

x± = (x1 ± x2)/2. For each scalar, vector and tensor

UETC we write down the amplitude Ai of each integral

component, in Appendix A.

We will also be interested in certain asymptotic limits

of the UETC. For completeness we write down the small

x limit,

�Θ(k, τ1)Θ(k, τ2)� ≈
f(τ1, τ2, ξ, Lf )µ2

k2 (1− v2)
B . (28)

Finally, we are also interested in the equal time correla-

tor (ETC), so that x1 = x2 = x+ = x and x− = ρ = 0.

In this case we write the exact expression

�Θ(k, τ)Θ(k, τ)� = f(τ, τ, ξ, Lf )µ2

k2 (1− v2)
C . (29)

The B and C coefficients are also given in Appendix A.

Equations (27), (28) and (29) form the basis of our fast

UETC code.

E. Scaling factor

In the above we introduced the scaling factor

f(τ1, τ2, ξ, Lf ). If we assume the network consists of

only a single string whose number density per simula-

tion volume is fixed and the string does not decay, then

from (23) in the USM Θµν = Θ1
µν , while analytically we

can set f(τ1, τ2, ξ, Lf ) = 1. Next, we turn on the scaling

and decay of strings. This means in the USM the UETC

is given by

�Θµν(k, τ1)Θρσ(k, τ2)� = �Θ1
µν(k, τ1)Θ

1
ρσ(k, τ2)�

K�

i=1

Nd(τi)T
off
(τ1, τi, Lf )T

off
(τ2, τi, Lf ) . (30)

since �ΘiΘj� is equal to �Θ1Θ1� for i = j and 0 for i �= j.
Increasing the number of segments such that K → ∞
then the sum when Lf → 1 can be evaluated to give the

scaling factor

f(τ1, τ2, ξ, Lf → 1) =
1

[ξMax(τ1, τ2)]
3 . (31)
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2. Large scales, η−1 ! k ! η−1
eq

For perturbations on length scales smaller than the horizon, but still large compared with the horizon at matter-
radiation equality,

PS
>eq(k, η) ≈ ε2

kη4

25

[

∫ 1

zeq

dz′

z′2

∫

dr

r

2Em
+

r
3
2 + r−

3
2

+

∫ z

1

dz′

z′2

∫

dr

r

Em
+

z′
e−z′2 ln(r)2/2A2

]

= ε2kη4
2πE+

75

(

1

zeq
− 1

)

+ ε2kη4
√
2πAEm

+

25

∫ z

1

dz′

z′4
. (24)

Removing the ηeq dependent term with compensation, we find

P>eq(k, η) ≈ ε2kη4
Em

+

75

(√
2πA− 2π

)

. (25)

Hence we see that inside the horizon, the growing mode of the perturbation induced by the string takes the same
scale-invariant form as inflation-induced perturbations, proportional to k.

3. Small scales, η−1
eq ! k

For small scales, perturbations after matter-radiation equality are sourced by strings already inside the horizon,
and the contribution to the power spectrum takes the form

PS
>eq(k, η) ≈ ε2

kη4

25

∫ z

zeq

dz′

z′2

∫

dr

r

Em
+

z′
e−z′2 ln(r)2/2A2

= ε2kη4
√
2πAEm

+

25

∫ z

zeq

dz′

z′4

= ε2
ηeq
k2

η4

η4eq

√
2πAEm

+

75
. (26)

This must be added to the power generated during the radiation era,

PS
<eq(k, η) ≈ ε2kη4K2

(

ln (kηeq)

(kηeq)2

)2 [∫ 1

zi

dz′

z′2

∫

dr

r

2Er
+

r
3
2 + r−

3
2

+

∫ zeq

1

dz′

z′2

∫

dr

r

Er
+

z′
e−z′2 ln(r)2/2A2

]

= ε2K2Er
+

(

2π

3

(

1

zi
− 1

)

+

√
2π

3
A

)

ln2(kηeq)
1

k3
η4

η4eq
(27)

The sum of the two is, after subtracting the initial compensation,

P (k, η) ≈ ε2
√
2π

3

(

K2
(

A−
√
2π

)

Er
+
ln2(kηeq)

kηeq
+

AEm
+

25

)

ηeq
k2

η4

η4eq
(28)

For large kηeq we see the characteristic k−2 behaviour characteristic of strings, and consistent with their perturbations
being in the form of approximately planar wakes [Alb-Ste 92]. We will show in more detail in a later section how
string wakes produce a k−2 spectrum. We also see that the perturbations sourced in the radiation era are significant
for wavenumbers up to kηeq ≈ 1000, giving a power spectrum which is slightly steeper than k−2.
CHECK AGAINST CMBACT SPECTRUM, LOG-LOG

IV. GAUSSIAN MODEL FOR COSMIC STRING UETCS

A. Cosmic string energy-momentum tensor in the Nambu-Goto approximation

The energy-momentum tensor due to a cosmic string with spacetime trajectory Xµ = (η,X(σ, η)) where (σ, η)
denote the string worldsheet coordinates, is given by

Θµν(x, η) = µ

∫

dσ
(

εẊµẊν − ε−1X ′µX ′ν
)

δ3(x−X) , (29) 6

where prime denotes derivatives with respect to σ, ε =
√

X′2/(1− Ẋ2), and µ is the mass per unit length. We impose

Ẋ ·X′ = 0. This implies Θ+(x, η) = 2µ
∫

dσεẊ2δ3(x−X), or in Fourier space Θ+(k, η) = 2µ
∫

dσεẊ2eik·X(σ) . We
can change the variable dσ → ds = εdσ such that

Θ+(k, η) = 2µ

∫

dsẊ2
se

ik·Xs , (30)

where the s subscript indicates the argument of the function. Hence

〈Θ+(k, η)Θ
∗
+(k

′, η′)〉 = (2µ)2
∫

dsds′
〈

Ẋ
2
sẊ

2
s′e

i(k·Xs−k
′
·X

s
′ )
〉

, (31)

where the subscript s′ indicates that we take X(η′, s′).
For modes well inside the horizon, we approximate the string network as consisting of an ensemble of randomly

placed strings with a Gaussian distribution for the random fields Ẋ, X′, as in [MH ’93, MH-Ringeval-Suyama].
The important correlation functions are denoted:

Γ(s−, η) = 〈[X(s, η)−X(s′, η)]2〉 , (32)

Π(s−, η) = 〈(X(s, η) −X(s′, η)) · Ẋ(s′, η)〉 , (33)

V (s−, η) = 〈Ẋ(s, η) · Ẋ(s′, η)〉 . (34)

where s− ≡ s − s′. We will also write η− = η − η′, s+ = (s + s′)/2 and η+ = (η + η′)/2. For small time differences
small spatial separation between points on the string (such that |η−| < ξ and |s−| < ξ), we can approximate the two
point function 〈[X(σ, η) −X(σ′, η′)]2〉 in the following form,

〈[X(s, η) −X(s′, η′)]2〉 ≈ 〈[X(s, η+)−X(s′, η+)− Ẋ(s′, η+)(η−)]
2〉 ≈ Γ(s−, η+) +Π(s−, η+)η− + V (0, η+)η

2
− ,

The asymptotic small scale limit for these functions is given by

Γ(s) ≈ t
2
s2, Π(s) ≈ c0s/(2ξ), V (s) ≈ v2, (35)

where the correlation length ξ at time η obeys ξ ∝ η. The constant c0 is small thanks to the approximate time-reversal
symmetry of the string network [Wandelt private communication, MH-Ringeval-Suyama] and terms involving Π will

therefore be neglected in the remainder of the paper. Note that v2 + t
2
= 1.

For larger scales we assume the correlators between Ẋ and X′ vanish, as is appropriate for a random walk. A
suitable model for the velocity correlator is [PUT IN REFERENCES ETC]

V (s−, η) ≈ v2
(

1−
|s−|
ξ

)

exp(−|s−|/ξ). (36)

It is also useful to think of the string network as being made up of independent segments of length ξ, in which case
we should limit the range of integration over s− to (−ξ, ξ).
Using the relationships described here we obtain the following form for the UETC C+

C+(kη, kη
′) = 4µ̄2

√
ηη′

Ω

∫

ds+ds−

(

V (0)2 +
2

3
V (s−)

2

)

exp(−k2Γ2(s−)/6) exp(−k2v2η2−/6) , (37)

where Ω is a normalisation volume, and µ̄ = µ/φ2
0. Therefore, we find

C+(kη, kη
′) ≈ 4µ̄2

√

ηη′L
∫ ξ

−ξ
ds−

[

v4 exp

(

−
k2t

2
s2−

6

)

+
2

3
V (s−)

2 exp

(

−
k2t

2
s2−

6

)]

exp(−k2v2η2−/6), (38)

where L =
∫

ds+/Ω. Cosmic strings obey a scaling regime such that the energy density of long strings is given by
ρ∞ = µ/ξ2. This implies that L = 1/ξ2. We therefore obtain the following approximation for the UETC,

C+(kη, kη
′) ≈ 4µ̄2

√
ηη′

ξ2

√
6π

tk

5

3
v4erf(ktξ/

√
6) exp(−k2v2η2−/6) . (39)
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where prime denotes derivatives with respect to σ, ε =
√

X′2/(1− Ẋ2), and µ is the mass per unit length. We impose

Ẋ ·X′ = 0. This implies Θ+(x, η) = 2µ
∫

dσεẊ2δ3(x−X), or in Fourier space Θ+(k, η) = 2µ
∫

dσεẊ2eik·X(σ) . We
can change the variable dσ → ds = εdσ such that

Θ+(k, η) = 2µ

∫

dsẊ2
se

ik·Xs , (30)

where the s subscript indicates the argument of the function. Hence

〈Θ+(k, η)Θ
∗
+(k

′, η′)〉 = (2µ)2
∫

dsds′
〈

Ẋ
2
sẊ

2
s′e

i(k·Xs−k
′
·X

s
′ )
〉

, (31)

where the subscript s′ indicates that we take X(η′, s′).
For modes well inside the horizon, we approximate the string network as consisting of an ensemble of randomly

placed strings with a Gaussian distribution for the random fields Ẋ, X′, as in [MH ’93, MH-Ringeval-Suyama].
The important correlation functions are denoted:

Γ(s−, η) = 〈[X(s, η)−X(s′, η)]2〉 , (32)

Π(s−, η) = 〈(X(s, η) −X(s′, η)) · Ẋ(s′, η)〉 , (33)

V (s−, η) = 〈Ẋ(s, η) · Ẋ(s′, η)〉 . (34)

where s− ≡ s − s′. We will also write η− = η − η′, s+ = (s + s′)/2 and η+ = (η + η′)/2. For small time differences
small spatial separation between points on the string (such that |η−| < ξ and |s−| < ξ), we can approximate the two
point function 〈[X(σ, η) −X(σ′, η′)]2〉 in the following form,

〈[X(s, η) −X(s′, η′)]2〉 ≈ 〈[X(s, η+)−X(s′, η+)− Ẋ(s′, η+)(η−)]
2〉 ≈ Γ(s−, η+) +Π(s−, η+)η− + V (0, η+)η

2
− ,

The asymptotic small scale limit for these functions is given by

Γ(s) ≈ t
2
s2, Π(s) ≈ c0s/(2ξ), V (s) ≈ v2, (35)

where the correlation length ξ at time η obeys ξ ∝ η. The constant c0 is small thanks to the approximate time-reversal
symmetry of the string network [Wandelt private communication, MH-Ringeval-Suyama] and terms involving Π will

therefore be neglected in the remainder of the paper. Note that v2 + t
2
= 1.

For larger scales we assume the correlators between Ẋ and X′ vanish, as is appropriate for a random walk. A
suitable model for the velocity correlator is [PUT IN REFERENCES ETC]

V (s−, η) ≈ v2
(

1−
|s−|
ξ

)

exp(−|s−|/ξ). (36)

It is also useful to think of the string network as being made up of independent segments of length ξ, in which case
we should limit the range of integration over s− to (−ξ, ξ).
Using the relationships described here we obtain the following form for the UETC C+

C+(kη, kη
′) = 4µ̄2

√
ηη′

Ω

∫

ds+ds−

(

V (0)2 +
2

3
V (s−)

2

)

exp(−k2Γ2(s−)/6) exp(−k2v2η2−/6) , (37)

where Ω is a normalisation volume, and µ̄ = µ/φ2
0. Therefore, we find

C+(kη, kη
′) ≈ 4µ̄2

√

ηη′L
∫ ξ

−ξ
ds−

[

v4 exp

(

−
k2t

2
s2−

6

)

+
2

3
V (s−)

2 exp

(

−
k2t

2
s2−

6

)]

exp(−k2v2η2−/6), (38)

where L =
∫

ds+/Ω. Cosmic strings obey a scaling regime such that the energy density of long strings is given by
ρ∞ = µ/ξ2. This implies that L = 1/ξ2. We therefore obtain the following approximation for the UETC,

C+(kη, kη
′) ≈ 4µ̄2

√
ηη′

ξ2

√
6π

tk

5

3
v4erf(ktξ/

√
6) exp(−k2v2η2−/6) . (39)
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where prime denotes derivatives with respect to σ, ε =
√

X′2/(1− Ẋ2), and µ is the mass per unit length. We impose

Ẋ ·X′ = 0. This implies Θ+(x, η) = 2µ
∫

dσεẊ2δ3(x−X), or in Fourier space Θ+(k, η) = 2µ
∫

dσεẊ2eik·X(σ) . We
can change the variable dσ → ds = εdσ such that

Θ+(k, η) = 2µ

∫

dsẊ2
se

ik·Xs , (30)

where the s subscript indicates the argument of the function. Hence

〈Θ+(k, η)Θ
∗
+(k

′, η′)〉 = (2µ)2
∫

dsds′
〈

Ẋ
2
sẊ

2
s′e

i(k·Xs−k
′
·X

s
′ )
〉

, (31)

where the subscript s′ indicates that we take X(η′, s′).
For modes well inside the horizon, we approximate the string network as consisting of an ensemble of randomly

placed strings with a Gaussian distribution for the random fields Ẋ, X′, as in [MH ’93, MH-Ringeval-Suyama].
The important correlation functions are denoted:

Γ(s−, η) = 〈[X(s, η)−X(s′, η)]2〉 , (32)

Π(s−, η) = 〈(X(s, η) −X(s′, η)) · Ẋ(s′, η)〉 , (33)

V (s−, η) = 〈Ẋ(s, η) · Ẋ(s′, η)〉 . (34)

where s− ≡ s − s′. We will also write η− = η − η′, s+ = (s + s′)/2 and η+ = (η + η′)/2. For small time differences
small spatial separation between points on the string (such that |η−| < ξ and |s−| < ξ), we can approximate the two
point function 〈[X(σ, η) −X(σ′, η′)]2〉 in the following form,

〈[X(s, η) −X(s′, η′)]2〉 ≈ 〈[X(s, η+)−X(s′, η+)− Ẋ(s′, η+)(η−)]
2〉 ≈ Γ(s−, η+) +Π(s−, η+)η− + V (0, η+)η

2
− ,

The asymptotic small scale limit for these functions is given by

Γ(s) ≈ t
2
s2, Π(s) ≈ c0s/(2ξ), V (s) ≈ v2, (35)

where the correlation length ξ at time η obeys ξ ∝ η. The constant c0 is small thanks to the approximate time-reversal
symmetry of the string network [Wandelt private communication, MH-Ringeval-Suyama] and terms involving Π will

therefore be neglected in the remainder of the paper. Note that v2 + t
2
= 1.

For larger scales we assume the correlators between Ẋ and X′ vanish, as is appropriate for a random walk. A
suitable model for the velocity correlator is [PUT IN REFERENCES ETC]

V (s−, η) ≈ v2
(

1−
|s−|
ξ

)

exp(−|s−|/ξ). (36)

It is also useful to think of the string network as being made up of independent segments of length ξ, in which case
we should limit the range of integration over s− to (−ξ, ξ).
Using the relationships described here we obtain the following form for the UETC C+

C+(kη, kη
′) = 4µ̄2

√
ηη′

Ω

∫

ds+ds−

(

V (0)2 +
2

3
V (s−)

2

)

exp(−k2Γ2(s−)/6) exp(−k2v2η2−/6) , (37)

where Ω is a normalisation volume, and µ̄ = µ/φ2
0. Therefore, we find

C+(kη, kη
′) ≈ 4µ̄2

√

ηη′L
∫ ξ

−ξ
ds−

[

v4 exp

(

−
k2t

2
s2−

6

)

+
2

3
V (s−)

2 exp

(

−
k2t

2
s2−

6

)]

exp(−k2v2η2−/6), (38)

where L =
∫

ds+/Ω. Cosmic strings obey a scaling regime such that the energy density of long strings is given by
ρ∞ = µ/ξ2. This implies that L = 1/ξ2. We therefore obtain the following approximation for the UETC,

C+(kη, kη
′) ≈ 4µ̄2

√
ηη′

ξ2

√
6π

tk

5

3
v4erf(ktξ/

√
6) exp(−k2v2η2−/6) . (39)

6

where prime denotes derivatives with respect to σ, ε =
√

X′2/(1− Ẋ2), and µ is the mass per unit length. We impose

Ẋ ·X′ = 0. This implies Θ+(x, η) = 2µ
∫

dσεẊ2δ3(x−X), or in Fourier space Θ+(k, η) = 2µ
∫

dσεẊ2eik·X(σ) . We
can change the variable dσ → ds = εdσ such that

Θ+(k, η) = 2µ

∫

dsẊ2
se

ik·Xs , (30)

where the s subscript indicates the argument of the function. Hence

〈Θ+(k, η)Θ
∗
+(k

′, η′)〉 = (2µ)2
∫

dsds′
〈

Ẋ
2
sẊ

2
s′e

i(k·Xs−k
′
·X

s
′ )
〉

, (31)

where the subscript s′ indicates that we take X(η′, s′).
For modes well inside the horizon, we approximate the string network as consisting of an ensemble of randomly

placed strings with a Gaussian distribution for the random fields Ẋ, X′, as in [MH ’93, MH-Ringeval-Suyama].
The important correlation functions are denoted:

Γ(s−, η) = 〈[X(s, η)−X(s′, η)]2〉 , (32)

Π(s−, η) = 〈(X(s, η) −X(s′, η)) · Ẋ(s′, η)〉 , (33)

V (s−, η) = 〈Ẋ(s, η) · Ẋ(s′, η)〉 . (34)

where s− ≡ s − s′. We will also write η− = η − η′, s+ = (s + s′)/2 and η+ = (η + η′)/2. For small time differences
small spatial separation between points on the string (such that |η−| < ξ and |s−| < ξ), we can approximate the two
point function 〈[X(σ, η) −X(σ′, η′)]2〉 in the following form,

〈[X(s, η) −X(s′, η′)]2〉 ≈ 〈[X(s, η+)−X(s′, η+)− Ẋ(s′, η+)(η−)]
2〉 ≈ Γ(s−, η+) +Π(s−, η+)η− + V (0, η+)η

2
− ,

The asymptotic small scale limit for these functions is given by

Γ(s) ≈ t
2
s2, Π(s) ≈ c0s/(2ξ), V (s) ≈ v2, (35)

where the correlation length ξ at time η obeys ξ ∝ η. The constant c0 is small thanks to the approximate time-reversal
symmetry of the string network [Wandelt private communication, MH-Ringeval-Suyama] and terms involving Π will

therefore be neglected in the remainder of the paper. Note that v2 + t
2
= 1.

For larger scales we assume the correlators between Ẋ and X′ vanish, as is appropriate for a random walk. A
suitable model for the velocity correlator is [PUT IN REFERENCES ETC]

V (s−, η) ≈ v2
(

1−
|s−|
ξ

)

exp(−|s−|/ξ). (36)

It is also useful to think of the string network as being made up of independent segments of length ξ, in which case
we should limit the range of integration over s− to (−ξ, ξ).
Using the relationships described here we obtain the following form for the UETC C+

C+(kη, kη
′) = 4µ̄2

√
ηη′

Ω

∫

ds+ds−

(

V (0)2 +
2

3
V (s−)

2

)

exp(−k2Γ2(s−)/6) exp(−k2v2η2−/6) , (37)

where Ω is a normalisation volume, and µ̄ = µ/φ2
0. Therefore, we find

C+(kη, kη
′) ≈ 4µ̄2

√

ηη′L
∫ ξ

−ξ
ds−

[

v4 exp

(

−
k2t

2
s2−

6

)

+
2

3
V (s−)

2 exp

(

−
k2t

2
s2−

6

)]

exp(−k2v2η2−/6), (38)

where L =
∫

ds+/Ω. Cosmic strings obey a scaling regime such that the energy density of long strings is given by
ρ∞ = µ/ξ2. This implies that L = 1/ξ2. We therefore obtain the following approximation for the UETC,

C+(kη, kη
′) ≈ 4µ̄2

√
ηη′

ξ2

√
6π

tk

5

3
v4erf(ktξ/

√
6) exp(−k2v2η2−/6) . (39)
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How to calculate the UETC?

Superseded work by Vincent, Hindmarsh, Sakellariadou which had an acausal superhorizon 
behaviour 

USM developed by Battye, Albrecht and Robinson... scaling on superhorizon scales emerges 
due to modelling of decay of string segments

is of order the two self correlators. In fact, it is easy to show analytically within the framework of the model that the
cross correlator must go like k2 outside the horizon in the limit of a large number of realizations and this behaviour
clearly manifests itself in the range τ = 20 to τ = 100. We should note that the noisy behaviour of the cross correlator
far outside the horizon does not appear to have too large an effect on the matter and CMB power spectra, for which
the ensemble average has a relatively small variance even for only 40 realizations.

In Fig. 3 shows the unequal time correlation function for the energy and the corresponding plot from ref. [35]. It
can be seen that the sub-horizon form of the unequal time correlators is similar in both models. However, we see that
our unequal time correlators have a distinctly different form on super-horizon scales. We quantify this difference by
using the function U(k, τ1, τ2) defined in terms of the violation of the factorization relation (23) as

U(k, τ1, τ2) =
〈P (k, τ1)P ∗(k, τ2)〉

〈P (k, τ1)P ∗(k, τ1)〉1/2〈P (k, τ2)P ∗(k, τ2)〉1/2
, (62)

for some arbitrary function P (k, τ), where τ1 and τ2 are the two times in question, with τ2 > τ1. In our model, only
those strings which are present both at τ1 and τ2 can contribute to the cross correlator and hence only those strings
present at the later time τ2 can contribute, implying that 〈P (k, τ1)P ∗(k, τ2)〉 ∝ 〈P (k, τ2)P ∗(k, τ2)〉. Hence, we find

U(k, τ1, τ2) ∝

√

〈P (k, τ2)P ∗(k, τ2)〉
〈P (k, τ1)P ∗(k, τ1)〉

, (63)

which outside the horizon gives

U(k, τ1, τ2) ∝
(

τ1

τ2

)1/2

. (64)

On the other hand in ref. [35], the super-horizon fall-off of the unequal time correlators is modelled as an exponential
decay, with

U(k, τ1, τ2) = e−(τ1−τ2)
2/τ2

c (65)

where the coherence time τc grows like k−1 outside the horizon. This behaviour gives a good fit on the sub-horizon
scales which their simulations primarily probe. However, on super-horizon scales the power-law fall-off evident in our
model must eventually dominate.

In summary, therefore, we have outlined methods for creating source histories based on a model with two parameters,
the rms 3 speed of the strings v and the persistence length ξ, which are measured in simulations. In doing this we have
been forced to introduce various ‘system’ parameters, to allow the problem to be solved in a finite time on a discrete
system, such as a computer. The value of each of these parameters was chosen, so that further increases or decreases
toward the continuum value resulted in no change in the two-point functions. In particular, for results presented in
this paper, we used xmax = 1000, L1

i = 0.001, L2
i = 0.01, NS = 200 and Fmax = 10.0. We have also introduced

the parameter Lf , quantifying the rate at which string segments are turned off. Unlike the systems parameters, Lf

clearly has some degree of physical significance. However, in section III C we demonstrate that the dependence of the
results on the value of Lf is relatively weak, and we choose to use the value Lf = 0.5 for the rest of our computations.

B. Power spectra for the standard scaling model

We define the standard scaling model to be one which uses the above two-point functions with the model parameters
v = 0.65 and ξ = 0.3, measured in expanding universe simulations 4 and an assumption of perfect scaling from defect
formation to the present day. Also, we must specify a particular cosmogony and we do this by analogy to what

3As mentioned earlier the distribution of strings has been truncated to prevent strings moving faster than the speed of light.
This prevents v from being exactly the rms value, the difference from the rms value being minimized for small v.

4Although, note the earlier comment, that we find better agreement with the two-point functions measured in flat space
simulations for slightly different values of v an ξ when we use our causal, stress-energy conserving model. We have decided to
use the calculated values from expanding universe simulations as our standard since they are likely to be more relevant for our
model.
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Let’s revisit this...amongst other things it’s good to have 
a test for USM predictions

Recent analytical advances have greatly improved the computational speeds
Avgoustidis, Copeland, Moss, Skliros arXiv:1209.2461

4

Θµν(y) =
1√
−g

�
dτdσ

�
U

�
x�2

ẋ2
ẋµẋν − T

�
ẋ2

x�2x
�µx�ν

�
δ(4)(y − x(σ, τ)) , (9)

where U is the string energy per unit length and T the
string tension. Lorentz invariance requires U = T ≡ µ.
However, if short scale wiggles cannot be resolved, this
has the effect of increasing the string energy per unit
length and reducing the tension [51, 52] in such a way
that their product remains constant2

UT = µ2 . (10)

Then, an effective “coarse-grained” energy-momentum
tensor can be written in the form of (9) with “renor-
malised” string energy density and tension, parame-
terised through α as follows

U = αµ , T =
µ

α
. (11)

As we will see, this parameter α enters directly into the
UETC through this effective energy-momentum tensor
for “coarse-grained” string segments.

B. Energy-momentum tensor from a single string

Let us consider a single straight segment of the string
network. We are free to orientate the wave vector as
k = kk̂3, where k is its magnitude, in which case the
real component of the Fourier transform of the energy-
momentum tensor (9) becomes (e.g. [25, 26])

Θ00 =
µα√
1− v2

sin(kX̂3ξτ/2)

kX̂3/2
cos

�
χ+ k ˆ̇X3vτ

�
,(12)

Θij =

�
v2 ˆ̇Xi

ˆ̇Xj −
1− v2

α
X̂iX̂j

�
Θ00 , (13)

where X̂ and ˆ̇X are randomly orientated unit vectors

satisfying X̂ · ˆ̇X = 0 and i, j = 1 . . . 3. The phase of
the Fourier mode is set by the location of the string,
x0, where χ = k · x0. One can then identify the scalar,
vector and tensor anisotropic stress by

ΘS = (2Θ33 −Θ11 −Θ22) /2 , (14)

ΘV = Θ13 , (15)

ΘT = Θ12 . (16)

For each string segment this gives

2ΘS

Θ00
= v2

�
3 ˆ̇X3

ˆ̇X3 − 1
�
− 1− v2

α2

�
3X̂3X̂3 − 1

�
,(17)

ΘV

Θ00
= v2 ˆ̇X1

ˆ̇X3 −
1− v2

α2
X̂1X̂3 , (18)

ΘT

Θ00
= v2 ˆ̇X1

ˆ̇X2 −
1− v2

α2
X̂1X̂2 . (19)

2 This is also the case if Lorentz invariance is broken at a fun-
damental level, e.g. in superconducting strings [53].

We choose X̂ to be the usual position vector in spheri-
cal coordinates, i.e. X̂T = (sin θ cosφ, sin θ sinφ, cos θ).

Given the orthogonality of X̂ and ˆ̇X, once you specify

X̂ there is an angle ψ from 0 to 2π which gives ˆ̇X,

ˆ̇X =





cos θ cosφ cosψ − sinφ sinψ

cos θ sinφ cosψ + cosφ sinψ

− sin θ cosψ




. (20)

We can then generalise to a network of strings com-
prising many segments with different orientations, by
averaging over angles.

C. Unconnected segment model

The Unconnected Segment Model (USM) frame-
work [25, 26] models the string network as a set of uncor-
related straight segments, each moving with random ve-
locity. All segments are assumed to be produced at some
fixed initial time. Throughout cosmic history a certain
fraction of these segments decay at each epoch in order
to maintain scaling of the network. Since, during scal-
ing, the number density of strings falls as n(τ) ∝ τ−3,
one needs to track an extremely large number of seg-
ments in order to have of order one segment remaining
today.
To avoid tracking each segment, the USM consolidates

all string segments that decay at the same discretised
epoch τi into a single string. Specifically, the number of
segments which decay between conformal time τi−1 and
τi is

Nd(τi) = V [n(τi−1)− n(τi)] , (21)

where V is the simulation volume and n(τ) the number
density of strings, given by

n(τ) =
C(τ)

(ξτ)3
. (22)

The coefficient C(τ) is determined by requiring the to-
tal number of strings at any time be equal to V/(ξτ)3.
The Nd(τi) string segments are then consolidated into a
single segment, which has a energy-momentum weight�
Nd(τi). The total energy-momentum tensor is a sum

of these consolidated segments, given by

Θµν =
K�

i=1

[Nd(τi)]
1/2 Θi

µνT
off(τ, τi, Lf ) , (23)

where Θi
µν is the energy-momentum tensor of a sin-

gle segment i, K the number of consolidated segments
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and T off
(τ, τi, Lf ) is a function that controls the rate of

string decay. This has the form

T off
(τ, τi, Lf ) =






1 τ < Lfτi ,

1
2 +

1
4

�
y3 − 3y

�
Lfτi < τ < τi ,

0 τ > τi ,

(24)

where

y = 2
ln(Lfτi/τ)

ln(Lf )
− 1 . (25)

Segments start to decay at Lfτi and have disappeared

completely at τi. The parameter Lf < 1 therefore con-

trols how fast the segments decay, and approximates

the Heaviside step function when Lf → 1. The value

of this parameter is less well understood from Nambu-

Goto simulations. In general, higher Lf results in less

power in the CMB power spectrum [25, 26] for a fixed

string tension Gµ.

D. Analytic expressions

To compute the unequal time correlator (UETC) an-

alytically we integrate over all strings in the network

�Θ(k, τ1)Θ(k, τ2)� =
2f(τ1, τ2, ξ, Lf )

16π3

� 2π

0
dφ

� π

0
sin θ dθ

� 2π

0
dψ

� 2π

0
dχΘ(k, τ1)Θ(k, τ2) , (26)

where by Θ we mean Θ00,ΘS ,ΘV ,ΘT
and

f(τ1, τ2, ξ, Lf ) is a scaling factor associated with

the decrease in the number density and the decay of

strings (see below). The factor of two in the numerator

arises from us only considering the real part of the

UETC. Three of the integrals can be performed to give

the remaining θ integral in terms of Bessel functions.

Some of the resulting terms do not have compact

analytic expressions, so we need to make use of series

expansions. In each case we can write the θ integral as

the sum

�Θ(k, τ1)Θ(k, τ2)� =
f(τ1, τ2, ξ, Lf )µ2

k2 (1− v2)
× (27)

6�

i=1

Ai [Ii(x−, ρ)− Ii(x+, ρ)] ,

where the relevant integral identities Ii(x±, ρ) are given
in Appendix A, ρ = k|τ1 − τ2|v, x1,2 = kξτ1,2 and

x± = (x1 ± x2)/2. For each scalar, vector and tensor

UETC we write down the amplitude Ai of each integral

component, in Appendix A.

We will also be interested in certain asymptotic limits

of the UETC. For completeness we write down the small

x limit,

�Θ(k, τ1)Θ(k, τ2)� ≈
f(τ1, τ2, ξ, Lf )µ2

k2 (1− v2)
B . (28)

Finally, we are also interested in the equal time correla-

tor (ETC), so that x1 = x2 = x+ = x and x− = ρ = 0.

In this case we write the exact expression

�Θ(k, τ)Θ(k, τ)� = f(τ, τ, ξ, Lf )µ2

k2 (1− v2)
C . (29)

The B and C coefficients are also given in Appendix A.

Equations (27), (28) and (29) form the basis of our fast

UETC code.

E. Scaling factor

In the above we introduced the scaling factor

f(τ1, τ2, ξ, Lf ). If we assume the network consists of

only a single string whose number density per simula-

tion volume is fixed and the string does not decay, then

from (23) in the USM Θµν = Θ1
µν , while analytically we

can set f(τ1, τ2, ξ, Lf ) = 1. Next, we turn on the scaling

and decay of strings. This means in the USM the UETC

is given by

�Θµν(k, τ1)Θρσ(k, τ2)� = �Θ1
µν(k, τ1)Θ

1
ρσ(k, τ2)�

K�

i=1

Nd(τi)T
off
(τ1, τi, Lf )T

off
(τ2, τi, Lf ) . (30)

since �ΘiΘj� is equal to �Θ1Θ1� for i = j and 0 for i �= j.
Increasing the number of segments such that K → ∞
then the sum when Lf → 1 can be evaluated to give the

scaling factor

f(τ1, τ2, ξ, Lf → 1) =
1

[ξMax(τ1, τ2)]
3 . (31)
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2. Large scales, η−1 ! k ! η−1
eq

For perturbations on length scales smaller than the horizon, but still large compared with the horizon at matter-
radiation equality,

PS
>eq(k, η) ≈ ε2

kη4

25

[

∫ 1

zeq

dz′

z′2

∫

dr

r

2Em
+

r
3
2 + r−

3
2

+

∫ z

1

dz′

z′2

∫

dr

r

Em
+

z′
e−z′2 ln(r)2/2A2

]

= ε2kη4
2πE+

75

(

1

zeq
− 1

)

+ ε2kη4
√
2πAEm

+

25

∫ z

1

dz′

z′4
. (24)

Removing the ηeq dependent term with compensation, we find

P>eq(k, η) ≈ ε2kη4
Em

+

75

(√
2πA− 2π

)

. (25)

Hence we see that inside the horizon, the growing mode of the perturbation induced by the string takes the same
scale-invariant form as inflation-induced perturbations, proportional to k.

3. Small scales, η−1
eq ! k

For small scales, perturbations after matter-radiation equality are sourced by strings already inside the horizon,
and the contribution to the power spectrum takes the form

PS
>eq(k, η) ≈ ε2

kη4

25

∫ z

zeq

dz′

z′2

∫

dr

r

Em
+

z′
e−z′2 ln(r)2/2A2

= ε2kη4
√
2πAEm

+

25

∫ z

zeq

dz′

z′4

= ε2
ηeq
k2

η4

η4eq

√
2πAEm

+

75
. (26)

This must be added to the power generated during the radiation era,

PS
<eq(k, η) ≈ ε2kη4K2

(

ln (kηeq)

(kηeq)2

)2 [∫ 1

zi

dz′

z′2

∫

dr

r

2Er
+

r
3
2 + r−

3
2

+

∫ zeq

1

dz′

z′2

∫

dr

r

Er
+

z′
e−z′2 ln(r)2/2A2

]

= ε2K2Er
+

(

2π

3

(

1

zi
− 1

)

+

√
2π

3
A

)

ln2(kηeq)
1

k3
η4

η4eq
(27)

The sum of the two is, after subtracting the initial compensation,

P (k, η) ≈ ε2
√
2π

3

(

K2
(

A−
√
2π

)

Er
+
ln2(kηeq)

kηeq
+

AEm
+

25

)

ηeq
k2

η4

η4eq
(28)

For large kηeq we see the characteristic k−2 behaviour characteristic of strings, and consistent with their perturbations
being in the form of approximately planar wakes [Alb-Ste 92]. We will show in more detail in a later section how
string wakes produce a k−2 spectrum. We also see that the perturbations sourced in the radiation era are significant
for wavenumbers up to kηeq ≈ 1000, giving a power spectrum which is slightly steeper than k−2.
CHECK AGAINST CMBACT SPECTRUM, LOG-LOG

IV. GAUSSIAN MODEL FOR COSMIC STRING UETCS

A. Cosmic string energy-momentum tensor in the Nambu-Goto approximation

The energy-momentum tensor due to a cosmic string with spacetime trajectory Xµ = (η,X(σ, η)) where (σ, η)
denote the string worldsheet coordinates, is given by

Θµν(x, η) = µ

∫

dσ
(

εẊµẊν − ε−1X ′µX ′ν
)

δ3(x−X) , (29) 6

where prime denotes derivatives with respect to σ, ε =
√

X′2/(1− Ẋ2), and µ is the mass per unit length. We impose

Ẋ ·X′ = 0. This implies Θ+(x, η) = 2µ
∫

dσεẊ2δ3(x−X), or in Fourier space Θ+(k, η) = 2µ
∫

dσεẊ2eik·X(σ) . We
can change the variable dσ → ds = εdσ such that

Θ+(k, η) = 2µ

∫

dsẊ2
se

ik·Xs , (30)

where the s subscript indicates the argument of the function. Hence

〈Θ+(k, η)Θ
∗
+(k

′, η′)〉 = (2µ)2
∫

dsds′
〈

Ẋ
2
sẊ

2
s′e

i(k·Xs−k
′
·X

s
′ )
〉

, (31)

where the subscript s′ indicates that we take X(η′, s′).
For modes well inside the horizon, we approximate the string network as consisting of an ensemble of randomly

placed strings with a Gaussian distribution for the random fields Ẋ, X′, as in [MH ’93, MH-Ringeval-Suyama].
The important correlation functions are denoted:

Γ(s−, η) = 〈[X(s, η)−X(s′, η)]2〉 , (32)

Π(s−, η) = 〈(X(s, η) −X(s′, η)) · Ẋ(s′, η)〉 , (33)

V (s−, η) = 〈Ẋ(s, η) · Ẋ(s′, η)〉 . (34)

where s− ≡ s − s′. We will also write η− = η − η′, s+ = (s + s′)/2 and η+ = (η + η′)/2. For small time differences
small spatial separation between points on the string (such that |η−| < ξ and |s−| < ξ), we can approximate the two
point function 〈[X(σ, η) −X(σ′, η′)]2〉 in the following form,

〈[X(s, η) −X(s′, η′)]2〉 ≈ 〈[X(s, η+)−X(s′, η+)− Ẋ(s′, η+)(η−)]
2〉 ≈ Γ(s−, η+) +Π(s−, η+)η− + V (0, η+)η

2
− ,

The asymptotic small scale limit for these functions is given by

Γ(s) ≈ t
2
s2, Π(s) ≈ c0s/(2ξ), V (s) ≈ v2, (35)

where the correlation length ξ at time η obeys ξ ∝ η. The constant c0 is small thanks to the approximate time-reversal
symmetry of the string network [Wandelt private communication, MH-Ringeval-Suyama] and terms involving Π will

therefore be neglected in the remainder of the paper. Note that v2 + t
2
= 1.

For larger scales we assume the correlators between Ẋ and X′ vanish, as is appropriate for a random walk. A
suitable model for the velocity correlator is [PUT IN REFERENCES ETC]

V (s−, η) ≈ v2
(

1−
|s−|
ξ

)

exp(−|s−|/ξ). (36)

It is also useful to think of the string network as being made up of independent segments of length ξ, in which case
we should limit the range of integration over s− to (−ξ, ξ).
Using the relationships described here we obtain the following form for the UETC C+

C+(kη, kη
′) = 4µ̄2

√
ηη′

Ω
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where prime denotes derivatives with respect to σ, ε =
√

X′2/(1− Ẋ2), and µ is the mass per unit length. We impose
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where the subscript s′ indicates that we take X(η′, s′).
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dσεẊ2δ3(x−X), or in Fourier space Θ+(k, η) = 2µ
∫
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sẊ

2
s′e

i(k·Xs−k
′
·X

s
′ )
〉

, (31)

where the subscript s′ indicates that we take X(η′, s′).
For modes well inside the horizon, we approximate the string network as consisting of an ensemble of randomly

placed strings with a Gaussian distribution for the random fields Ẋ, X′, as in [MH ’93, MH-Ringeval-Suyama].
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where the factor Kw matches the radiation era growing mode onto the mater era one. CHECK GROWTH IN
RADIATION ERA
Note that the model assumes that wakes due to long straight strings give the dominant contribution to the matter

power spectrum. While a slight violation of this assumption is not expected to alter our results for the matter power
spectrum greatly, it should be noted that the presence of small-scale structure on the strings is expected to significantly
change the baryon abundance in the central regions of the wakes. SORNBERGER ET AL ’96/’97 JUSTIFICATION
NEEDED HERE.
Note also that the wake model assumes that the length and the width of the string wake are comparable and

much larger than the thickness of the wake. On dimensional grounds we expect that the initial length, width and
thickness are given by li ∼ ti, wi ∼ vsti and di ∼ uiti, respectively (where ti is the physical time corresponding to
ηi). The corresponding length, width and thickness today are given by l0 ∼ tizi, w0 ∼ vstizi, d0 ∼ uitiz2i . [WHY
z SQUARED?] Therefore, our assumption is valid for vs relativistic and uizi " 1, which is true for the range of
redshifts we are interested in.
In order to perform the calculation of the total cosmic string matter power spectrum and bispectrum, we must first

calculate the density profile of a single cosmic string wake. Consider a cosmic string wake at time η, created due to
a string formed at ηi, modelled as a two dimensional disk of comoving radius ξ(ηi) with comoving surface density
σw(η, ηi). We suppose that the string wake is oriented in direction n̂, which we assume for simplicity is aligned with
the z-axis. The Fourier transform (FT) of the density profile reveals

δ1(k, η, ηi) =

∫
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δρ(x)
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=
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dzeikzzδ(z)
σw(η, ηi)

ρc

∫ ξ(ηi)

0
rdrdφeik⊥ ·x

=
σw(η, ηi)

ρc
(2πξ(ηi))

2 J1(k⊥ξ(ηi))

k⊥ξ(ηi)
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where k⊥ = k− (k · n̂)n̂.

III. MATTER POWER SPECTRUM FROM THE UNEQUAL TIME CORRELATOR

A. General formalism

We introduce the dimensionless unequal time correlator (UETC) C+ by

〈Θ+(k, η)Θ
∗
+(k

′, η′)〉 = (2π)3δ3(k− k
′)

φ4
0√
ηη′

C+(k, η, η
′) , (13)

where φ0 is the expectation value of the symmetry-breaking field, and is related to the string tension by µ = 2πφ2
0 in

the Abelian Higgs model. A cosmic string network generically evolves towards a scaling regime, by which we mean that
C+ is a function of the dimensionless combinations x = kη and x′ = kη′ [Pen-Spergel-Turok, Durrer-Kunz-Melchiori].
It is also convenient to use the variables

z =
√

k2ηη′, r = η′/η, (14)

or

x+ = (x+ x′)/2, x− = x′ − x. (15)

The power spectrum of the subsequent perturbation is given by
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The generic form of the UETC is taken to be [Durrer-Kunz, Bevis et al 06,10]
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much larger than the thickness of the wake. On dimensional grounds we expect that the initial length, width and
thickness are given by li ∼ ti, wi ∼ vsti and di ∼ uiti, respectively (where ti is the physical time corresponding to
ηi). The corresponding length, width and thickness today are given by l0 ∼ tizi, w0 ∼ vstizi, d0 ∼ uitiz2i . [WHY
z SQUARED?] Therefore, our assumption is valid for vs relativistic and uizi " 1, which is true for the range of
redshifts we are interested in.
In order to perform the calculation of the total cosmic string matter power spectrum and bispectrum, we must first

calculate the density profile of a single cosmic string wake. Consider a cosmic string wake at time η, created due to
a string formed at ηi, modelled as a two dimensional disk of comoving radius ξ(ηi) with comoving surface density
σw(η, ηi). We suppose that the string wake is oriented in direction n̂, which we assume for simplicity is aligned with
the z-axis. The Fourier transform (FT) of the density profile reveals

δ1(k, η, ηi) =

∫

d3xeik.x
δρ(x)

ρc
=

∫

dzeikzzδ(z)
σw(η, ηi)

ρc

∫ ξ(ηi)

0
rdrdφeik⊥ ·x

=
σw(η, ηi)

ρc
(2πξ(ηi))

2 J1(k⊥ξ(ηi))

k⊥ξ(ηi)
, (12)

where k⊥ = k− (k · n̂)n̂.

III. MATTER POWER SPECTRUM FROM THE UNEQUAL TIME CORRELATOR

A. General formalism

We introduce the dimensionless unequal time correlator (UETC) C+ by

〈Θ+(k, η)Θ
∗
+(k

′, η′)〉 = (2π)3δ3(k− k
′)

φ4
0√
ηη′

C+(k, η, η
′) , (13)

where φ0 is the expectation value of the symmetry-breaking field, and is related to the string tension by µ = 2πφ2
0 in

the Abelian Higgs model. A cosmic string network generically evolves towards a scaling regime, by which we mean that
C+ is a function of the dimensionless combinations x = kη and x′ = kη′ [Pen-Spergel-Turok, Durrer-Kunz-Melchiori].
It is also convenient to use the variables

z =
√

k2ηη′, r = η′/η, (14)

or

x+ = (x+ x′)/2, x− = x′ − x. (15)

The power spectrum of the subsequent perturbation is given by

PS(k) = ε2
∫ η

ηi

dη′
∫ η

ηi

dη′′Gc(k; η, η
′)G∗

c (k; η, η
′′)

C+(kη′, kη′′)√
η′η′′

, (16)

The generic form of the UETC is taken to be [Durrer-Kunz, Bevis et al 06,10]

C+(z, r) =















2E+

r
3
2 + r−

3
2

z < 1

E+

z
e−z2 ln(r)2/2A2

z ≥ 1

(17)

z= 6.1340e-01,1.0104e+00,1.6112e+00,
 2.1668e+00, 2.7643e+00, 3.3984e+00
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where E+ and A are constants [Bev et al 2010].

C+(k, η, η
′) =

2E+

z(r
3
2 + r−

3
2 )

e−z2 ln(r)2/2A2

, (18)

They generally take different values in the radiation (r) and matter (m) eras, with Er
+ > Em

+ .
For perturbations well inside the horizon (kη ! 1), it is a good approximation to replace the Gaussian function in

the UETC with a delta function, and early studies of the cosmic string density perturbations [Albrecht-Stebbins 92]
wrote the UETC in terms of a ‘structure function’ F2 given by

φ4
0C+(kη, kη

′) = µ2
√

ηη′F2(k, η)δ(η − η′), (19)

where µ is the cosmic string mass per unit length. Hence, we may write

F2(k, η) =
1

µ̄2η

∫ ∞

−∞

dη−C+(kη1, kη2), (20)

where η− = η1 − η2 and η = (η1 + η2)/2, and µ̄ = µ/φ2
0. With this definition, the generic form of a cosmic string

structure function from (17) is

F2(k, η) =

√
2πAE+

µ̄2(kη)2
. (21)

The structure function with its δ-function form is not a good approximation for kη $ 1, as the width of the UETC
is of order 1 in units of r.
In order to gain insight into the form of the matter power spectrum, we will consider separately the perturbations

generated before and after the time of matter-radiation equality ηeq, using the asymptotic forms of the CDM Green’s
function (4). As explained in the Appendix, the perturbations δc,>eq(k, η) contain a superhorizon growing mode,
whose compensation is contained in δc(k, ηeq).

B. Power spectrum of perturbations during the matter era

Substituting the form of the model UETC into (16), utilising the Green’s function solution for the matter dominated
epoch Gc(k; η, η′) = η2/(5η′), and changing variable to (z, r) gives

PS
>eq(k, η) ≈ ε2

kη4

25

∫ z

zeq

dz′z′
∫ ∞

0

dr

r

C+(z′, r)

z′3
(22)

1. Superhorizon scales, k ! η−1

For superhorizon scales, the UETC is z independent, and we may write

PS
>eq(k, η) ≈ ε2

kη4

25

∫ z

zeq

dz′

z′2

∫

dr

r

2Em
+

r
3
2 + r−

3
2

= ε2kη4
2πEm

+

75

(

1

zeq
−

1

z

)

(23)

The first term is the growing mode which is cancelled by the initial compensation, and so for superhorizon scales the
power spectrum is

P>eq(k, η) ≈ ε2
2πEm

+

75
η3. (24)

We see that it is white noise, and grows more slowly than the power spectrum from a pure growing mode.

String correlation model gives

7

[CHECK THIS] We have glossed over what exactly is meant by ξ, as we are sampling the string network at two
different times η and η′. Given that the UETC must be symmetric under the interchange η ↔ η′, it is reasonable to
take ξ = α

√
ηη′, where α # 0.25 [cites] is a constant. Other choices are possible, but as the UETC is strongly peaked

near η− = 0 for large kξ, they do not give significantly different functions well within the horizon.
Hence

C+(kη, kη
′) ≈ 4µ̄2 5

3

√
6πv4

α2t

1

k
√
ηη′

erf(tαk
√

ηη′/
√
6) exp(−k2v2η2−/6) (41)

Comparison with the general UETC form (17) shows that

E+ =
20

√
6π

3

µ̄2v4γv
α2

erf(tαz/
√
6), A =

√
3

v
, (42)

where we have used t = γ−1
v . The approximate values of the parameters for Abelian Higgs and Nambu-Goto strings

are given in Table I.
The resulting structure function from (21) is therefore

F2(k, η) =
120π

3

v3γv
α2

1

(kη)2
. (43)

matter era radiation era

AH NG AH NG

µ̄ 2π 2π 2π 2π

v 0.51 0.59 0.5 0.63

t̄ 0.86 0.81 0.87 0.77

α 0.30 0.17 0.30 0.15

E+ 1800 11000 1800 19000

A 3.5 2.9 3.5 2.7
√
2πAE+/µ̄

2 400 2000 400 3200

Table I: Approximate values of cosmic string parameters in the Abelian Higgs [cite Bevis et al 2010 and MH-Stuckey-Bevis
2008] and Nambu-Goto [cite B-P, Olum, Schlaer] cosmic string scenarios, with the derived value of the UETC parameters E+

and A defined in (17), and the structure function coefficient (21). CHECK THESE NUMBERS

B. Comparison to the Albrecht-Stebbins structure function

In AS 1992 an ansatz for the structure function was proposed with

FAS
2 (k, η) =

2

π2
β2Σ

χ2

ξ2

(

1

1 + 2(kχ)2

)

−→
1

π2
β2Σ

1

k2ξ2
(large k) , (44)

where β gives the microscopic string velocity, χ # ξ gives the curvature scale of the wakes, and Σ is proportional to
the surface density of the wakes produced by the strings, with

Σ =
µ̃

µ

v
√

1− v2
+

√

1− v2

2v

(

µ̃2 − µ

µµ̃

)

, (45)

where µ̃ is the renormalised string tension to account for small-scale wiggles. A numerical value of β2Σ ∼ 0.5 is
postulated in AS’92 based on early Nambu-Goto simulations, giving a structure function coefficient disagreeing by
several orders of magnitude with our estimates. We note however, that the parametric dependence is the same, if we

take ξ = χ, β = v̄ and µ̃ = µ, and recall that t̄ =
√

1− v2.
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where prime denotes derivatives with respect to σ, ε =
√

X′2/(1− Ẋ2), and µ is the mass per unit length. We impose

Ẋ ·X′ = 0. This implies Θ+(x, η) = 2µ
∫

dσεẊ2δ3(x−X), or in Fourier space Θ+(k, η) = 2µ
∫

dσεẊ2eik·X(σ) . We
can change the variable dσ → ds = εdσ such that

Θ+(k, η) = 2µ

∫

dsẊ2
se

ik·Xs , (31)

where the s subscript indicates the argument of the function. Hence

〈Θ+(k, η)Θ
∗
+(k

′, η′)〉 = (2µ)2
∫

dsds′
〈

Ẋ
2
sẊ

2
s′e

i(k·Xs−k
′
·X

s
′ )
〉

, (32)

where the subscript s′ indicates that we take X(η′, s′).
For modes well inside the horizon, we approximate the string network as consisting of an ensemble of randomly

placed strings with a Gaussian distribution for the random fields Ẋ, X′, as in [MH ’93, MH-Ringeval-Suyama].
The important correlation functions are denoted:

Γ(s−, η) = 〈[X(s, η)−X(s′, η)]2〉 , (33)

Π(s−, η) = 〈(X(s, η) −X(s′, η)) · Ẋ(s′, η)〉 , (34)

V (s−, η) = 〈Ẋ(s, η) · Ẋ(s′, η)〉 . (35)

where s− ≡ s − s′. We will also write η− = η − η′, s+ = (s + s′)/2 and η+ = (η + η′)/2. For small time differences
small spatial separation between points on the string (such that |η−| < ξ and |s−| < ξ), we can approximate the two
point function 〈[X(σ, η) −X(σ′, η′)]2〉 in the following form,

〈[X(s, η) −X(s′, η′)]2〉 ≈ 〈[X(s, η+)−X(s′, η+)− Ẋ(s′, η+)(η−)]
2〉 ≈ Γ(s−, η+) +Π(s−, η+)η− + V (0, η+)η

2
− ,

The asymptotic small scale limit for these functions is given by

Γ(s) ≈ t
2
s2, Π(s) ≈ c0s/(2ξ), V (s) ≈ v2, (36)

where the correlation length ξ at time η obeys ξ ∝ η. The constant c0 is small thanks to the approximate time-reversal
symmetry of the string network [Wandelt private communication, MH-Ringeval-Suyama] and terms involving Π will

therefore be neglected in the remainder of the paper. Note that v2 + t
2
= 1.

For larger scales we assume the correlators between Ẋ and X′ vanish, as is appropriate for a random walk. A
suitable model for the velocity correlator is [PUT IN REFERENCES ETC]

V (s−, η) ≈ v2
(

1−
|s−|
ξ

)

exp(−|s−|/ξ). (37)

It is also useful to think of the string network as being made up of independent segments of length ξ, in which case
we should limit the range of integration over s− to (−ξ, ξ).
Using the relationships described here we obtain the following form for the UETC C+

C+(kη, kη
′) = 4µ̄2

√
ηη′

Ω

∫

ds+ds−

(

V (0)2 +
2

3
V (s−)

2

)

exp(−k2Γ2(s−)/6) exp(−k2v2η2−/6) , (38)

where Ω is a normalisation volume, and µ̄ = µ/φ2
0. Therefore, we find

C+(kη, kη
′) ≈ 4µ̄2

√

ηη′L
∫ ξ

−ξ
ds−

[

v4 exp

(

−
k2t

2
s2−

6

)

+
2

3
V (s−)

2 exp

(

−
k2t

2
s2−

6

)]

exp(−k2v2η2−/6), (39)

where L =
∫

ds+/Ω. Cosmic strings obey a scaling regime such that the energy density of long strings is given by
ρ∞ = µ/ξ2. This implies that L = 1/ξ2. We therefore obtain the following approximation for the UETC,

C+(kη, kη
′) ≈ 4µ̄2

√
ηη′

ξ2

√
6π

tk

5

3
v4erf(ktξ/

√
6) exp(−k2v2η2−/6) . (40)
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2. Large scales, η−1 ! k ! η−1
eq

For perturbations on length scales smaller than the horizon, but still large compared with the horizon at matter-
radiation equality,

PS
>eq(k, η) ≈ ε2

kη4

25

[

∫ 1

zeq

dz′

z′2

∫

dr

r

2Em
+

r
3
2 + r−

3
2

+

∫ z

1

dz′

z′2

∫

dr

r

Em
+

z′
e−z′2 ln(r)2/2A2

]

= ε2kη4
2πE+

75

(

1

zeq
− 1

)

+ ε2kη4
√
2πAEm

+

25

∫ z

1

dz′

z′4
. (25)

Removing the ηeq dependent term with compensation, we find

P>eq(k, η) ≈ ε2kη4
Em

+

75

(√
2πA− 2π

)

. (26)

Hence we see that inside the horizon, the growing mode of the perturbation induced by the string takes the same
scale-invariant form as inflation-induced perturbations, proportional to k.

3. Small scales, η−1
eq ! k

For small scales, perturbations after matter-radiation equality are sourced by strings already inside the horizon,
and the contribution to the power spectrum takes the form

PS
>eq(k, η) ≈ ε2

kη4

25

∫ z

zeq

dz′

z′2

∫

dr

r

Em
+

z′
e−z′2 ln(r)2/2A2

= ε2kη4
√
2πAEm

+

25

∫ z

zeq

dz′

z′4

= ε2
ηeq
k2

η4

η4eq

√
2πAEm

+

75
. (27)

This must be added to the power generated during the radiation era,

PS
<eq(k, η) ≈ ε2kη4K2

(

ln (kηeq)

(kηeq)2

)2 [∫ 1

zi

dz′

z′2

∫

dr

r

2Er
+

r
3
2 + r−

3
2

+

∫ zeq

1

dz′

z′2

∫

dr

r

Er
+

z′
e−z′2 ln(r)2/2A2

]

= ε2K2Er
+

(

2π

3

(

1

zi
− 1

)

+

√
2π

3
A

)

ln2(kηeq)
1

k3
η4

η4eq
(28)

The sum of the two is, after subtracting the initial compensation,

P (k, η) ≈ ε2
√
2π

3

(

K2
(

A−
√
2π

)

Er
+
ln2(kηeq)

kηeq
+

AEm
+

25

)

ηeq
k2

η4

η4eq
(29)

For large kηeq we see the characteristic k−2 behaviour characteristic of strings, and consistent with their perturbations
being in the form of approximately planar wakes [Alb-Ste 92]. We will show in more detail in a later section how
string wakes produce a k−2 spectrum. We also see that the perturbations sourced in the radiation era are significant
for wavenumbers up to kηeq ≈ 1000, giving a power spectrum which is slightly steeper than k−2.
CHECK AGAINST CMBACT SPECTRUM, LOG-LOG

IV. ASIDE HERE: VOLUME ARGUMENT FOR FORM AT SUPERHORIZON SCALES

At any scale R the volume in each horizon volume can be regarded as a random process ρR(x, η) = ρR(η)+δρR(x, η).

Relative fluctuation of O(1) on each horizon scale such that
√

〈δρR(x, η)2〉 =
( η
R

)3/2
ρR(η)

6

〈δρR(x, η1)δρR(x, η2)〉 =
(η1
R

)3/2
ρR(η1)×

(η2
R

)3/2
ρR(η2)×

(

η1
η2

)3/2

=
η31
R3

ρR(η1)ρR(η2) (30)

Fourier space

RMS2 = 〈δρR(x, η1)δρR(x, η2)〉 =
∫ 2π/R

0
d3keik.x〈δρR(k, η1)δρR(k, η2)〉 (31)

White noise implies that this signal varies as Amp2/R3. Since ρ(ηi) ∝ 1/η2i (scaling) then

RMS2 ∼
η31
η21η

2
2

=
1

√
η1η2

(

η1
η2

)3/2

(32)

V. GAUSSIAN MODEL FOR COSMIC STRING UETCS

A. Cosmic string energy-momentum tensor in the Nambu-Goto approximation

The energy-momentum tensor due to a cosmic string with spacetime trajectory Xµ = (η,X(σ, η)) where (σ, η)
denote the string worldsheet coordinates, is given by

Θµν(x, η) = µ

∫

dσ
(

εẊµẊν − ε−1X ′µX ′ν
)

δ3(x−X) , (33)

where prime denotes derivatives with respect to σ, ε =
√

X′2/(1− Ẋ2), and µ is the mass per unit length. We impose

Ẋ ·X′ = 0. This implies Θ+(x, η) = 2µ
∫

dσεẊ2δ3(x−X), or in Fourier space Θ+(k, η) = 2µ
∫

dσεẊ2eik·X(σ) . We
can change the variable dσ → ds = εdσ such that

Θ+(k, η) = 2µ

∫

dsẊ2
se

ik·Xs , (34)

where the s subscript indicates the argument of the function. Hence

〈Θ+(k, η)Θ
∗
+(k

′, η′)〉 = (2µ)2
∫

dsds′
〈

Ẋ
2
sẊ

2
s′e

i(k·Xs−k
′
·X

s
′ )
〉

, (35)

where the subscript s′ indicates that we take X(η′, s′).
For modes well inside the horizon, we approximate the string network as consisting of an ensemble of randomly

placed strings with a Gaussian distribution for the random fields Ẋ, X′, as in [MH ’93, MH-Ringeval-Suyama].
The important correlation functions are denoted:

Γ(s−, η) = 〈[X(s, η)−X(s′, η)]2〉 , (36)

Π(s−, η) = 〈(X(s, η) −X(s′, η)) · Ẋ(s′, η)〉 , (37)

V (s−, η) = 〈Ẋ(s, η) · Ẋ(s′, η)〉 . (38)

where s− ≡ s − s′. We will also write η− = η − η′, s+ = (s + s′)/2 and η+ = (η + η′)/2. For small time differences
small spatial separation between points on the string (such that |η−| < ξ and |s−| < ξ), we can approximate the two
point function 〈[X(σ, η) −X(σ′, η′)]2〉 in the following form,

〈[X(s, η) −X(s′, η′)]2〉 ≈ 〈[X(s, η+)−X(s′, η+)− Ẋ(s′, η+)(η−)]
2〉 ≈ Γ(s−, η+) +Π(s−, η+)η− + V (0, η+)η

2
− ,

The asymptotic small scale limit for these functions is given by

Γ(s) ≈ t
2
s2, Π(s) ≈ c0s/(2ξ), V (s) ≈ v2, (39)

where the correlation length ξ at time η obeys ξ ∝ η. The constant c0 is small thanks to the approximate time-reversal
symmetry of the string network [Wandelt private communication, MH-Ringeval-Suyama] and terms involving Π will

therefore be neglected in the remainder of the paper. Note that v2 + t
2
= 1.
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〈δρR(x, η1)δρR(x, η2)〉 =
(η1
R

)3/2
ρR(η1)×

(η2
R

)3/2
ρR(η2)×

(

η1
η2

)3/2

=
η31
R3

ρR(η1)ρR(η2) (30)

Fourier space

RMS2 = 〈δρR(x, η1)δρR(x, η2)〉 =
∫ 2π/R

0
d3keik.x〈δρR(k, η1)δρR(k, η2)〉 (31)

White noise implies that this signal varies as Amp2/R3. Since ρ(ηi) ∝ 1/η2i (scaling) then

RMS2 ∼
η31
η21η

2
2

=
1

√
η1η2

(

η1
η2

)3/2

(32)

V. GAUSSIAN MODEL FOR COSMIC STRING UETCS

A. Cosmic string energy-momentum tensor in the Nambu-Goto approximation

The energy-momentum tensor due to a cosmic string with spacetime trajectory Xµ = (η,X(σ, η)) where (σ, η)
denote the string worldsheet coordinates, is given by

Θµν(x, η) = µ

∫

dσ
(

εẊµẊν − ε−1X ′µX ′ν
)

δ3(x−X) , (33)

where prime denotes derivatives with respect to σ, ε =
√

X′2/(1− Ẋ2), and µ is the mass per unit length. We impose

Ẋ ·X′ = 0. This implies Θ+(x, η) = 2µ
∫

dσεẊ2δ3(x−X), or in Fourier space Θ+(k, η) = 2µ
∫

dσεẊ2eik·X(σ) . We
can change the variable dσ → ds = εdσ such that

Θ+(k, η) = 2µ

∫

dsẊ2
se

ik·Xs , (34)

where the s subscript indicates the argument of the function. Hence

〈Θ+(k, η)Θ
∗
+(k

′, η′)〉 = (2µ)2
∫

dsds′
〈

Ẋ
2
sẊ

2
s′e

i(k·Xs−k
′
·X

s
′ )
〉

, (35)

where the subscript s′ indicates that we take X(η′, s′).
For modes well inside the horizon, we approximate the string network as consisting of an ensemble of randomly

placed strings with a Gaussian distribution for the random fields Ẋ, X′, as in [MH ’93, MH-Ringeval-Suyama].
The important correlation functions are denoted:

Γ(s−, η) = 〈[X(s, η)−X(s′, η)]2〉 , (36)

Π(s−, η) = 〈(X(s, η) −X(s′, η)) · Ẋ(s′, η)〉 , (37)

V (s−, η) = 〈Ẋ(s, η) · Ẋ(s′, η)〉 . (38)

where s− ≡ s − s′. We will also write η− = η − η′, s+ = (s + s′)/2 and η+ = (η + η′)/2. For small time differences
small spatial separation between points on the string (such that |η−| < ξ and |s−| < ξ), we can approximate the two
point function 〈[X(σ, η) −X(σ′, η′)]2〉 in the following form,

〈[X(s, η) −X(s′, η′)]2〉 ≈ 〈[X(s, η+)−X(s′, η+)− Ẋ(s′, η+)(η−)]
2〉 ≈ Γ(s−, η+) +Π(s−, η+)η− + V (0, η+)η

2
− ,

The asymptotic small scale limit for these functions is given by

Γ(s) ≈ t
2
s2, Π(s) ≈ c0s/(2ξ), V (s) ≈ v2, (39)

where the correlation length ξ at time η obeys ξ ∝ η. The constant c0 is small thanks to the approximate time-reversal
symmetry of the string network [Wandelt private communication, MH-Ringeval-Suyama] and terms involving Π will

therefore be neglected in the remainder of the paper. Note that v2 + t
2
= 1.
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〈δρR(x, η1)δρR(x, η2)〉 =
(η1
R

)3/2
ρR(η1)×

(η2
R

)3/2
ρR(η2)×

(

η1
η2

)3/2

=
η31
R3

ρR(η1)ρR(η2) (30)

Fourier space

RMS2 = 〈δρR(x, η1)δρR(x, η2)〉 =
∫ 2π/R

0
d3keik.x〈δρR(k, η1)δρR(k, η2)〉 (31)

White noise implies that this signal varies as Amp2/R3. Since ρ(ηi) ∝ 1/η2i (scaling) then

RMS2 ∼
η31
η21η

2
2

=
1

√
η1η2

(

η1
η2

)3/2

(32)

V. GAUSSIAN MODEL FOR COSMIC STRING UETCS

A. Cosmic string energy-momentum tensor in the Nambu-Goto approximation

The energy-momentum tensor due to a cosmic string with spacetime trajectory Xµ = (η,X(σ, η)) where (σ, η)
denote the string worldsheet coordinates, is given by

Θµν(x, η) = µ

∫

dσ
(

εẊµẊν − ε−1X ′µX ′ν
)

δ3(x−X) , (33)

where prime denotes derivatives with respect to σ, ε =
√

X′2/(1− Ẋ2), and µ is the mass per unit length. We impose

Ẋ ·X′ = 0. This implies Θ+(x, η) = 2µ
∫

dσεẊ2δ3(x−X), or in Fourier space Θ+(k, η) = 2µ
∫

dσεẊ2eik·X(σ) . We
can change the variable dσ → ds = εdσ such that

Θ+(k, η) = 2µ

∫

dsẊ2
se

ik·Xs , (34)

where the s subscript indicates the argument of the function. Hence

〈Θ+(k, η)Θ
∗
+(k

′, η′)〉 = (2µ)2
∫

dsds′
〈

Ẋ
2
sẊ

2
s′e

i(k·Xs−k
′
·X

s
′ )
〉

, (35)

where the subscript s′ indicates that we take X(η′, s′).
For modes well inside the horizon, we approximate the string network as consisting of an ensemble of randomly

placed strings with a Gaussian distribution for the random fields Ẋ, X′, as in [MH ’93, MH-Ringeval-Suyama].
The important correlation functions are denoted:

Γ(s−, η) = 〈[X(s, η)−X(s′, η)]2〉 , (36)

Π(s−, η) = 〈(X(s, η) −X(s′, η)) · Ẋ(s′, η)〉 , (37)

V (s−, η) = 〈Ẋ(s, η) · Ẋ(s′, η)〉 . (38)

where s− ≡ s − s′. We will also write η− = η − η′, s+ = (s + s′)/2 and η+ = (η + η′)/2. For small time differences
small spatial separation between points on the string (such that |η−| < ξ and |s−| < ξ), we can approximate the two
point function 〈[X(σ, η) −X(σ′, η′)]2〉 in the following form,

〈[X(s, η) −X(s′, η′)]2〉 ≈ 〈[X(s, η+)−X(s′, η+)− Ẋ(s′, η+)(η−)]
2〉 ≈ Γ(s−, η+) +Π(s−, η+)η− + V (0, η+)η

2
− ,

The asymptotic small scale limit for these functions is given by

Γ(s) ≈ t
2
s2, Π(s) ≈ c0s/(2ξ), V (s) ≈ v2, (39)

where the correlation length ξ at time η obeys ξ ∝ η. The constant c0 is small thanks to the approximate time-reversal
symmetry of the string network [Wandelt private communication, MH-Ringeval-Suyama] and terms involving Π will

therefore be neglected in the remainder of the paper. Note that v2 + t
2
= 1.

R

5

Small Scales - Folded Limit: The folded limit k = k1 ≈ k2 ≈ k3/2, in the small scale limit, kξ " 1, gives a
bispectrum contribution

B(k, k, 2k, η) ≈
(

4uiα

5

)3

νη6
∫ η

η1

dηi
η4i

∫ 1

−1

dµ

2

J1(k
√

1− µ2αηi)J1(k
√

1− µ2αηi)J1(2k
√

1− µ2αηi)

2k3(1 − µ2)3/2
(36)

≈
(

4ui

5

)3

α4ν
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∫ η
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dηi
η3i
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0
dx
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α4ν

η6

η2eqk
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≈ 2

(ui

5

)3
α4ν

(

a(η)

a(ηeq)

)3 η4eq
k2

,

where on the second line we use the approximation that 1/
√

1− (x/kαηi)2 ≈ 1.
Small Scales - Equilateral Limit: The equilateral limit given by ki ≈ k, in the small scale limit, results in a

more complicated integral expression. In order to simplify the calculation we shall assume that the time integral is
dominated, as in the other small scale limits, by the limit at ηeq. We adopt the following approximation, which we
find numerically is accurate to factors of O(1),

B(k, k, k, η) ≈
(

4uiα

5

)3

νη6
∫

dn̂

4π

J1(k1⊥αηeq)J1(k2⊥αηeq)J1(k3⊥αηeq)

(k1⊥αηeq)(k2⊥αηeq)(k3⊥αηeq)
, (37)

where we parametrise the equilateral shape such that k1 = k(sin(π/3), cos(π/3), 0),k2 = k(− sin(π/3), cos(Π/3), 0),
with k3 = −k1 − k2, such that k21⊥/k

2 = 1 − sin2 θ sin2(φ + π/3), k22⊥/k
2 = 1 − sin2 θ sin2(φ − π/3) and k23⊥/k

2 =
1 − sin2 θ sin2(φ), where dn̂ = sin θdθdφ. Setting µ = cos θ, the integrand clearly peaks near the points on the (µ,φ)
plane given by (1,π/2), (1,π/2 ± π/3). Clearly by symmetry considerations each of the peaks contributes equally.
Therfore, expanding in the φ parameter near the peak at π/2, in the form φ = π/2+ε, we may write k3⊥/k =

√

ε2 + µ2,
k1⊥/k ≈ k2⊥/k ≈

√

(3 + µ2)/4. We may then write

∫

dn̂

4π
Π3

i=1

[

J1(ki⊥αηeq)
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]

≈ 3

∫

dµdε

4π

J1(z
√

ε2 + µ2)J1(z
√

3 + µ2/2)2

z
√

ε2 + µ2(z
√

3 + µ2/2)2

≈
3

4π

(

J1(βz)
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)2 ∫
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J1(z

√

ε2 + µ2)

z
√
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3

4π
ln(2π)

(

J1(βz)

βz

)2 ∫

dρ
J1(zρ)

z
, (38)

where we set z ≡ kαηeq, and where β represents a constant of value between 3/4 and 1. Finally our analytic expression
for the equilateral bispectrum takes the form

B(k, k, k, η) ≈
(

4uiα

5

)3 3να3 ln(2π)

2π2β3

cos2(βz − 3π/4)

z5
≈

(

4ui

5

)3 3αν ln(2π)

4π2β3

(

a(η)

a(ηeq)

)3 ηeq
k5

, (39)

where in the final expression we sub back in the expression for z and approximate the cos2 expression by it’s average
value 1/2. While incorporating several simplifications this analytic expression reproduces quite well the results of a
full numerical computation of the equilateral bispectrum using equation (37). It should be noted, however, that the
1/k5 behaviour does not agree with the 1/k4 expression found using the linear perturbation theory approach. In one
respect this is not surprising, since the wake model replicates the so-called 1-halo term of the halo model bispectrum,
which is expected to more accurately represent the small scale, or large k, limit. On the other hand the perturbation
theory model agrees strongly with the 3-halo term which dominates on large scales. For configurations such as the
squeezed limit, one of the scales is large scale, and, therefore, it appears reasonable that the two approaches would
give similar results. In any case, the result show that the matter bispectrum induced by cosmic strings is dominated
by configurations for which the two approaches give results which agree up to factors of order unity.

II. MEASURABLE OR NOT

η1

BE(k, k, k)/B
grav(k, k, k) =O(1)

(4πGµ)3

A4
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aeq
a

(ηeqk)
2
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1 + z

1 + zeq
(ηeqk)

2 (40)
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where we set z ≡ kαηeq, and where β represents a constant of value between 3/4 and 1. Finally our analytic expression
for the equilateral bispectrum takes the form
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where in the final expression we sub back in the expression for z and approximate the cos2 expression by it’s average
value 1/2. While incorporating several simplifications this analytic expression reproduces quite well the results of a
full numerical computation of the equilateral bispectrum using equation (37). It should be noted, however, that the
1/k5 behaviour does not agree with the 1/k4 expression found using the linear perturbation theory approach. In one
respect this is not surprising, since the wake model replicates the so-called 1-halo term of the halo model bispectrum,
which is expected to more accurately represent the small scale, or large k, limit. On the other hand the perturbation
theory model agrees strongly with the 3-halo term which dominates on large scales. For configurations such as the
squeezed limit, one of the scales is large scale, and, therefore, it appears reasonable that the two approaches would
give similar results. In any case, the result show that the matter bispectrum induced by cosmic strings is dominated
by configurations for which the two approaches give results which agree up to factors of order unity.
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Analytic predictions (matter dominated universe)
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where E+ and A are constants [Bev et al 2010].

C+(k, η, η
′) =

2E+

z(r
3
2 + r−

3
2 )

e−z2 ln(r)2/2A2

, (18)

They generally take different values in the radiation (r) and matter (m) eras, with Er
+ > Em

+ .
For perturbations well inside the horizon (kη ! 1), it is a good approximation to replace the Gaussian function in

the UETC with a delta function, and early studies of the cosmic string density perturbations [Albrecht-Stebbins 92]
wrote the UETC in terms of a ‘structure function’ F2 given by

φ4
0C+(kη, kη

′) = µ2
√

ηη′F2(k, η)δ(η − η′), (19)

where µ is the cosmic string mass per unit length. Hence, we may write

F2(k, η) =
1

µ̄2η

∫ ∞

−∞

dη−C+(kη1, kη2), (20)

where η− = η1 − η2 and η = (η1 + η2)/2, and µ̄ = µ/φ2
0. With this definition, the generic form of a cosmic string

structure function from (17) is

F2(k, η) =

√
2πAE+

µ̄2(kη)2
. (21)

The structure function with its δ-function form is not a good approximation for kη $ 1, as the width of the UETC
is of order 1 in units of r.
In order to gain insight into the form of the matter power spectrum, we will consider separately the perturbations

generated before and after the time of matter-radiation equality ηeq, using the asymptotic forms of the CDM Green’s
function (4). As explained in the Appendix, the perturbations δc,>eq(k, η) contain a superhorizon growing mode,
whose compensation is contained in δc(k, ηeq).

B. Power spectrum of perturbations during the matter era

Substituting the form of the model UETC into (16), utilising the Green’s function solution for the matter dominated
epoch Gc(k; η, η′) = η2/(5η′), and changing variable to (z, r) gives

PS
>eq(k, η) ≈ ε2

kη4

25

∫ z

zeq

dz′z′
∫ ∞

0

dr

r

C+(z′, r)

z′3
(22)

1. Superhorizon scales, k ! η−1

For superhorizon scales, the UETC is z independent, and we may write

PS
>eq(k, η) ≈ ε2

kη4

25

∫ z

zeq

dz′

z′2

∫

dr
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2Em
+

r
3
2 + r−

3
2

= ε2kη4
2πEm

+

75

(

1

zeq
−

1

z

)

(23)

The first term is the growing mode which is cancelled by the initial compensation, and so for superhorizon scales the
power spectrum is

P>eq(k, η) ≈ ε2
2πEm

+

75
η3. (24)

We see that it is white noise, and grows more slowly than the power spectrum from a pure growing mode.
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2. Large scales, η−1 ! k ! η−1
eq

For perturbations on length scales smaller than the horizon, but still large compared with the horizon at matter-
radiation equality,
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kη4

25

[
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Removing the ηeq dependent term with compensation, we find

P>eq(k, η) ≈ ε2kη4
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(√
2πA− 2π

)

. (26)

Hence we see that inside the horizon, the growing mode of the perturbation induced by the string takes the same
scale-invariant form as inflation-induced perturbations, proportional to k.

3. Small scales, η−1
eq ! k

For small scales, perturbations after matter-radiation equality are sourced by strings already inside the horizon,
and the contribution to the power spectrum takes the form

PS
>eq(k, η) ≈ ε2

kη4

25

∫ z

zeq

dz′

z′2

∫

dr

r

Em
+

z′
e−z′2 ln(r)2/2A2

= ε2kη4
√
2πAEm

+

25

∫ z

zeq

dz′

z′4

= ε2
ηeq
k2

η4

η4eq

√
2πAEm

+

75
. (27)

This must be added to the power generated during the radiation era,
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The sum of the two is, after subtracting the initial compensation,

P (k, η) ≈ ε2
√
2π

3
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2π

)

Er
+
ln2(kηeq)
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ηeq
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η4
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For large kηeq we see the characteristic k−2 behaviour characteristic of strings, and consistent with their perturbations
being in the form of approximately planar wakes [Alb-Ste 92]. We will show in more detail in a later section how
string wakes produce a k−2 spectrum. We also see that the perturbations sourced in the radiation era are significant
for wavenumbers up to kηeq ≈ 1000, giving a power spectrum which is slightly steeper than k−2.
CHECK AGAINST CMBACT SPECTRUM, LOG-LOG

IV. GAUSSIAN MODEL FOR COSMIC STRING UETCS
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The sum of the two is, after subtracting the initial compensation,
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For large kηeq we see the characteristic k−2 behaviour characteristic of strings, and consistent with their perturbations
being in the form of approximately planar wakes [Alb-Ste 92]. We will show in more detail in a later section how
string wakes produce a k−2 spectrum. We also see that the perturbations sourced in the radiation era are significant
for wavenumbers up to kηeq ≈ 1000, giving a power spectrum which is slightly steeper than k−2.
CHECK AGAINST CMBACT SPECTRUM, LOG-LOG

IV. GAUSSIAN MODEL FOR COSMIC STRING UETCS

A. Cosmic string energy-momentum tensor in the Nambu-Goto approximation

The energy-momentum tensor due to a cosmic string with spacetime trajectory Xµ = (η,X(σ, η)) where (σ, η)
denote the string worldsheet coordinates, is given by
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εẊµẊν − ε−1X ′µX ′ν
)

δ3(x−X) , (30)

5

2. Large scales, η−1 ! k ! η−1
eq

For perturbations on length scales smaller than the horizon, but still large compared with the horizon at matter-
radiation equality,

PS
>eq(k, η) ≈ ε2

kη4

25

[

∫ 1

zeq

dz′

z′2

∫

dr

r

2Em
+

r
3
2 + r−

3
2

+

∫ z

1

dz′

z′2

∫

dr

r

Em
+

z′
e−z′2 ln(r)2/2A2

]

= ε2kη4
2πE+

75

(

1

zeq
− 1

)

+ ε2kη4
√
2πAEm

+

25

∫ z

1

dz′

z′4
. (25)

Removing the ηeq dependent term with compensation, we find

P>eq(k, η) ≈ ε2kη4
Em

+

75

(√
2πA− 2π

)

. (26)

Hence we see that inside the horizon, the growing mode of the perturbation induced by the string takes the same
scale-invariant form as inflation-induced perturbations, proportional to k.
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where E+ and A are constants [Bev et al 2010].
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3
2 )

e−z2 ln(r)2/2A2

, (18)

1/k
They generally take different values in the radiation (r) and matter (m) eras, with Er

+ > Em
+ .

For perturbations well inside the horizon (kη ! 1), it is a good approximation to replace the Gaussian function in
the UETC with a delta function, and early studies of the cosmic string density perturbations [Albrecht-Stebbins 92]
wrote the UETC in terms of a ‘structure function’ F2 given by

φ4
0C+(kη, kη

′) = µ2
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ηη′F2(k, η)δ(η − η′), (19)

where µ is the cosmic string mass per unit length. Hence, we may write
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∫ ∞

−∞

dη−C+(kη1, kη2), (20)

where η− = η1 − η2 and η = (η1 + η2)/2, and µ̄ = µ/φ2
0. With this definition, the generic form of a cosmic string

structure function from (17) is

F2(k, η) =

√
2πAE+

µ̄2(kη)2
. (21)

The structure function with its δ-function form is not a good approximation for kη $ 1, as the width of the UETC
is of order 1 in units of r.
In order to gain insight into the form of the matter power spectrum, we will consider separately the perturbations

generated before and after the time of matter-radiation equality ηeq, using the asymptotic forms of the CDM Green’s
function (4). As explained in the Appendix, the perturbations δc,>eq(k, η) contain a superhorizon growing mode,
whose compensation is contained in δc(k, ηeq).

B. Power spectrum of perturbations during the matter era

Substituting the form of the model UETC into (16), utilising the Green’s function solution for the matter dominated
epoch Gc(k; η, η′) = η2/(5η′), and changing variable to (z, r) gives
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1. Superhorizon scales, k ! η−1

For superhorizon scales, the UETC is z independent, and we may write
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The first term is the growing mode which is cancelled by the initial compensation, and so for superhorizon scales the
power spectrum is

P>eq(k, η) ≈ ε2
2πEm

+

75
η3. (24)

We see that it is white noise, and grows more slowly than the power spectrum from a pure growing mode.
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‘Wake Model’
Variation on wake model by Brandenberger and collaborators
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FIG. 3: Geometry of a cosmic string wake. Such a wake is
extended in the plane spanned by the direction tangential to
the string segment and by the velocity vector, while its initial
size perpendicular to this plane is thin. In the figure, vs is
the string velocity v, and γs is its related gamma factor.

ing string. This in turn leads to a wedge-shaped overden-
sity (twice the background density) behind the string.
This is the wake.

Working again in the context of the toy model of [33],
each string segment in each Hubble expansion time gen-
erated a wake. Consider a string at time ti. The physical
dimension of the induced wake at the time ti will be

c1ti × vγ(v)ti × 4πvγ(v)Gµti , (12)

where the first factor is the size along the tangent vector
of the string, the second factor is the depth (in direction
opposite to the string motion), and the third factor is
the mean width. At the leading edge (the instantaneous
location of the string), the width of the wake is zero,
whereas at the trailing edge (the initial position of the
string segment) the width is twice the mean width w.

Once formed, a wake will grow in thickness via grav-
itational accretion. This process can be studied using
the Zel’dovich approximation [38]. The idea is to con-
sider a shell of matter which is located initially (at the
time ti when the wake is laid down) at a physical height
h(ti) = a(ti)q above the center of the wake. The quan-
tity q is the initial comoving height. As a consequence
of the gravitational pull of the matter overdensity in the
wake, a comoving displacement ψ(t) gradually builds up
(where ψ(ti) = 0). The physical height at time t > ti
then can be written as

h(q, t) = a(t)
�
q − ψ

�
,

where a(t) is the cosmological scale factor. The time
evolution of the height is then determined via Newtonian
gravity

ḧ = −∂Φ

∂h
, (13)

where Φ is the Newtonian gravitational potential which is
determined via the Poisson equation in terms of the mass
overdensity. We then calculate the value q(t) (which we

call qnl(t, ti)) for which the shell is “turning around” at
time t, i.e.

ḣ(q(t), t) = 0 . (14)

After turnaround, the shell will virialize at a physical
height which is half the turnaround height 2 This viri-
alized region forms the wake. The result of a straight-
forward calculation shows that (in agreement with what
follows from linear perturbation theory), the comoving
height of the wake grows linearly in the scale factor, i.e.

qnl(t, ti) =
a(t)

a(ti)

24π

5
vγ(v)Gµ(z(ti) + 1)−1/2t0 , (15)

where the expression on the right hand side is the ratio
of scale factors multiplying the initial comoving width of
the wake (modulo a factor of order 1). Note that z(t) is
the cosmological redshift. In the context of cosmic strings
this analysis was originally done in [40] (accretion onto
loops) and [41] (accretion onto wakes).
Since the turnaround height itself is half the height

the shell would have if it were simply to expand with the
Hubble flow, the resulting overdensity in the wake is a
factor of 4. Note that for accretion onto a string loop,
the resulting overdensity is 64 since there is contraction
in all three spatial directions (see e.g. [42]).
Let us end this section with a couple of comments.

First of all, the planar dimensions of the wake will retain
constant comoving size. Secondly, there is an important
difference between the lensing signal due to string seg-
ments and the wake signal. Since the string segment only
lives for one Hubble expansion time, only strings whose
finite time world sheet intersects the past light cone lead
to an observable signal. On the other hand, wakes persist
even after the string segment which has seeded them has
decayed. Hence, all string segments within the past light
cone lead to observable wake signals. In the following, it
is signals due to wakes which will be discussed.

IV. SIGNATURES OF COSMIC STRINGS IN

CMB POLARIZATION

When primordial CMB quadrupole radiation scatters
off of a gas cloud, the residual free electrons in the cloud
lead to polarization. Wakes are regions of enhanced den-
sity, and hence also of enhanced free electron density.
Photons emitted at the time of recombination acquire
extra polarization when they pass through a string wake.
It is this signal which we study here [43].
There are two polarization modes - E and B modes.

A Gaussian random field of density fluctuations leads
to pure E-mode polarization. In contrast, cosmic string

2 Note that this picture of cosmic string wake growth has been
confirmed by an Eulerian hydro simulation [39].

From arXiv:1301.2856 
Brandenberger

Approach: View the wake as having zero-width 
but with surface density proportional to the 

predicted width

Zel’dovich approx to get the width
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by analytic methods [cite Pen-Spergel-Turok, Durrer-Kunz-Melchiorri, Jaffe 1993, Figueroa-Caldwell-Kamionkowski]
one can calculate the power spectrum of density fluctuations.
We define the quantity P (k, η) by

〈δc(k, η)δ∗c (k′, η)〉 = (2π)3δ3(k− k
′)P (k, η), (6)

which we will refer to as the power spectrum. The superscripts I and S will be used to denote the power spectra of
the initial and subsequent perturbations.

II. WAKE MODEL

In this section we present an alternative - intrinsically non-linear - model for the matter power spectrum due to
cosmic strings, based on the picture that the primary source of perturbations is the wakes formed behind moving
horizon-sized string segments [Silk-Vilenkin 84, Vachaspati 86, Brandenberger-Kaiser-Shellard-Turok 87, Stebbins et
al ApJ 87].
The model of the string network is based on the assumptions that:

• That the strings can be modelled as randomly placed segments of comoving length ξ = αη, where α is a constant,
moving with RMS speed v;

• There are a constant number of string segments per Hubble volume, with length density L = (αη)−2;

Numerical simulations suggest that α ≈ 0.3 and v % 0.7. CHECK THESE NUMBERS AND PUT IN CITATIONS
FOR BOTH NG AND AH.
As a string segment string moves with speed vs, it generates a velocity perturbation δv % 4πGµvsγvs (where

γv = 1/
√
1− v2) in the surrounding matter, directed inward towards the sheet it has swept out. Behind the string,

collisionless matter therefore develops a wedge with double the matter density of the surrounding region, called a
wake. The surface density of the wake grows due to gravitational instability: logarithmically in the radiation era, and
in proportion to the scale factor in the matter era.
The physical surface density at time η of a wake laid down by a string segment at time ηi may be found by solving

the Zeldovich equation for the comoving displacement, ψ, from the central plane due to matter accretion, where the
physical space radial coordinate is given by r = a(x + ψ) [cite Vilenkin-Shellard 94].
The turnaround surface satisfies dr/dη = 0, such that the thickness of the wake is given by d ≈ |2x| = |4ψ|. The

surface mass density then satisfies σw ≈ ρCDMd. Explicitly the Zeldovich equation is given by

ψ′′ +
1

η
ψ′ = 0 , (radiation era after ”horizon crossing”?)

ψ′′ +
2

η
ψ′ −

6

η2
ψ = 0 , (matter era)

(7)

with initial conditions due to the conical geometry of the cosmic string given by

ψ(x, ηi) = 0, ψ′(x, ηi) = −4πGµvsγsΘ(x), (8)

where Θ(x) is the Heaviside function and vs is the string velocity with γs the corresponding Lorentz factor. The
resulting surface tension is then given by

σw(η, ηi)

ρc(η)
=

4uiηi
5

(

η

ηi

)2

(9)

where ρc is the density of cold dark matter, and we have defined

ui ≡ 4πGµvsγs. (10)

Wakes which are laid down in the radiation area will grow slowly before continuing to grow in the matter era.

σw(η, ηi)

ρc(η)
≈ 4uiηiKw ln

(

ηeq
ηi

)(

η

ηeq

)2

, (11)
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=>

3

where the factor Kw matches the radiation era growing mode onto the mater era one. CHECK GROWTH IN
RADIATION ERA
Note that the model assumes that wakes due to long straight strings give the dominant contribution to the matter

power spectrum. While a slight violation of this assumption is not expected to alter our results for the matter power
spectrum greatly, it should be noted that the presence of small-scale structure on the strings is expected to significantly
change the baryon abundance in the central regions of the wakes. SORNBERGER ET AL ’96/’97 JUSTIFICATION
NEEDED HERE.
Note also that the wake model assumes that the length and the width of the string wake are comparable and

much larger than the thickness of the wake. On dimensional grounds we expect that the initial length, width and
thickness are given by li ∼ ti, wi ∼ vsti and di ∼ uiti, respectively (where ti is the physical time corresponding to
ηi). The corresponding length, width and thickness today are given by l0 ∼ tizi, w0 ∼ vstizi, d0 ∼ uitiz2i . [WHY
z SQUARED?] Therefore, our assumption is valid for vs relativistic and uizi " 1, which is true for the range of
redshifts we are interested in.
In order to perform the calculation of the total cosmic string matter power spectrum and bispectrum, we must first

calculate the density profile of a single cosmic string wake. Consider a cosmic string wake at time η, created due to
a string formed at ηi, modelled as a two dimensional disk of comoving radius ξ(ηi) with comoving surface density
σw(η, ηi). We suppose that the string wake is oriented in direction n̂, which we assume for simplicity is aligned with
the z-axis. The Fourier transform (FT) of the density profile reveals

δ1(k, η, ηi) =

∫

d3xeik.x
δρ(x)

ρc
=

∫

dzeikzzδ(z)
σw(η, ηi)

ρc

∫ ξ(ηi)

0
rdrdφeik⊥ ·x

=
σw(η, ηi)

ρc
(2πξ(ηi))

2 J1(k⊥ξ(ηi))

k⊥ξ(ηi)
, (12)

where k⊥ = k− (k · n̂)n̂.

III. MATTER POWER SPECTRUM FROM THE UNEQUAL TIME CORRELATOR

A. General formalism

We introduce the dimensionless unequal time correlator (UETC) C+ by

〈Θ+(k, η)Θ
∗
+(k

′, η′)〉 = (2π)3δ3(k− k
′)

φ4
0√
ηη′

C+(k, η, η
′) , (13)

where φ0 is the expectation value of the symmetry-breaking field, and is related to the string tension by µ = 2πφ2
0 in

the Abelian Higgs model. A cosmic string network generically evolves towards a scaling regime, by which we mean that
C+ is a function of the dimensionless combinations x = kη and x′ = kη′ [Pen-Spergel-Turok, Durrer-Kunz-Melchiori].
It is also convenient to use the variables

z =
√

k2ηη′, r = η′/η, (14)

or

x+ = (x+ x′)/2, x− = x′ − x. (15)

The power spectrum of the subsequent perturbation is given by

PS(k) = ε2
∫ η

ηi

dη′
∫ η

ηi

dη′′Gc(k; η, η
′)G∗

c (k; η, η
′′)

C+(kη′, kη′′)√
η′η′′

, (16)

The generic form of the UETC is taken to be [Durrer-Kunz, Bevis et al 06,10]

C+(z, r) =















2E+

r
3
2 + r−

3
2

z < 1

E+

z
e−z2 ln(r)2/2A2

z ≥ 1

(17)

=>
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matter era radiation era

AH NG AH NG

µ̄ 2π 2π 2π 2π

v 0.51 0.59 0.5 0.63

t̄ 0.86 0.81 0.87 0.77

α 0.30 0.17 0.30 0.15

E+ 1800 11000 1800 19000

A 3.5 2.9 3.5 2.7
√
2πAE+/µ̄2 400 2000 400 3200

Table I: Approximate values of cosmic string parameters in the Abelian Higgs [cite Bevis et al 2010 and MH-Stuckey-Bevis
2008] and Nambu-Goto [cite B-P, Olum, Schlaer] cosmic string scenarios, with the derived value of the UETC parameters E+

and A defined in (17), and the structure function coefficient (21). CHECK THESE NUMBERS

C. Power spectrum from UETC

Finally we give the matter power spectrum resulting from our simplified Gaussian model of the cosmic string
UETCs, by substituting the computed values of E+ and A in (44) into the expression for the power spectrum in the
UETC approach (29). For simplicity, we will take the string parameters to be the same in the radiation and matter
eras, finding at large kηeq,

P (k, η) =
40π

3
(4πGµ)2

v3γv
α2

(

K2 ln
2(kηeq)

kηeq
+

1

25

)

ηeq
k2

η4

η4eq
(49)

VI. WAKE MODEL POWER SPECTRUM

In order to compute the power spectrum using the wake model density perturbation, (12), we first compute the
average over all orientations n̂ of the square of the density perturbation from a single wake. Setting k̂ · n̂ = µ, we find
that this quantity is given by

〈|δ1(k, η, ηi)|2〉n̂ =

∫

dn̂

4π
|δ1(k, η, ηi)|2 = (2π)2

(

σw(η, ηi)

ρc
ξ(ηi)

2

)2 ∫ 1

−1

dµ

2

[

J1(kξ(ηi)
√

1− µ2)
]2

k2ξ(ηi)2(1− µ2)
. (50)

The total angle averaged (squared) density perturbation at time η due to all wakes formed at time ηi is thus given
by dP (k, η, ηi) = dnw(ηi)〈|δ1(k, η, ηi)|2〉n̂ , where dnw(ηi) is the number density of wakes formed between ηi and
ηi + dηi. Using the scaling assumption, the number density of wakes formed in time dηi can depend only on the time
of formation, and so

dnw =
ν

η4i
dηi, (51)

where ν is a constant. Averaging over the angles to compute the power spectrum implicitly results in an isotropic
power spectrum, such that the result is independent of configuration. We infer that the total power spectrum, defined
in (6), is given at time η by

P (k, η) =

∫ η

η1

dηi
dnw

dηi
〈|δ1(k, η, ηi)|2〉n̂ =

∫ η

η1

dηi







ν

η4i

(

2πξ(ηi)
2 σw(η, ηi)

ρc

)2 ∫ 1

−1

dµ

2

[

J1(kξ(ηi)
√

1− µ2)
]2

k2ξ(ηi)2(1 − µ2)






, (52)
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dµ

2

[

J1(kξ(ηi)
√

1− µ2)
]2

k2ξ(ηi)2(1 − µ2)






, (52)

Predictions:

9

where η1 is an arbitrary initial time1. We may expand this out further using our expressions for the wake surface
density and the string correlation length to get

P (k, η) = (2π)2
(

4αui

5

)2

νη4
(

∫ ηeq

η1

dηi
η4eq

25K2
w ln2

(

ηeq
ηi

)

+

∫ η

ηeq

dηi
η4i

)

∫ 1

−1

dµ

2

(J1(kαηi
√

1− µ2))2

k2(1− µ2)
(53)

We can related the constant ν to string network parameters as follows. The area of new wakes generated in time dηi
is π(αηi)2dnw, which is equal to the area swept out by the string network in the same time interval, or

π(αηi)
2dnw = Ltvdηi, (54)

where the factor of the RMS tangent vector t̄ translates from the invariant length density L to the required length
density. Hence, recalling that L = 1/α2η2i , we have

ν =
t̄v

π2α4
(55)

Analytic Matter Era Approximations

For large scales, such that kξ(ηi) " 1 we may use the property that J1(z) ≈ z/2, where z = kαηi
√

1− µ2. This
property allows us to evaluate (53) to find that

P (k, η) ≈(2π)2
(

4ui

5

)2

να4

(

a(η)

a(ηeq)

)2

η3eq ∝ k0. (56)

In evaluating this expression we have assumed that η1 " ηeq " η, which is true for the range of interest observationally.
For small scales, with kξ(ηi) % 1, we exploit the property that

∫∞

0 dxJ1(x)2/x = 1/2 by rewriting

∫ 1

−1
dµ

(J1(kαηi
√

1− µ2))2

k2(1− µ2)
= 2

∫ kαηi

0
dx

J1(x)2

x

(αηi)2

(kαηi)2
√

1− (x/(kαηi)2)
≈ 2

∫ ∞

0
dx

J1(x)2

x

1

k2
=

1

k2
. (57)

This then implies that

P (k, η) ≈(2π)2
(

4ui

5

)2

να2

(

a(η)

a(ηeq)

)2 (

25K2
w ln2

(

ηeq
η1

)

+
1

3

)

ηeq
k2

∝ k−2 . (58)

For small scales we see that the contribution from strings formed in the radiation era is much higher than from those
formed in the matter era.
Substituting for ui and ν from (10) and (55), we find

P (k, η) ≈ (2π)2
(

16πGµvγv
5

)2 t̄v

π2α4
α2

(

25K2
w ln2

(

ηeq
η1

)

+
1

3

)

ηeq
k2

(

a(η)

a(ηeq)

)2

, (59)

=
64

25
(4πGµ)2

v3γv
α2

(

25K2
w ln2

(

ηeq
η1

)

+
1

3

)

ηeq
k2

(

a(η)

a(ηeq)

)2

. (60)

By comparison to the analytic result for the cosmic string power spectrum from the model UETC (49) , we find
that the wake model power spectrum has the same k behaviour in the small scale and large scale regimes, and also
shows the same dependence on the string network parameters. There is a difference in the normalisation of a factor
of about 2, but this is not surprising in view of the crudeness of the modelling. ALSO A DIFFERENCE IN THE
LOG FACTOR - SHOWS DEPENDENCE ON INITIAL TIME

1 The main contribution to the integral is expected to come from cosmic strings formed around ηeq. Therefore, we must simply require
η1 ! ηeq to accurately calculate the total power spectrum.
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where η1 is an arbitrary initial time1. We may expand this out further using our expressions for the wake surface
density and the string correlation length to get

P (k, η) = (2π)2
(

4αui

5

)2

νη4
(

∫ ηeq

η1

dηi
η4eq

25K2
w ln2

(

ηeq
ηi

)

+

∫ η

ηeq

dηi
η4i

)

∫ 1

−1

dµ

2

(J1(kαηi
√

1− µ2))2

k2(1− µ2)
(53)

We can related the constant ν to string network parameters as follows. The area of new wakes generated in time dηi
is π(αηi)2dnw, which is equal to the area swept out by the string network in the same time interval, or

π(αηi)
2dnw = Ltvdηi, (54)

where the factor of the RMS tangent vector t̄ translates from the invariant length density L to the required length
density. Hence, recalling that L = 1/α2η2i , we have

ν =
t̄v

π2α4
(55)

Analytic Matter Era Approximations

For large scales, such that kξ(ηi) " 1 we may use the property that J1(z) ≈ z/2, where z = kαηi
√

1− µ2. This
property allows us to evaluate (53) to find that

P (k, η) ≈(2π)2
(

4ui

5

)2

να4

(

a(η)

a(ηeq)

)2

η3eq ∝ k0. (56)

In evaluating this expression we have assumed that η1 " ηeq " η, which is true for the range of interest observationally.
For small scales, with kξ(ηi) % 1, we exploit the property that

∫∞

0 dxJ1(x)2/x = 1/2 by rewriting

∫ 1

−1
dµ

(J1(kαηi
√

1− µ2))2

k2(1− µ2)
= 2

∫ kαηi

0
dx

J1(x)2

x

(αηi)2

(kαηi)2
√

1− (x/(kαηi)2)
≈ 2

∫ ∞

0
dx

J1(x)2

x

1

k2
=

1

k2
. (57)

This then implies that

P (k, η) ≈(2π)2
(

4ui

5

)2

να2

(

a(η)

a(ηeq)

)2 (

25K2
w ln2

(

ηeq
η1

)

+
1

3

)

ηeq
k2

∝ k−2 . (58)

For small scales we see that the contribution from strings formed in the radiation era is much higher than from those
formed in the matter era.
Substituting for ui and ν from (10) and (55), we find

P (k, η) ≈ (2π)2
(

16πGµvγv
5

)2 t̄v

π2α4
α2

(

25K2
w ln2

(

ηeq
η1

)

+
1

3

)

ηeq
k2

(

a(η)

a(ηeq)

)2

, (59)

=
64

25
(4πGµ)2

v3γv
α2

(

25K2
w ln2

(

ηeq
η1

)

+
1

3

)

ηeq
k2

(

a(η)

a(ηeq)

)2

. (60)

By comparison to the analytic result for the cosmic string power spectrum from the model UETC (49) , we find
that the wake model power spectrum has the same k behaviour in the small scale and large scale regimes, and also
shows the same dependence on the string network parameters. There is a difference in the normalisation of a factor
of about 2, but this is not surprising in view of the crudeness of the modelling. ALSO A DIFFERENCE IN THE
LOG FACTOR - SHOWS DEPENDENCE ON INITIAL TIME

1 The main contribution to the integral is expected to come from cosmic strings formed around ηeq. Therefore, we must simply require
η1 ! ηeq to accurately calculate the total power spectrum.
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where η1 is an arbitrary initial time1. We may expand this out further using our expressions for the wake surface
density and the string correlation length to get

P (k, η) = (2π)2
(

4αui

5

)2

νη4
(

∫ ηeq

η1

dηi
η4eq

25K2
w ln2

(

ηeq
ηi

)

+

∫ η

ηeq

dηi
η4i

)

∫ 1

−1

dµ

2

(J1(kαηi
√

1− µ2))2

k2(1− µ2)
(53)

We can related the constant ν to string network parameters as follows. The area of new wakes generated in time dηi
is π(αηi)2dnw, which is equal to the area swept out by the string network in the same time interval, or

π(αηi)
2dnw = Ltvdηi, (54)

where the factor of the RMS tangent vector t̄ translates from the invariant length density L to the required length
density. Hence, recalling that L = 1/α2η2i , we have

ν =
t̄v

π2α4
(55)

Analytic Matter Era Approximations

For large scales, such that kξ(ηi) " 1 we may use the property that J1(z) ≈ z/2, where z = kαηi
√

1− µ2. This
property allows us to evaluate (53) to find that

P (k, η) ≈(2π)2
(

4ui

5

)2

να4

(

a(η)

a(ηeq)

)2

η3eq ∝ k0. (56)

In evaluating this expression we have assumed that η1 " ηeq " η, which is true for the range of interest observationally.
For small scales, with kξ(ηi) % 1, we exploit the property that

∫∞

0 dxJ1(x)2/x = 1/2 by rewriting

∫ 1

−1
dµ

(J1(kαηi
√

1− µ2))2

k2(1− µ2)
= 2

∫ kαηi

0
dx

J1(x)2

x

(αηi)2

(kαηi)2
√

1− (x/(kαηi)2)
≈ 2

∫ ∞

0
dx

J1(x)2

x

1

k2
=

1

k2
. (57)

This then implies that

P (k, η) ≈(2π)2
(

4ui

5

)2

να2

(

a(η)

a(ηeq)

)2 (

25K2
w ln2

(

ηeq
η1

)

+
1

3

)

ηeq
k2

∝ k−2 . (58)

For small scales we see that the contribution from strings formed in the radiation era is much higher than from those
formed in the matter era.
Substituting for ui and ν from (10) and (55), we find

P (k, η) ≈ (2π)2
(

16πGµvγv
5

)2 t̄v

π2α4
α2

(

25K2
w ln2

(

ηeq
η1

)

+
1

3

)

ηeq
k2

(

a(η)

a(ηeq)

)2

, (59)

=
64

25
(4πGµ)2

v3γv
α2

(

25K2
w ln2

(

ηeq
η1

)

+
1

3

)

ηeq
k2

(

a(η)

a(ηeq)

)2

. (60)

By comparison to the analytic result for the cosmic string power spectrum from the model UETC (49) , we find
that the wake model power spectrum has the same k behaviour in the small scale and large scale regimes, and also
shows the same dependence on the string network parameters. There is a difference in the normalisation of a factor
of about 2, but this is not surprising in view of the crudeness of the modelling. ALSO A DIFFERENCE IN THE
LOG FACTOR - SHOWS DEPENDENCE ON INITIAL TIME

1 The main contribution to the integral is expected to come from cosmic strings formed around ηeq. Therefore, we must simply require
η1 ! ηeq to accurately calculate the total power spectrum.

9

where η1 is an arbitrary initial time1. We may expand this out further using our expressions for the wake surface
density and the string correlation length to get

P (k, η) = (2π)2
(

4αui

5

)2

νη4
(

∫ ηeq

η1

dηi
η4eq

25K2
w ln2

(

ηeq
ηi

)

+

∫ η

ηeq

dηi
η4i

)

∫ 1

−1

dµ

2

(J1(kαηi
√

1− µ2))2

k2(1− µ2)
(53)

We can related the constant ν to string network parameters as follows. The area of new wakes generated in time dηi
is π(αηi)2dnw, which is equal to the area swept out by the string network in the same time interval, or

π(αηi)
2dnw = Ltvdηi, (54)

where the factor of the RMS tangent vector t̄ translates from the invariant length density L to the required length
density. Hence, recalling that L = 1/α2η2i , we have

ν =
t̄v

π2α4
(55)

Analytic Matter Era Approximations

For large scales, such that kξ(ηi) " 1 we may use the property that J1(z) ≈ z/2, where z = kαηi
√

1− µ2. This
property allows us to evaluate (53) to find that

P (k, η) ≈(2π)2
(

4ui

5

)2

να4

(

a(η)

a(ηeq)

)2

η3eq ∝ k0. (56)

In evaluating this expression we have assumed that η1 " ηeq " η, which is true for the range of interest observationally.
For small scales, with kξ(ηi) % 1, we exploit the property that

∫∞

0 dxJ1(x)2/x = 1/2 by rewriting

∫ 1

−1
dµ

(J1(kαηi
√

1− µ2))2

k2(1− µ2)
= 2

∫ kαηi

0
dx

J1(x)2

x

(αηi)2

(kαηi)2
√

1− (x/(kαηi)2)
≈ 2

∫ ∞

0
dx

J1(x)2

x

1

k2
=

1

k2
. (57)

This then implies that

P (k, η) ≈(2π)2
(

4ui

5

)2

να2

(

a(η)

a(ηeq)

)2 (1

3

)

ηeq
k2

∝ k−2 . (58)

For small scales we see that the contribution from strings formed in the radiation era is much higher than from those
formed in the matter era.
Substituting for ui and ν from (10) and (55), we find

P (k, η) ≈ (2π)2
(

16πGµvγv
5

)2 t̄v

π2α4
α2

(

25K2
w ln2

(

ηeq
η1

)

+
1

3

)

ηeq
k2

(

a(η)

a(ηeq)

)2

, (59)

=
64

25
(4πGµ)2

v3γv
α2

(

25K2
w ln2

(

ηeq
η1

)

+
1

3

)

ηeq
k2

(

a(η)

a(ηeq)

)2

. (60)

By comparison to the analytic result for the cosmic string power spectrum from the model UETC (49) , we find
that the wake model power spectrum has the same k behaviour in the small scale and large scale regimes, and also
shows the same dependence on the string network parameters. There is a difference in the normalisation of a factor
of about 2, but this is not surprising in view of the crudeness of the modelling. ALSO A DIFFERENCE IN THE
LOG FACTOR - SHOWS DEPENDENCE ON INITIAL TIME

1 The main contribution to the integral is expected to come from cosmic strings formed around ηeq. Therefore, we must simply require
η1 ! ηeq to accurately calculate the total power spectrum.
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Issues with wake-model:
1) Valid only for matter dominated regime

2) Neglect perturbations outside turnaround surface => do not 
expect to be accurate on reasonably large scales => appears to be 

issues on observational scales with such models

Advantages:

Very simple model allowing for a check of calculations 
for approximation of matter dominated regime

Tuesday, 4 February 2014



Bispectrum

UETC approach

Bispectrum of Cosmic String Wakes

D.M. Regan and M. Hindmarsh
Department of Physics and Astronomy,

University of Sussex, Brighton, BN1 9QH, UK

(Dated: January 6, 2014)
Matter accretion in wakes formed by cosmic strings We present a calculation of the matter

power spectrum and bispectrum of cosmic strings induced.

I. BISPECTRUM

A. Bispectrum from the 3-point UETC

The matter bispectrum B is given by

〈δc(k1, η)δc(k2, η)δc(k3, η)〉 = (2π)3δ3(k1 + k2 + k3)B(k1, k2, k3, η). (1)

We define the source bispectrum β by

〈Θ+(k1, η1)Θ+(k2, η2)Θ+(k3, η3)〉 = φ6
0β+(k1, k2, k3, η1, η2, η3)(2π)

3δ3(k1 + k2 + k3). (2)

The source bispectrum is dimensionless in Fourier space, and so for a scaling source it can be expressed as a function
of five dimensionless combinations of the six arguments ka, ηa (a = 1, 2, 3). For example, one could take

xa = kaηa, (3)

and chose any two of the combinations

r1 =
η2
η3

, r2 =
η3
η1

, r3 =
η1
η2

. (4)

Note that r1r2r3 = 1. It can also be convenient to define

κab = −ka · kb, (5)

and to use the dimensionless combinations za defined by

z21 = κ23η2η3, z
2
2 = κ31η3η1, z

2
3 = κ12η1η2. (6)

The fact that za can be imaginary does not cause problems in practice.
The general form of the source bispectrum is not easy to guess, but we expect it to be strongly peaked inside the

horizon (xa $ 1) near ra = 1, by analogy with the source two-point function, and white noise outside the horizon.
Outside the horizon, bearing in mind that the source energy-momentum tensor is a random process on the horizon
scale, we also expect correlations to die off as the 3/2 power of the ratios of the earlier time to the later time. Hence,
a reasonable model is

β+(z1, z2, z3, r1, r2) =















3E(3)
+ (0)

(

r2
r1

)
3
2

+
(

r3
r2

)
3
2

+
(

r1
r3

)
3
2

, (xa % 1),

E(3)
+ (z1, z2, z3) exp

(

−
∑

a z
2
a ln(ra)

2/2A2
)

, (xa $ 1).

(7)

Inside the horizon we can also define a 3-point structure function

φ6
0β+(z1, z2, z3, r1, r2) ≈ µ3η3η2F3(x1, x2, x3)δ(η3 − η1)δ(η2 − η3) (8)

such that

F3(x1, x2, x3) =
1

µ̄3

∫

dr1dr2β+(z1, z2, z3, r1, r2). (9)

Bispectrum of Cosmic String Wakes

D.M. Regan and M. Hindmarsh
Department of Physics and Astronomy,

University of Sussex, Brighton, BN1 9QH, UK

(Dated: January 6, 2014)
Matter accretion in wakes formed by cosmic strings We present a calculation of the matter

power spectrum and bispectrum of cosmic strings induced.

I. BISPECTRUM

A. Bispectrum from the 3-point UETC

The matter bispectrum B is given by

〈δc(k1, η)δc(k2, η)δc(k3, η)〉 = (2π)3δ3(k1 + k2 + k3)B(k1, k2, k3, η). (1)

We define the source bispectrum β by

〈Θ+(k1, η1)Θ+(k2, η2)Θ+(k3, η3)〉 = φ6
0β+(k1, k2, k3, η1, η2, η3)(2π)

3δ3(k1 + k2 + k3). (2)

The source bispectrum is dimensionless in Fourier space, and so for a scaling source it can be expressed as a function
of five dimensionless combinations of the six arguments ka, ηa (a = 1, 2, 3). For example, one could take

xa = kaηa, (3)

and chose any two of the combinations

r1 =
η2
η3

, r2 =
η3
η1

, r3 =
η1
η2

. (4)

Note that r1r2r3 = 1. It can also be convenient to define

κab = −ka · kb, (5)

and to use the dimensionless combinations za defined by

z21 = κ23η2η3, z
2
2 = κ31η3η1, z

2
3 = κ12η1η2. (6)

The fact that za can be imaginary does not cause problems in practice.
The general form of the source bispectrum is not easy to guess, but we expect it to be strongly peaked inside the

horizon (xa $ 1) near ra = 1, by analogy with the source two-point function, and white noise outside the horizon.
Outside the horizon, bearing in mind that the source energy-momentum tensor is a random process on the horizon
scale, we also expect correlations to die off as the 3/2 power of the ratios of the earlier time to the later time. Hence,
a reasonable model is

β+(z1, z2, z3, r1, r2) =















3E(3)
+ (0)

(

r2
r1

)
3
2

+
(
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+
(

r1
r3

)
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2

, (xa % 1),

E(3)
+ (z1, z2, z3) exp

(

−
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a z
2
a ln(ra)

2/2A2
)

, (xa $ 1).

(7)

Inside the horizon we can also define a 3-point structure function

φ6
0β+(z1, z2, z3, r1, r2) ≈ µ3η3η2F3(x1, x2, x3)δ(η3 − η1)δ(η2 − η3) (8)

such that

F3(x1, x2, x3) =
1

µ̄3

∫

dr1dr2β+(z1, z2, z3, r1, r2). (9)

Bispectrum of Cosmic String Wakes

D.M. Regan and M. Hindmarsh
Department of Physics and Astronomy,

University of Sussex, Brighton, BN1 9QH, UK
(Dated: February 4, 2014)

Matter accretion in wakes formed by cosmic strings We present a calculation of the matter power
spectrum and bispectrum of cosmic strings induced.

I. BISPECTRUM

A. Bispectrum from the 3-point UETC

The matter bispectrum B is given by

〈δc(k1, η)δc(k2, η)δc(k3, η)〉 = (2π)3δ3(k1 + k2 + k3)B(k1, k2, k3, η). (1)

We define the source bispectrum β by

〈Θ+(k1, η1)Θ+(k2, η2)Θ+(k3, η3)〉 = φ6
0β+(k1, k2, k3, η1, η2, η3)(2π)

3δ3(k1 + k2 + k3). (2)

The source bispectrum is dimensionless in Fourier space, and so for a scaling source it can be expressed as a function
of five dimensionless combinations of the six arguments ka, ηa (a = 1, 2, 3). For example, one could take

xa = kaηa, (3)

and chose any two of the combinations

r1 =
η2
η3

, r2 =
η3
η1

, r3 =
η1
η2

. (4)

Note that r1r2r3 = 1. It can also be convenient to define

κab = −ka · kb, (5)

and to use the dimensionless combinations za defined by

z21 = κ23η2η3, z
2
2 = κ31η3η1, z

2
3 = κ12η1η2. (6)

The fact that za can be imaginary does not cause problems in practice.
The general form of the source bispectrum is not easy to guess, but we expect it to be strongly peaked inside the

horizon (xa $ 1) near ra = 1, by analogy with the source two-point function, and white noise outside the horizon.
Outside the horizon, bearing in mind that the source energy-momentum tensor is a random process on the horizon
scale, we also expect correlations to die off as the 3/2 power of the ratios of the earlier time to the later time. Hence,
a reasonable model is

β+(z1, z2, z3, r1, r2) =















3E(3)
+ (0)
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3
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+
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3
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+
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)
3
2

, (xa % 1),

E(3)
+ (z1, z2, z3) exp

(

−
∑

a z
2
a ln(ra)

2/2A2
)

, (xa $ 1).

(7)

β+(z1, z2, z3, r1, r2) = E(3)
+ (z1, z2, z3) exp

(

−
∑

a z
2
a ln(ra)

2/2A2
)

, (xa $ 1)

Inside the horizon we can also define a 3-point structure function

φ6
0β+(z1, z2, z3, r1, r2) ≈ µ3η3η2F3(x1, x2, x3)δ(η3 − η1)δ(η2 − η3) (8)

such that

F3(x1, x2, x3) =
1

µ̄3

∫

dr1dr2β+(z1, z2, z3, r1, r2). (9)

Bispectrum of Cosmic String Wakes

D.M. Regan and M. Hindmarsh
Department of Physics and Astronomy,

University of Sussex, Brighton, BN1 9QH, UK
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such that
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Inside the horizon we can also define a 3-point structure function
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such that

F3(x1, x2, x3) =
1

µ̄3

∫

dr1dr2β+(z1, z2, z3, r1, r2). (9)
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β+ ∝ r1/r2

Inside the horizon we can also define a 3-point structure function

φ6
0β+(z1, z2, z3, r1, r2) ≈ µ3η3η2F3(x1, x2, x3)δ(η3 − η1)δ(η2 − η3) (8)

such that

F3(x1, x2, x3) =
1

µ̄3
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2

Substitution in the solution (??) gives

B(k1, k2, k3, η) = ε3
∫ η

ηi

dη1

∫ η

ηi

dη2

∫ η

ηi

dη3Π
3
a=1 [Gc(ka; η, ηa)]β(z1, z2, z3, r1, r2). (10)

With the form (7), we may simplify this expression to the form

B(k1, k2, k3, η) ≈ (4πGµ)3
∫ η

ηi

dη′Π3
a=1Gc(ka; η, η

′)η′
2F3(x

′
1, x

′
2, x

′
3), (11)

where x′
a = kaη′.

Following a similar calculation to that presented in PAPERS CITATIONS and in Section ??, we find (with k3 =
−k1 − k2 imposed)

β(k1, k2, k3, η1, η2, η3) ≈ 8µ̄3L
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6

)

,

where we have adopted the shorthand notation σab = σa − σb, Xa = X(σa, ηa), Γab = Γ(σa − σb) and κab = −ka · kb.
Suppressing the dependence on η, the individual correlators are given in the Gaussian approximation by
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1Ẋ

2
2Ẋ

2
3〉 = V 3(0) + 2V (0)V 2(σ12) +
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2
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)

, (14)

where K2 =
√

k22k
2
3 − κ2

23/k2. Approximating V (σ) = v2, we find that
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35
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2
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2η
2
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We can also write this

β(k1, k2, k3, η1, η2, η3) ≈
β0
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)
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2
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. (16)

where

β0 = 8µ̄3 35

9
6π

v6

t
2 (17)

The 3-point structure function is therefore

F3(k1, k2, k3, η1) ≈
(2µ)3

ξ2
35

9
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36π2
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2
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23

erf

(
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6

)
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(

tK2ξ√
6

)

. (18)

Well outside the horizon, we may use the approximation erf (x) ≈ 2x/
√
π (for x & 1), and bearing in mind the general

form of super-horizon source correlators,

β(0, 0, 0, η1, η2, η3) ≈
140

9

(2µ̄v2)3
(

r2
r1

)
3
2

+
(

r3
r2

)
3
2

+
(

r1
r3

)
3
2

. (19)

We note that the factor k22k
2
3 − κ2

23 is proportional to the square of the area of the triangle formed by the three
wavevectors A. Indeed,

4A2 = k22k
2
3 − κ2

23 (and cyclic) (20)

= κ12κ23 + κ23κ31 + κ31κ12, (21)

= 2(k21k
2
2 + k22k

2
3 + k23k

2
1)− k41 − k42 − k43 . (22)
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r1 =
η2
η3

, r2 =
η3
η1

, r3 =
η1
η2
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κab = −ka · kb, (5)
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2
2 = κ31η3η1, z

2
3 = κ12η1η2. (6)

The fact that za can be imaginary does not cause problems in practice.
The general form of the source bispectrum is not easy to guess, but we expect it to be strongly peaked inside the

horizon (xa $ 1) near ra = 1, by analogy with the source two-point function, and white noise outside the horizon.
Outside the horizon, bearing in mind that the source energy-momentum tensor is a random process on the horizon
scale, we also expect correlations to die off as the 3/2 power of the ratios of the earlier time to the later time. Hence,
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Inside the horizon we can also define a 3-point structure function

φ6
0β+(z1, z2, z3, r1, r2) ≈ µ3η3η2F3(x1, x2, x3)δ(η3 − η1)δ(η2 − η3) (8)

such that

F3(x1, x2, x3) =
1

µ̄3

∫

dr1dr2β+(z1, z2, z3, r1, r2). (9)
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of five dimensionless combinations of the six arguments ka, ηa (a = 1, 2, 3). For example, one could take

xa = kaηa, (3)

and chose any two of the combinations
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and to use the dimensionless combinations za defined by

z21 = κ23η2η3, z
2
2 = κ31η3η1, z

2
3 = κ12η1η2. (6)

The fact that za can be imaginary does not cause problems in practice.
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scale, we also expect correlations to die off as the 3/2 power of the ratios of the earlier time to the later time. Hence,
a reasonable model is
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Inside the horizon we can also define a 3-point structure function

φ6
0β+(z1, z2, z3, r1, r2) ≈ µ3η3η2F3(x1, x2, x3)δ(η3 − η1)δ(η2 − η3) (8)

such that

F3(x1, x2, x3) =
1

µ̄3

∫

dr1dr2β+(z1, z2, z3, r1, r2). (9)
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and to use the dimensionless combinations za defined by
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2
2 = κ31η3η1, z

2
3 = κ12η1η2. (6)

The fact that za can be imaginary does not cause problems in practice.
The general form of the source bispectrum is not easy to guess, but we expect it to be strongly peaked inside the

horizon (xa $ 1) near ra = 1, by analogy with the source two-point function, and white noise outside the horizon.
Outside the horizon, bearing in mind that the source energy-momentum tensor is a random process on the horizon
scale, we also expect correlations to die off as the 3/2 power of the ratios of the earlier time to the later time. Hence,
a reasonable model is
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Inside the horizon we can also define a 3-point structure function
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such that
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What about superhorizon scales...use volume argument to show
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and to use the dimensionless combinations za defined by

z21 = κ23η2η3, z
2
2 = κ31η3η1, z

2
3 = κ12η1η2. (6)

The fact that za can be imaginary does not cause problems in practice.
The general form of the source bispectrum is not easy to guess, but we expect it to be strongly peaked inside the
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Outside the horizon, bearing in mind that the source energy-momentum tensor is a random process on the horizon
scale, we also expect correlations to die off as the 3/2 power of the ratios of the earlier time to the later time. Hence,
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β+ ∝ r1/r2

Inside the horizon we can also define a 3-point structure function

φ6
0β+(z1, z2, z3, r1, r2) ≈ µ3η3η2F3(x1, x2, x3)δ(η3 − η1)δ(η2 − η3) (8)

such that

F3(x1, x2, x3) =
1

µ̄3

∫

dr1dr2β+(z1, z2, z3, r1, r2). (9)

2

Substitution in the solution (??) gives

B(k1, k2, k3, η) = ε3
∫ η

ηi

dη1

∫ η

ηi

dη2

∫ η

ηi

dη3Π
3
a=1 [Gc(ka; η, ηa)]β(z1, z2, z3, r1, r2). (10)

With the form (7), we may simplify this expression to the form

B(k1, k2, k3, η) ≈ (4πGµ)3
∫ η

ηi

dη′Π3
a=1Gc(ka; η, η

′)η′
2F3(x

′
1, x

′
2, x

′
3), (11)

where x′
a = kaη′.

Following a similar calculation to that presented in PAPERS CITATIONS and in Section ??, we find (with k3 =
−k1 − k2 imposed)

β(k1, k2, k3, η1, η2, η3) ≈ 8µ̄3L
∫
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1Ẋ

2
2Ẋ
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6

)

,

where we have adopted the shorthand notation σab = σa − σb, Xa = X(σa, ηa), Γab = Γ(σa − σb) and κab = −ka · kb.
Suppressing the dependence on η, the individual correlators are given in the Gaussian approximation by

〈Ẋ2
1Ẋ

2
2Ẋ

2
3〉 = V 3(0) + 2V (0)V 2(σ12) +

8

9
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)
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(
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(
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(
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6
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2
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2η
2
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)

, (14)

where K2 =
√

k22k
2
3 − κ2

23/k2. Approximating V (σ) = v2, we find that

β(k1, k2, k3, η1, η2, η3) ≈ 8µ̄3 1
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35
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t
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tk2ξ√
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)
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tK2ξ√
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)
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6
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2
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2η
2
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)

. (15)

We can also write this

β(k1, k2, k3, η1, η2, η3) ≈
β0
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erf
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)
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)
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(
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2
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2
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)

. (16)

where

β0 = 8µ̄3 35

9
6π

v6

t
2 (17)

The 3-point structure function is therefore

F3(k1, k2, k3, η1) ≈
(2µ)3

ξ2
35

9
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t
2

36π2

k22k
2
3 − κ2

23

erf

(

tk2ξ√
6

)

erf

(

tK2ξ√
6

)

. (18)

Well outside the horizon, we may use the approximation erf (x) ≈ 2x/
√
π (for x & 1), and bearing in mind the general

form of super-horizon source correlators,

β(0, 0, 0, η1, η2, η3) ≈
140

9

(2µ̄v2)3
(

r2
r1

)
3
2

+
(

r3
r2

)
3
2

+
(

r1
r3

)
3
2

. (19)

We note that the factor k22k
2
3 − κ2

23 is proportional to the square of the area of the triangle formed by the three
wavevectors A. Indeed,

4A2 = k22k
2
3 − κ2

23 (and cyclic) (20)

= κ12κ23 + κ23κ31 + κ31κ12, (21)

= 2(k21k
2
2 + k22k

2
3 + k23k

2
1)− k41 − k42 − k43 . (22)

String correl model gives
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A. Bispectrum from the 3-point UETC

The matter bispectrum B is given by

〈δc(k1, η)δc(k2, η)δc(k3, η)〉 = (2π)3δ3(k1 + k2 + k3)B(k1, k2, k3, η). (1)

We define the source bispectrum β by

〈Θ+(k1, η1)Θ+(k2, η2)Θ+(k3, η3)〉 = φ6
0β+(k1, k2, k3, η1, η2, η3)(2π)

3δ3(k1 + k2 + k3). (2)

The source bispectrum is dimensionless in Fourier space, and so for a scaling source it can be expressed as a function
of five dimensionless combinations of the six arguments ka, ηa (a = 1, 2, 3). For example, one could take

xa = kaηa, (3)

and chose any two of the combinations

r1 =
η2
η3

, r2 =
η3
η1

, r3 =
η1
η2

. (4)

Note that r1r2r3 = 1. It can also be convenient to define

κab = −ka · kb, (5)

and to use the dimensionless combinations za defined by

z21 = κ23η2η3, z
2
2 = κ31η3η1, z

2
3 = κ12η1η2. (6)

The fact that za can be imaginary does not cause problems in practice.
The general form of the source bispectrum is not easy to guess, but we expect it to be strongly peaked inside the

horizon (xa $ 1) near ra = 1, by analogy with the source two-point function, and white noise outside the horizon.
Outside the horizon, bearing in mind that the source energy-momentum tensor is a random process on the horizon
scale, we also expect correlations to die off as the 3/2 power of the ratios of the earlier time to the later time. Hence,
a reasonable model is
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Inside the horizon we can also define a 3-point structure function

φ6
0β+(z1, z2, z3, r1, r2) ≈ µ3η3η2F3(x1, x2, x3)δ(η3 − η1)δ(η2 − η3) (8)

such that

F3(x1, x2, x3) =
1

µ̄3

∫

dr1dr2β+(z1, z2, z3, r1, r2). (9)
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Inside the horizon we can also define a 3-point structure function

φ6
0β+(z1, z2, z3, r1, r2) ≈ µ3η3η2F3(x1, x2, x3)δ(η3 − η1)δ(η2 − η3) (8)

such that
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2
3 = κ12η1η2. (6)

The fact that za can be imaginary does not cause problems in practice.
The general form of the source bispectrum is not easy to guess, but we expect it to be strongly peaked inside the

horizon (xa $ 1) near ra = 1, by analogy with the source two-point function, and white noise outside the horizon.
Outside the horizon, bearing in mind that the source energy-momentum tensor is a random process on the horizon
scale, we also expect correlations to die off as the 3/2 power of the ratios of the earlier time to the later time. Hence,
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Inside the horizon we can also define a 3-point structure function

φ6
0β+(z1, z2, z3, r1, r2) ≈ µ3η3η2F3(x1, x2, x3)δ(η3 − η1)δ(η2 − η3) (8)

such that

F3(x1, x2, x3) =
1

µ̄3

∫

dr1dr2β+(z1, z2, z3, r1, r2). (9)
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〈δc(k1, η)δc(k2, η)δc(k3, η)〉 = (2π)3δ3(k1 + k2 + k3)B(k1, k2, k3, η). (1)
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Inside the horizon we can also define a 3-point structure function

φ6
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The source bispectrum is dimensionless in Fourier space, and so for a scaling source it can be expressed as a function
of five dimensionless combinations of the six arguments ka, ηa (a = 1, 2, 3). For example, one could take

xa = kaηa, (3)

and chose any two of the combinations

r1 =
η2
η3

, r2 =
η3
η1

, r3 =
η1
η2

. (4)

Note that r1r2r3 = 1. It can also be convenient to define

κab = −ka · kb, (5)

and to use the dimensionless combinations za defined by

z21 = κ23η2η3, z
2
2 = κ31η3η1, z

2
3 = κ12η1η2. (6)

The fact that za can be imaginary does not cause problems in practice.
The general form of the source bispectrum is not easy to guess, but we expect it to be strongly peaked inside the

horizon (xa $ 1) near ra = 1, by analogy with the source two-point function, and white noise outside the horizon.
Outside the horizon, bearing in mind that the source energy-momentum tensor is a random process on the horizon
scale, we also expect correlations to die off as the 3/2 power of the ratios of the earlier time to the later time. Hence,
a reasonable model is
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E(3)
+ (z1, z2, z3) exp
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2/2A2
)

, (xa $ 1).

(7)

β+(z1, z2, z3, r1, r2) = E(3)
+ (z1, z2, z3) exp

(

−
∑

a z
2
a ln(ra)

2/2A2
)

, (xa $ 1)

Inside the horizon we can also define a 3-point structure function

φ6
0β+(z1, z2, z3, r1, r2) ≈ µ3η3η2F3(x1, x2, x3)δ(η3 − η1)δ(η2 − η3) (8)

such that

F3(x1, x2, x3) =
1

µ̄3

∫

dr1dr2β+(z1, z2, z3, r1, r2). (9)

What about superhorizon scales...use volume argument to show
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β+ ∝ r1/r2

Inside the horizon we can also define a 3-point structure function

φ6
0β+(z1, z2, z3, r1, r2) ≈ µ3η3η2F3(x1, x2, x3)δ(η3 − η1)δ(η2 − η3) (8)

such that

F3(x1, x2, x3) =
1

µ̄3

∫

dr1dr2β+(z1, z2, z3, r1, r2). (9)

2

Substitution in the solution (??) gives

B(k1, k2, k3, η) = ε3
∫ η

ηi

dη1

∫ η

ηi

dη2

∫ η

ηi

dη3Π
3
a=1 [Gc(ka; η, ηa)]β(z1, z2, z3, r1, r2). (10)

With the form (7), we may simplify this expression to the form

B(k1, k2, k3, η) ≈ (4πGµ)3
∫ η

ηi

dη′Π3
a=1Gc(ka; η, η

′)η′
2F3(x

′
1, x

′
2, x

′
3), (11)

where x′
a = kaη′.

Following a similar calculation to that presented in PAPERS CITATIONS and in Section ??, we find (with k3 =
−k1 − k2 imposed)

β(k1, k2, k3, η1, η2, η3) ≈ 8µ̄3L
∫

dσ12dσ13〈Ẋ2
1Ẋ

2
2Ẋ

2
3〉 exp
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a<b κab(Γab(η1)− v2η2ab)

6

)

,

where we have adopted the shorthand notation σab = σa − σb, Xa = X(σa, ηa), Γab = Γ(σa − σb) and κab = −ka · kb.
Suppressing the dependence on η, the individual correlators are given in the Gaussian approximation by
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where K2 =
√

k22k
2
3 − κ2

23/k2. Approximating V (σ) = v2, we find that

β(k1, k2, k3, η1, η2, η3) ≈ 8µ̄3 1
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We can also write this
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where

β0 = 8µ̄3 35

9
6π

v6

t
2 (17)

The 3-point structure function is therefore
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Well outside the horizon, we may use the approximation erf (x) ≈ 2x/
√
π (for x & 1), and bearing in mind the general

form of super-horizon source correlators,

β(0, 0, 0, η1, η2, η3) ≈
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We note that the factor k22k
2
3 − κ2

23 is proportional to the square of the area of the triangle formed by the three
wavevectors A. Indeed,

4A2 = k22k
2
3 − κ2

23 (and cyclic) (20)

= κ12κ23 + κ23κ31 + κ31κ12, (21)

= 2(k21k
2
2 + k22k

2
3 + k23k

2
1)− k41 − k42 − k43 . (22)
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κab = −ka · kb, (5)

and to use the dimensionless combinations za defined by

z21 = κ23η2η3, z
2
2 = κ31η3η1, z

2
3 = κ12η1η2. (6)

The fact that za can be imaginary does not cause problems in practice.
The general form of the source bispectrum is not easy to guess, but we expect it to be strongly peaked inside the

horizon (xa $ 1) near ra = 1, by analogy with the source two-point function, and white noise outside the horizon.
Outside the horizon, bearing in mind that the source energy-momentum tensor is a random process on the horizon
scale, we also expect correlations to die off as the 3/2 power of the ratios of the earlier time to the later time. Hence,
a reasonable model is

β+(z1, z2, z3, r1, r2) =















3E(3)
+ (0)

(

r2
r1

)
3
2

+
(

r3
r2

)
3
2

+
(

r1
r3

)
3
2

, (xa % 1),

E(3)
+ (z1, z2, z3) exp

(

−
∑

a z
2
a ln(ra)

2/2A2
)

, (xa $ 1).

(7)

Inside the horizon we can also define a 3-point structure function

φ6
0β+(z1, z2, z3, r1, r2) ≈ µ3η3η2F3(x1, x2, x3)δ(η3 − η1)δ(η2 − η3) (8)

such that

F3(x1, x2, x3) =
1

µ̄3

∫

dr1dr2β+(z1, z2, z3, r1, r2). (9)
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The fact that za can be imaginary does not cause problems in practice.
The general form of the source bispectrum is not easy to guess, but we expect it to be strongly peaked inside the

horizon (xa $ 1) near ra = 1, by analogy with the source two-point function, and white noise outside the horizon.
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Substitution in the solution (??) gives
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Well outside the horizon, we may use the approximation erf (x) ≈ 2x/
√
π (for x & 1), and bearing in mind the general

form of super-horizon source correlators,

β(0, 0, 0, η1, η2, η3) ≈
140

9

(2µ̄v2)3
(

r2
r1

)
3
2

+
(

r3
r2

)
3
2

+
(

r1
r3

)
3
2

. (19)

We note that the factor k22k
2
3 − κ2

23 is proportional to the square of the area of the triangle formed by the three
wavevectors A. Indeed,

4A2 = k22k
2
3 − κ2

23 (and cyclic) (20)

= κ12κ23 + κ23κ31 + κ31κ12, (21)

= 2(k21k
2
2 + k22k

2
3 + k23k

2
1)− k41 − k42 − k43 . (22)

2

Substitution in the solution (??) gives

B(k1, k2, k3, η) = ε3
∫ η

ηi

dη1

∫ η

ηi

dη2

∫ η

ηi

dη3Π
3
a=1 [Gc(ka; η, ηa)]β(z1, z2, z3, r1, r2). (10)

With the form (7), we may simplify this expression to the form

B(k1, k2, k3, η) ≈ (4πGµ)3
∫ η

ηi

dη′Π3
a=1Gc(ka; η, η

′)η′
2F3(x

′
1, x

′
2, x

′
3), (11)

where x′
a = kaη′.

Following a similar calculation to that presented in PAPERS CITATIONS and in Section ??, we find (with k3 =
−k1 − k2 imposed)

β(k1, k2, k3, η1, η2, η3) ≈ 8µ̄3L
∫

dσ12dσ13〈Ẋ2
1Ẋ
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2Ẋ

2
3〉 = V 3(0) + 2V (0)V 2(σ12) +

8

9
V (σ12)V (σ13)V (σ23), (12)

exp

(

−
1

6

∑

a<b

κabΓ
2
ab(η

′)

)

≈ exp

(

−
t
2

6
(k22σ

2
12 +K2

2σ
2
13)

)

, (13)

exp

(

−
v2

6

∑

a<b

κabη
2
ab

)

= exp

(

−
v2

6
(k22η

2
12 +K2

2η
2
13)

)

, (14)

where K2 =
√

k22k
2
3 − κ2

23/k2. Approximating V (σ) = v2, we find that

β(k1, k2, k3, η1, η2, η3) ≈ 8µ̄3 1

ξ2
35

9

v6

t
2

6π
√

k22k
2
3 − κ2

23

erf

(

tk2ξ√
6

)

erf

(

tK2ξ√
6

)

exp

(

−
v2

6
(k22η

2
12 +K2

2η
2
13)

)

. (15)

We can also write this

β(k1, k2, k3, η1, η2, η3) ≈
β0

ξ2k2K2
erf

(

tk2ξ√
6

)

erf

(

tK2ξ√
6

)

exp

(

−
v2

6
(k22η

2
12 +K2

2η
2
13)

)

. (16)

where

β0 = 8µ̄3 35

9
6π

v6

t
2 (17)

The 3-point structure function is therefore

F3(k1, k2, k3, η1) ≈
(2µ)3

ξ2
35

9

v4

t
2

36π2

k22k
2
3 − κ2

23

erf

(

tk2ξ√
6

)

erf

(

tK2ξ√
6

)

. (18)

Well outside the horizon, we may use the approximation erf (x) ≈ 2x/
√
π (for x & 1), and bearing in mind the general

form of super-horizon source correlators,

β(0, 0, 0, η1, η2, η3) ≈
140

9

(2µ̄v2)3
(

r2
r1

)
3
2

+
(

r3
r2

)
3
2

+
(

r1
r3

)
3
2

. (19)

We note that the factor k22k
2
3 − κ2

23 is proportional to the square of the area of the triangle formed by the three
wavevectors A. Indeed,

4A2 = k22k
2
3 − κ2

23 (and cyclic) (20)

= κ12κ23 + κ23κ31 + κ31κ12, (21)

= 2(k21k
2
2 + k22k

2
3 + k23k

2
1)− k41 − k42 − k43 . (22)

String correl model gives

2

Substitution in the solution (??) gives

B(k1, k2, k3, η) = ε3
∫ η

ηi

dη1

∫ η

ηi

dη2

∫ η

ηi

dη3Π
3
a=1 [Gc(ka; η, ηa)]β(z1, z2, z3, r1, r2). (10)

With the form (7), we may simplify this expression to the form

B(k1, k2, k3, η) ≈ (4πGµ)3
∫ η

ηi

dη′Π3
a=1Gc(ka; η, η

′)η′
2F3(x

′
1, x

′
2, x

′
3), (11)

where x′
a = kaη′.

Following a similar calculation to that presented in PAPERS CITATIONS and in Section ??, we find (with k3 =
−k1 − k2 imposed)

β(k1, k2, k3, η1, η2, η3) ≈ 8µ̄3L
∫

dσ12dσ13〈Ẋ2
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I. BISPECTRUM

A. Bispectrum from the 3-point UETC

The matter bispectrum B is given by

〈δc(k1, η)δc(k2, η)δc(k3, η)〉 = (2π)3δ3(k1 + k2 + k3)B(k1, k2, k3, η). (1)
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0β+(k1, k2, k3, η1, η2, η3)(2π)

3δ3(k1 + k2 + k3). (2)

The source bispectrum is dimensionless in Fourier space, and so for a scaling source it can be expressed as a function
of five dimensionless combinations of the six arguments ka, ηa (a = 1, 2, 3). For example, one could take
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The general form of the source bispectrum is not easy to guess, but we expect it to be strongly peaked inside the
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a reasonable model is
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Inside the horizon we can also define a 3-point structure function
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power spectrum and bispectrum of cosmic strings induced.

I. BISPECTRUM

A. Bispectrum from the 3-point UETC

The matter bispectrum B is given by

〈δc(k1, η)δc(k2, η)δc(k3, η)〉 = (2π)3δ3(k1 + k2 + k3)B(k1, k2, k3, η). (1)

We define the source bispectrum β by

〈Θ+(k1, η1)Θ+(k2, η2)Θ+(k3, η3)〉 = φ6
0β+(k1, k2, k3, η1, η2, η3)(2π)

3δ3(k1 + k2 + k3). (2)

The source bispectrum is dimensionless in Fourier space, and so for a scaling source it can be expressed as a function
of five dimensionless combinations of the six arguments ka, ηa (a = 1, 2, 3). For example, one could take

xa = kaηa, (3)

and chose any two of the combinations

r1 =
η2
η3

, r2 =
η3
η1

, r3 =
η1
η2

. (4)

Note that r1r2r3 = 1. It can also be convenient to define

κab = −ka · kb, (5)

and to use the dimensionless combinations za defined by

z21 = κ23η2η3, z
2
2 = κ31η3η1, z

2
3 = κ12η1η2. (6)

The fact that za can be imaginary does not cause problems in practice.
The general form of the source bispectrum is not easy to guess, but we expect it to be strongly peaked inside the

horizon (xa $ 1) near ra = 1, by analogy with the source two-point function, and white noise outside the horizon.
Outside the horizon, bearing in mind that the source energy-momentum tensor is a random process on the horizon
scale, we also expect correlations to die off as the 3/2 power of the ratios of the earlier time to the later time. Hence,
a reasonable model is

β+(z1, z2, z3, r1, r2) =















3E(3)
+ (0)

(

r2
r1

)
3
2

+
(

r3
r2

)
3
2

+
(

r1
r3

)
3
2

, (xa % 1),

E(3)
+ (z1, z2, z3) exp

(

−
∑

a z
2
a ln(ra)

2/2A2
)

, (xa $ 1).

(7)

Inside the horizon we can also define a 3-point structure function

φ6
0β+(z1, z2, z3, r1, r2) ≈ µ3η3η2F3(x1, x2, x3)δ(η3 − η1)δ(η2 − η3) (8)

such that

F3(x1, x2, x3) =
1

µ̄3

∫

dr1dr2β+(z1, z2, z3, r1, r2). (9)
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I. BISPECTRUM

A. Bispectrum from the 3-point UETC

The matter bispectrum B is given by

〈δc(k1, η)δc(k2, η)δc(k3, η)〉 = (2π)3δ3(k1 + k2 + k3)B(k1, k2, k3, η). (1)

We define the source bispectrum β by

〈Θ+(k1, η1)Θ+(k2, η2)Θ+(k3, η3)〉 = φ6
0β+(k1, k2, k3, η1, η2, η3)(2π)

3δ3(k1 + k2 + k3). (2)

The source bispectrum is dimensionless in Fourier space, and so for a scaling source it can be expressed as a function
of five dimensionless combinations of the six arguments ka, ηa (a = 1, 2, 3). For example, one could take

xa = kaηa, (3)

and chose any two of the combinations

r1 =
η2
η3

, r2 =
η3
η1

, r3 =
η1
η2

. (4)

Note that r1r2r3 = 1. It can also be convenient to define

κab = −ka · kb, (5)

and to use the dimensionless combinations za defined by

z21 = κ23η2η3, z
2
2 = κ31η3η1, z

2
3 = κ12η1η2. (6)

The fact that za can be imaginary does not cause problems in practice.
The general form of the source bispectrum is not easy to guess, but we expect it to be strongly peaked inside the

horizon (xa $ 1) near ra = 1, by analogy with the source two-point function, and white noise outside the horizon.
Outside the horizon, bearing in mind that the source energy-momentum tensor is a random process on the horizon
scale, we also expect correlations to die off as the 3/2 power of the ratios of the earlier time to the later time. Hence,
a reasonable model is

β+(z1, z2, z3, r1, r2) =















3E(3)
+ (0)

(

r2
r1

)
3
2

+
(

r3
r2

)
3
2

+
(

r1
r3

)
3
2

, (xa % 1),

E(3)
+ (z1, z2, z3) exp

(

−
∑

a z
2
a ln(ra)

2/2A2
)

, (xa $ 1).

(7)

β+(z1, z2, z3, r1, r2) = E(3)
+ (z1, z2, z3) exp

(

−
∑

a z
2
a ln(ra)

2/2A2
)

, (xa $ 1)

Inside the horizon we can also define a 3-point structure function

φ6
0β+(z1, z2, z3, r1, r2) ≈ µ3η3η2F3(x1, x2, x3)δ(η3 − η1)δ(η2 − η3) (8)

such that

F3(x1, x2, x3) =
1

µ̄3

∫

dr1dr2β+(z1, z2, z3, r1, r2). (9)
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I. BISPECTRUM

A. Bispectrum from the 3-point UETC

The matter bispectrum B is given by

〈δc(k1, η)δc(k2, η)δc(k3, η)〉 = (2π)3δ3(k1 + k2 + k3)B(k1, k2, k3, η). (1)

We define the source bispectrum β by

〈Θ+(k1, η1)Θ+(k2, η2)Θ+(k3, η3)〉 = φ6
0β+(k1, k2, k3, η1, η2, η3)(2π)

3δ3(k1 + k2 + k3). (2)

The source bispectrum is dimensionless in Fourier space, and so for a scaling source it can be expressed as a function
of five dimensionless combinations of the six arguments ka, ηa (a = 1, 2, 3). For example, one could take

xa = kaηa, (3)

and chose any two of the combinations

r1 =
η2
η3

, r2 =
η3
η1

, r3 =
η1
η2

. (4)

Note that r1r2r3 = 1. It can also be convenient to define

κab = −ka · kb, (5)

and to use the dimensionless combinations za defined by

z21 = κ23η2η3, z
2
2 = κ31η3η1, z

2
3 = κ12η1η2. (6)

The fact that za can be imaginary does not cause problems in practice.
The general form of the source bispectrum is not easy to guess, but we expect it to be strongly peaked inside the

horizon (xa $ 1) near ra = 1, by analogy with the source two-point function, and white noise outside the horizon.
Outside the horizon, bearing in mind that the source energy-momentum tensor is a random process on the horizon
scale, we also expect correlations to die off as the 3/2 power of the ratios of the earlier time to the later time. Hence,
a reasonable model is

β+(z1, z2, z3, r1, r2) =















3E(3)
+ (0)

(
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)
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+
(
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)
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+
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)
3
2

, (xa % 1),

E(3)
+ (z1, z2, z3) exp

(

−
∑

a z
2
a ln(ra)

2/2A2
)

, (xa $ 1).

(7)

β+(z1, z2, z3, r1, r2) = E(3)
+ (z1, z2, z3) exp

(

−
∑

a z
2
a ln(ra)

2/2A2
)

, (xa $ 1)

Inside the horizon we can also define a 3-point structure function

φ6
0β+(z1, z2, z3, r1, r2) ≈ µ3η3η2F3(x1, x2, x3)δ(η3 − η1)δ(η2 − η3) (8)

such that

F3(x1, x2, x3) =
1

µ̄3

∫

dr1dr2β+(z1, z2, z3, r1, r2). (9)
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Matter accretion in wakes formed by cosmic strings We present a calculation of the matter power
spectrum and bispectrum of cosmic strings induced.

I. BISPECTRUM

A. Bispectrum from the 3-point UETC

The matter bispectrum B is given by

〈δc(k1, η)δc(k2, η)δc(k3, η)〉 = (2π)3δ3(k1 + k2 + k3)B(k1, k2, k3, η). (1)

We define the source bispectrum β by

〈Θ+(k1, η1)Θ+(k2, η2)Θ+(k3, η3)〉 = φ6
0β+(k1, k2, k3, η1, η2, η3)(2π)

3δ3(k1 + k2 + k3). (2)

The source bispectrum is dimensionless in Fourier space, and so for a scaling source it can be expressed as a function
of five dimensionless combinations of the six arguments ka, ηa (a = 1, 2, 3). For example, one could take

xa = kaηa, (3)

and chose any two of the combinations

r1 =
η2
η3

, r2 =
η3
η1

, r3 =
η1
η2

. (4)

Note that r1r2r3 = 1. It can also be convenient to define

κab = −ka · kb, (5)

and to use the dimensionless combinations za defined by

z21 = κ23η2η3, z
2
2 = κ31η3η1, z

2
3 = κ12η1η2. (6)

The fact that za can be imaginary does not cause problems in practice.
The general form of the source bispectrum is not easy to guess, but we expect it to be strongly peaked inside the

horizon (xa $ 1) near ra = 1, by analogy with the source two-point function, and white noise outside the horizon.
Outside the horizon, bearing in mind that the source energy-momentum tensor is a random process on the horizon
scale, we also expect correlations to die off as the 3/2 power of the ratios of the earlier time to the later time. Hence,
a reasonable model is

β+(z1, z2, z3, r1, r2) =















3E(3)
+ (0)

(

r2
r1

)
3
2

+
(

r3
r2

)
3
2

+
(

r1
r3

)
3
2

, (xa % 1),

E(3)
+ (z1, z2, z3) exp

(

−
∑

a z
2
a ln(ra)

2/2A2
)

, (xa $ 1).

(7)

β+(z1, z2, z3, r1, r2) = E(3)
+ (z1, z2, z3) exp

(

−
∑

a z
2
a ln(ra)

2/2A2
)

, (xa $ 1)

Inside the horizon we can also define a 3-point structure function

φ6
0β+(z1, z2, z3, r1, r2) ≈ µ3η3η2F3(x1, x2, x3)δ(η3 − η1)δ(η2 − η3) (8)

such that

F3(x1, x2, x3) =
1

µ̄3

∫

dr1dr2β+(z1, z2, z3, r1, r2). (9)

What about superhorizon scales...use volume argument to show
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spectrum and bispectrum of cosmic strings induced.

I. BISPECTRUM

A. Bispectrum from the 3-point UETC

The matter bispectrum B is given by

〈δc(k1, η)δc(k2, η)δc(k3, η)〉 = (2π)3δ3(k1 + k2 + k3)B(k1, k2, k3, η). (1)

We define the source bispectrum β by

〈Θ+(k1, η1)Θ+(k2, η2)Θ+(k3, η3)〉 = φ6
0β+(k1, k2, k3, η1, η2, η3)(2π)

3δ3(k1 + k2 + k3). (2)

The source bispectrum is dimensionless in Fourier space, and so for a scaling source it can be expressed as a function
of five dimensionless combinations of the six arguments ka, ηa (a = 1, 2, 3). For example, one could take

xa = kaηa, (3)

and chose any two of the combinations

r1 =
η2
η3

, r2 =
η3
η1

, r3 =
η1
η2

. (4)

Note that r1r2r3 = 1. It can also be convenient to define

κab = −ka · kb, (5)

and to use the dimensionless combinations za defined by

z21 = κ23η2η3, z
2
2 = κ31η3η1, z

2
3 = κ12η1η2. (6)

The fact that za can be imaginary does not cause problems in practice.
The general form of the source bispectrum is not easy to guess, but we expect it to be strongly peaked inside the

horizon (xa $ 1) near ra = 1, by analogy with the source two-point function, and white noise outside the horizon.
Outside the horizon, bearing in mind that the source energy-momentum tensor is a random process on the horizon
scale, we also expect correlations to die off as the 3/2 power of the ratios of the earlier time to the later time. Hence,
a reasonable model is

β+(z1, z2, z3, r1, r2) =















3E(3)
+ (0)

(

r2
r1

)
3
2

+
(

r3
r2

)
3
2

+
(

r1
r3

)
3
2

, (xa % 1),

E(3)
+ (z1, z2, z3) exp

(

−
∑

a z
2
a ln(ra)

2/2A2
)

, (xa $ 1).

(7)

β+ ∝ r1/r2

Inside the horizon we can also define a 3-point structure function

φ6
0β+(z1, z2, z3, r1, r2) ≈ µ3η3η2F3(x1, x2, x3)δ(η3 − η1)δ(η2 − η3) (8)

such that

F3(x1, x2, x3) =
1

µ̄3

∫

dr1dr2β+(z1, z2, z3, r1, r2). (9)

2

Substitution in the solution (??) gives

B(k1, k2, k3, η) = ε3
∫ η

ηi

dη1

∫ η

ηi

dη2

∫ η

ηi

dη3Π
3
a=1 [Gc(ka; η, ηa)]β(z1, z2, z3, r1, r2). (10)

With the form (7), we may simplify this expression to the form

B(k1, k2, k3, η) ≈ (4πGµ)3
∫ η

ηi

dη′Π3
a=1Gc(ka; η, η

′)η′
2F3(x

′
1, x

′
2, x

′
3), (11)

where x′
a = kaη′.

Following a similar calculation to that presented in PAPERS CITATIONS and in Section ??, we find (with k3 =
−k1 − k2 imposed)

β(k1, k2, k3, η1, η2, η3) ≈ 8µ̄3L
∫

dσ12dσ13〈Ẋ2
1Ẋ

2
2Ẋ

2
3〉 exp

(

−
∑

a<b κab(Γab(η1)− v2η2ab)

6

)

,

where we have adopted the shorthand notation σab = σa − σb, Xa = X(σa, ηa), Γab = Γ(σa − σb) and κab = −ka · kb.
Suppressing the dependence on η, the individual correlators are given in the Gaussian approximation by

〈Ẋ2
1Ẋ

2
2Ẋ

2
3〉 = V 3(0) + 2V (0)V 2(σ12) +

8

9
V (σ12)V (σ13)V (σ23), (12)

exp

(

−
1

6

∑

a<b

κabΓ
2
ab(η

′)

)

≈ exp

(

−
t
2

6
(k22σ

2
12 +K2

2σ
2
13)

)

, (13)

exp

(

−
v2

6

∑

a<b

κabη
2
ab

)

= exp

(

−
v2

6
(k22η

2
12 +K2

2η
2
13)

)

, (14)

where K2 =
√

k22k
2
3 − κ2

23/k2. Approximating V (σ) = v2, we find that

β(k1, k2, k3, η1, η2, η3) ≈ 8µ̄3 1

ξ2
35

9

v6

t
2

6π
√

k22k
2
3 − κ2

23

erf

(

tk2ξ√
6

)

erf

(

tK2ξ√
6

)

exp

(

−
v2

6
(k22η

2
12 +K2

2η
2
13)

)

. (15)

We can also write this

β(k1, k2, k3, η1, η2, η3) ≈
β0

ξ2k2K2
erf

(

tk2ξ√
6

)

erf

(

tK2ξ√
6

)

exp

(

−
v2

6
(k22η

2
12 +K2

2η
2
13)

)

. (16)

where

β0 = 8µ̄3 35

9
6π

v6

t
2 (17)

The 3-point structure function is therefore

F3(k1, k2, k3, η1) ≈
(2µ)3

ξ2
35

9

v4

t
2

36π2

k22k
2
3 − κ2

23

erf

(

tk2ξ√
6

)

erf

(

tK2ξ√
6

)

. (18)

Well outside the horizon, we may use the approximation erf (x) ≈ 2x/
√
π (for x & 1), and bearing in mind the general

form of super-horizon source correlators,

β(0, 0, 0, η1, η2, η3) ≈
140

9

(2µ̄v2)3
(

r2
r1

)
3
2

+
(

r3
r2

)
3
2

+
(

r1
r3

)
3
2

. (19)

We note that the factor k22k
2
3 − κ2

23 is proportional to the square of the area of the triangle formed by the three
wavevectors A. Indeed,

4A2 = k22k
2
3 − κ2

23 (and cyclic) (20)

= κ12κ23 + κ23κ31 + κ31κ12, (21)

= 2(k21k
2
2 + k22k

2
3 + k23k

2
1)− k41 − k42 − k43 . (22)

2

Substitution in the solution (??) gives

B(k1, k2, k3, η) = ε3
∫ η

ηi

dη1

∫ η

ηi

dη2

∫ η

ηi

dη3Π
3
a=1 [Gc(ka; η, ηa)]β(z1, z2, z3, r1, r2). (10)

With the form (7), we may simplify this expression to the form

B(k1, k2, k3, η) ≈ (4πGµ)3
∫ η

ηi

dη′Π3
a=1Gc(ka; η, η

′)η′
2F3(x

′
1, x

′
2, x

′
3), (11)

where x′
a = kaη′.

Following a similar calculation to that presented in PAPERS CITATIONS and in Section ??, we find (with k3 =
−k1 − k2 imposed)

β(k1, k2, k3, η1, η2, η3) ≈ 8µ̄3L
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dσ12dσ13〈Ẋ2
1Ẋ

2
2Ẋ

2
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(

−
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a<b κab(Γab(η1)− v2η2ab)

6

)

,

where we have adopted the shorthand notation σab = σa − σb, Xa = X(σa, ηa), Γab = Γ(σa − σb) and κab = −ka · kb.
Suppressing the dependence on η, the individual correlators are given in the Gaussian approximation by

〈Ẋ2
1Ẋ

2
2Ẋ

2
3〉 = V 3(0) + 2V (0)V 2(σ12) +

8

9
V (σ12)V (σ13)V (σ23), (12)
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(

−
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6
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)
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(
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(
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)

, (14)

where K2 =
√

k22k
2
3 − κ2

23/k2. Approximating V (σ) = v2, we find that

β(k1, k2, k3, η1, η2, η3) ≈ 8µ̄3 1

ξ2
35

9
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√
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(
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)
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(

−
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6
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)

. (15)

We can also write this

β(k1, k2, k3, η1, η2, η3) ≈
β0

ξ2k2K2
erf

(

tk2ξ√
6

)

erf

(

tK2ξ√
6

)

exp

(

−
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2
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)

. (16)

where

β0 = 8µ̄3 35

9
6π

v6

t
2 (17)

The 3-point structure function is therefore

F3(k1, k2, k3, η1) ≈
(2µ)3

ξ2
35
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36π2
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2
3 − κ2

23
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(
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6

)
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(
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)

. (18)

Well outside the horizon, we may use the approximation erf (x) ≈ 2x/
√
π (for x & 1), and bearing in mind the general

form of super-horizon source correlators,

β(0, 0, 0, η1, η2, η3) ≈
140

9
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3
2

+
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)
3
2

+
(

r1
r3

)
3
2

. (19)

We note that the factor k22k
2
3 − κ2

23 is proportional to the square of the area of the triangle formed by the three
wavevectors A. Indeed,

4A2 = k22k
2
3 − κ2

23 (and cyclic) (20)

= κ12κ23 + κ23κ31 + κ31κ12, (21)

= 2(k21k
2
2 + k22k

2
3 + k23k

2
1)− k41 − k42 − k43 . (22)

String correl model gives

2

Substitution in the solution (??) gives

B(k1, k2, k3, η) = ε3
∫ η

ηi

dη1

∫ η

ηi

dη2

∫ η

ηi

dη3Π
3
a=1 [Gc(ka; η, ηa)]β(z1, z2, z3, r1, r2). (10)

With the form (7), we may simplify this expression to the form

B(k1, k2, k3, η) ≈ (4πGµ)3
∫ η

ηi

dη′Π3
a=1Gc(ka; η, η

′)η′
2F3(x

′
1, x

′
2, x

′
3), (11)

where x′
a = kaη′.

Following a similar calculation to that presented in PAPERS CITATIONS and in Section ??, we find (with k3 =
−k1 − k2 imposed)

β(k1, k2, k3, η1, η2, η3) ≈ 8µ̄3L
∫

dσ12dσ13〈Ẋ2
1Ẋ

2
2Ẋ

2
3〉 exp

(

−
∑

a<b κab(Γab(η1)− v2η2ab)

6

)

,

where we have adopted the shorthand notation σab = σa − σb, Xa = X(σa, ηa), Γab = Γ(σa − σb) and κab = −ka · kb.
Suppressing the dependence on η, the individual correlators are given in the Gaussian approximation by

〈Ẋ2
1Ẋ

2
2Ẋ

2
3〉 = V 3(0) + 2V (0)V 2(σ12) +

8

9
V (σ12)V (σ13)V (σ23), (12)

exp

(

−
1

6

∑

a<b

κabΓ
2
ab(η

′)

)

≈ exp

(

−
t
2

6
(k22σ

2
12 +K2

2σ
2
13)

)

, (13)

exp

(

−
v2

6

∑

a<b

κabη
2
ab

)

= exp

(

−
v2

6
(k22η

2
12 +K2

2η
2
13)

)

, (14)

where K2 =
√

k22k
2
3 − κ2

23/k2. Approximating V (σ) = v2, we find that

β(k1, k2, k3, η1, η2, η3) ≈ 8µ̄3 1

ξ2
35

9

v6

t
2

6π
√

k22k
2
3 − κ2

23

erf

(

tk2ξ√
6

)

erf

(

tK2ξ√
6

)

exp

(

−
v2

6
(k22η

2
12 +K2

2η
2
13)

)

. (15)

We can also write this

β(k1, k2, k3, η1, η2, η3) ≈
β0

ξ2k2K2
erf

(

tk2ξ√
6

)

erf

(

tK2ξ√
6

)

exp

(

−
v2

6
(k22η

2
12 +K2

2η
2
13)

)

. (16)

where

β0 = 8µ̄3 35

9
6π

v6

t
2 (17)

The 3-point structure function is therefore

F3(k1, k2, k3, η1) ≈
(2µ)3

ξ2
35

9

v4

t
2

36π2

k22k
2
3 − κ2

23

erf

(

tk2ξ√
6

)

erf

(

tK2ξ√
6

)

. (18)

Well outside the horizon, we may use the approximation erf (x) ≈ 2x/
√
π (for x & 1), and bearing in mind the general

form of super-horizon source correlators,

β(0, 0, 0, η1, η2, η3) ≈
140

9

(2µ̄v2)3
(

r2
r1

)
3
2

+
(

r3
r2

)
3
2

+
(

r1
r3

)
3
2

. (19)

We note that the factor k22k
2
3 − κ2

23 is proportional to the square of the area of the triangle formed by the three
wavevectors A. Indeed,

4A2 = k22k
2
3 − κ2

23 (and cyclic) (20)

= κ12κ23 + κ23κ31 + κ31κ12, (21)

= 2(k21k
2
2 + k22k

2
3 + k23k

2
1)− k41 − k42 − k43 . (22)

Assuming matter domination:
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Matter accretion in wakes formed by cosmic strings We present a calculation of the matter

power spectrum and bispectrum of cosmic strings induced.

I. BISPECTRUM

A. Bispectrum from the 3-point UETC

The matter bispectrum B is given by

〈δc(k1, η)δc(k2, η)δc(k3, η)〉 = (2π)3δ3(k1 + k2 + k3)B(k1, k2, k3, η). (1)

We define the source bispectrum β by

〈Θ+(k1, η1)Θ+(k2, η2)Θ+(k3, η3)〉 = φ6
0β+(k1, k2, k3, η1, η2, η3)(2π)

3δ3(k1 + k2 + k3). (2)

The source bispectrum is dimensionless in Fourier space, and so for a scaling source it can be expressed as a function
of five dimensionless combinations of the six arguments ka, ηa (a = 1, 2, 3). For example, one could take

xa = kaηa, (3)

and chose any two of the combinations

r1 =
η2
η3

, r2 =
η3
η1

, r3 =
η1
η2

. (4)

Note that r1r2r3 = 1. It can also be convenient to define

κab = −ka · kb, (5)

and to use the dimensionless combinations za defined by

z21 = κ23η2η3, z
2
2 = κ31η3η1, z

2
3 = κ12η1η2. (6)

The fact that za can be imaginary does not cause problems in practice.
The general form of the source bispectrum is not easy to guess, but we expect it to be strongly peaked inside the

horizon (xa $ 1) near ra = 1, by analogy with the source two-point function, and white noise outside the horizon.
Outside the horizon, bearing in mind that the source energy-momentum tensor is a random process on the horizon
scale, we also expect correlations to die off as the 3/2 power of the ratios of the earlier time to the later time. Hence,
a reasonable model is

β+(z1, z2, z3, r1, r2) =















3E(3)
+ (0)

(

r2
r1

)
3
2

+
(

r3
r2

)
3
2

+
(

r1
r3

)
3
2

, (xa % 1),

E(3)
+ (z1, z2, z3) exp

(

−
∑

a z
2
a ln(ra)

2/2A2
)

, (xa $ 1).

(7)

Inside the horizon we can also define a 3-point structure function

φ6
0β+(z1, z2, z3, r1, r2) ≈ µ3η3η2F3(x1, x2, x3)δ(η3 − η1)δ(η2 − η3) (8)

such that

F3(x1, x2, x3) =
1

µ̄3

∫

dr1dr2β+(z1, z2, z3, r1, r2). (9)
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Matter accretion in wakes formed by cosmic strings We present a calculation of the matter

power spectrum and bispectrum of cosmic strings induced.

I. BISPECTRUM

A. Bispectrum from the 3-point UETC

The matter bispectrum B is given by

〈δc(k1, η)δc(k2, η)δc(k3, η)〉 = (2π)3δ3(k1 + k2 + k3)B(k1, k2, k3, η). (1)

We define the source bispectrum β by

〈Θ+(k1, η1)Θ+(k2, η2)Θ+(k3, η3)〉 = φ6
0β+(k1, k2, k3, η1, η2, η3)(2π)

3δ3(k1 + k2 + k3). (2)

The source bispectrum is dimensionless in Fourier space, and so for a scaling source it can be expressed as a function
of five dimensionless combinations of the six arguments ka, ηa (a = 1, 2, 3). For example, one could take

xa = kaηa, (3)

and chose any two of the combinations

r1 =
η2
η3

, r2 =
η3
η1

, r3 =
η1
η2

. (4)

Note that r1r2r3 = 1. It can also be convenient to define

κab = −ka · kb, (5)

and to use the dimensionless combinations za defined by

z21 = κ23η2η3, z
2
2 = κ31η3η1, z

2
3 = κ12η1η2. (6)

The fact that za can be imaginary does not cause problems in practice.
The general form of the source bispectrum is not easy to guess, but we expect it to be strongly peaked inside the

horizon (xa $ 1) near ra = 1, by analogy with the source two-point function, and white noise outside the horizon.
Outside the horizon, bearing in mind that the source energy-momentum tensor is a random process on the horizon
scale, we also expect correlations to die off as the 3/2 power of the ratios of the earlier time to the later time. Hence,
a reasonable model is

β+(z1, z2, z3, r1, r2) =















3E(3)
+ (0)

(

r2
r1

)
3
2

+
(
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)
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2

+
(
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)
3
2

, (xa % 1),

E(3)
+ (z1, z2, z3) exp

(

−
∑

a z
2
a ln(ra)

2/2A2
)

, (xa $ 1).

(7)

Inside the horizon we can also define a 3-point structure function

φ6
0β+(z1, z2, z3, r1, r2) ≈ µ3η3η2F3(x1, x2, x3)δ(η3 − η1)δ(η2 − η3) (8)

such that

F3(x1, x2, x3) =
1

µ̄3

∫

dr1dr2β+(z1, z2, z3, r1, r2). (9)
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Matter accretion in wakes formed by cosmic strings We present a calculation of the matter power
spectrum and bispectrum of cosmic strings induced.

I. BISPECTRUM

A. Bispectrum from the 3-point UETC

The matter bispectrum B is given by

〈δc(k1, η)δc(k2, η)δc(k3, η)〉 = (2π)3δ3(k1 + k2 + k3)B(k1, k2, k3, η). (1)

We define the source bispectrum β by

〈Θ+(k1, η1)Θ+(k2, η2)Θ+(k3, η3)〉 = φ6
0β+(k1, k2, k3, η1, η2, η3)(2π)

3δ3(k1 + k2 + k3). (2)

The source bispectrum is dimensionless in Fourier space, and so for a scaling source it can be expressed as a function
of five dimensionless combinations of the six arguments ka, ηa (a = 1, 2, 3). For example, one could take

xa = kaηa, (3)

and chose any two of the combinations

r1 =
η2
η3

, r2 =
η3
η1

, r3 =
η1
η2

. (4)

Note that r1r2r3 = 1. It can also be convenient to define

κab = −ka · kb, (5)

and to use the dimensionless combinations za defined by

z21 = κ23η2η3, z
2
2 = κ31η3η1, z

2
3 = κ12η1η2. (6)

The fact that za can be imaginary does not cause problems in practice.
The general form of the source bispectrum is not easy to guess, but we expect it to be strongly peaked inside the

horizon (xa $ 1) near ra = 1, by analogy with the source two-point function, and white noise outside the horizon.
Outside the horizon, bearing in mind that the source energy-momentum tensor is a random process on the horizon
scale, we also expect correlations to die off as the 3/2 power of the ratios of the earlier time to the later time. Hence,
a reasonable model is

β+(z1, z2, z3, r1, r2) =















3E(3)
+ (0)

(

r2
r1

)
3
2

+
(

r3
r2

)
3
2

+
(

r1
r3

)
3
2

, (xa % 1),

E(3)
+ (z1, z2, z3) exp

(

−
∑

a z
2
a ln(ra)

2/2A2
)

, (xa $ 1).

(7)

β+(z1, z2, z3, r1, r2) = E(3)
+ (z1, z2, z3) exp

(

−
∑

a z
2
a ln(ra)

2/2A2
)

, (xa $ 1)

Inside the horizon we can also define a 3-point structure function

φ6
0β+(z1, z2, z3, r1, r2) ≈ µ3η3η2F3(x1, x2, x3)δ(η3 − η1)δ(η2 − η3) (8)

such that

F3(x1, x2, x3) =
1

µ̄3

∫

dr1dr2β+(z1, z2, z3, r1, r2). (9)
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Matter accretion in wakes formed by cosmic strings We present a calculation of the matter power
spectrum and bispectrum of cosmic strings induced.

I. BISPECTRUM

A. Bispectrum from the 3-point UETC

The matter bispectrum B is given by

〈δc(k1, η)δc(k2, η)δc(k3, η)〉 = (2π)3δ3(k1 + k2 + k3)B(k1, k2, k3, η). (1)

We define the source bispectrum β by

〈Θ+(k1, η1)Θ+(k2, η2)Θ+(k3, η3)〉 = φ6
0β+(k1, k2, k3, η1, η2, η3)(2π)

3δ3(k1 + k2 + k3). (2)

The source bispectrum is dimensionless in Fourier space, and so for a scaling source it can be expressed as a function
of five dimensionless combinations of the six arguments ka, ηa (a = 1, 2, 3). For example, one could take

xa = kaηa, (3)

and chose any two of the combinations

r1 =
η2
η3

, r2 =
η3
η1

, r3 =
η1
η2

. (4)

Note that r1r2r3 = 1. It can also be convenient to define

κab = −ka · kb, (5)

and to use the dimensionless combinations za defined by

z21 = κ23η2η3, z
2
2 = κ31η3η1, z

2
3 = κ12η1η2. (6)

The fact that za can be imaginary does not cause problems in practice.
The general form of the source bispectrum is not easy to guess, but we expect it to be strongly peaked inside the

horizon (xa $ 1) near ra = 1, by analogy with the source two-point function, and white noise outside the horizon.
Outside the horizon, bearing in mind that the source energy-momentum tensor is a random process on the horizon
scale, we also expect correlations to die off as the 3/2 power of the ratios of the earlier time to the later time. Hence,
a reasonable model is

β+(z1, z2, z3, r1, r2) =















3E(3)
+ (0)

(

r2
r1

)
3
2

+
(

r3
r2

)
3
2

+
(
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r3

)
3
2

, (xa % 1),

E(3)
+ (z1, z2, z3) exp

(

−
∑

a z
2
a ln(ra)

2/2A2
)

, (xa $ 1).

(7)

β+(z1, z2, z3, r1, r2) = E(3)
+ (z1, z2, z3) exp

(

−
∑

a z
2
a ln(ra)

2/2A2
)

, (xa $ 1)

Inside the horizon we can also define a 3-point structure function

φ6
0β+(z1, z2, z3, r1, r2) ≈ µ3η3η2F3(x1, x2, x3)δ(η3 − η1)δ(η2 − η3) (8)

such that

F3(x1, x2, x3) =
1

µ̄3

∫

dr1dr2β+(z1, z2, z3, r1, r2). (9)
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Matter accretion in wakes formed by cosmic strings We present a calculation of the matter power
spectrum and bispectrum of cosmic strings induced.

I. BISPECTRUM

A. Bispectrum from the 3-point UETC

The matter bispectrum B is given by

〈δc(k1, η)δc(k2, η)δc(k3, η)〉 = (2π)3δ3(k1 + k2 + k3)B(k1, k2, k3, η). (1)

We define the source bispectrum β by

〈Θ+(k1, η1)Θ+(k2, η2)Θ+(k3, η3)〉 = φ6
0β+(k1, k2, k3, η1, η2, η3)(2π)

3δ3(k1 + k2 + k3). (2)

The source bispectrum is dimensionless in Fourier space, and so for a scaling source it can be expressed as a function
of five dimensionless combinations of the six arguments ka, ηa (a = 1, 2, 3). For example, one could take

xa = kaηa, (3)

and chose any two of the combinations

r1 =
η2
η3

, r2 =
η3
η1

, r3 =
η1
η2

. (4)

Note that r1r2r3 = 1. It can also be convenient to define

κab = −ka · kb, (5)

and to use the dimensionless combinations za defined by

z21 = κ23η2η3, z
2
2 = κ31η3η1, z

2
3 = κ12η1η2. (6)

The fact that za can be imaginary does not cause problems in practice.
The general form of the source bispectrum is not easy to guess, but we expect it to be strongly peaked inside the

horizon (xa $ 1) near ra = 1, by analogy with the source two-point function, and white noise outside the horizon.
Outside the horizon, bearing in mind that the source energy-momentum tensor is a random process on the horizon
scale, we also expect correlations to die off as the 3/2 power of the ratios of the earlier time to the later time. Hence,
a reasonable model is

β+(z1, z2, z3, r1, r2) =














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(
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+ (z1, z2, z3) exp

(

−
∑

a z
2
a ln(ra)
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)
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(7)

β+(z1, z2, z3, r1, r2) = E(3)
+ (z1, z2, z3) exp

(

−
∑

a z
2
a ln(ra)

2/2A2
)

, (xa $ 1)

Inside the horizon we can also define a 3-point structure function

φ6
0β+(z1, z2, z3, r1, r2) ≈ µ3η3η2F3(x1, x2, x3)δ(η3 − η1)δ(η2 − η3) (8)

such that

F3(x1, x2, x3) =
1

µ̄3

∫

dr1dr2β+(z1, z2, z3, r1, r2). (9)

What about superhorizon scales...use volume argument to show
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Matter accretion in wakes formed by cosmic strings We present a calculation of the matter power
spectrum and bispectrum of cosmic strings induced.

I. BISPECTRUM

A. Bispectrum from the 3-point UETC

The matter bispectrum B is given by

〈δc(k1, η)δc(k2, η)δc(k3, η)〉 = (2π)3δ3(k1 + k2 + k3)B(k1, k2, k3, η). (1)

We define the source bispectrum β by

〈Θ+(k1, η1)Θ+(k2, η2)Θ+(k3, η3)〉 = φ6
0β+(k1, k2, k3, η1, η2, η3)(2π)

3δ3(k1 + k2 + k3). (2)

The source bispectrum is dimensionless in Fourier space, and so for a scaling source it can be expressed as a function
of five dimensionless combinations of the six arguments ka, ηa (a = 1, 2, 3). For example, one could take

xa = kaηa, (3)

and chose any two of the combinations

r1 =
η2
η3

, r2 =
η3
η1

, r3 =
η1
η2

. (4)

Note that r1r2r3 = 1. It can also be convenient to define

κab = −ka · kb, (5)

and to use the dimensionless combinations za defined by

z21 = κ23η2η3, z
2
2 = κ31η3η1, z

2
3 = κ12η1η2. (6)

The fact that za can be imaginary does not cause problems in practice.
The general form of the source bispectrum is not easy to guess, but we expect it to be strongly peaked inside the

horizon (xa $ 1) near ra = 1, by analogy with the source two-point function, and white noise outside the horizon.
Outside the horizon, bearing in mind that the source energy-momentum tensor is a random process on the horizon
scale, we also expect correlations to die off as the 3/2 power of the ratios of the earlier time to the later time. Hence,
a reasonable model is

β+(z1, z2, z3, r1, r2) =
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
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
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2/2A2
)

, (xa $ 1).

(7)

β+ ∝ r1/r2

Inside the horizon we can also define a 3-point structure function

φ6
0β+(z1, z2, z3, r1, r2) ≈ µ3η3η2F3(x1, x2, x3)δ(η3 − η1)δ(η2 − η3) (8)

such that

F3(x1, x2, x3) =
1

µ̄3

∫

dr1dr2β+(z1, z2, z3, r1, r2). (9)

2

Substitution in the solution (??) gives

B(k1, k2, k3, η) = ε3
∫ η

ηi

dη1

∫ η

ηi

dη2

∫ η

ηi

dη3Π
3
a=1 [Gc(ka; η, ηa)]β(z1, z2, z3, r1, r2). (10)

With the form (7), we may simplify this expression to the form

B(k1, k2, k3, η) ≈ (4πGµ)3
∫ η

ηi

dη′Π3
a=1Gc(ka; η, η

′)η′
2F3(x

′
1, x

′
2, x

′
3), (11)

where x′
a = kaη′.

Following a similar calculation to that presented in PAPERS CITATIONS and in Section ??, we find (with k3 =
−k1 − k2 imposed)

β(k1, k2, k3, η1, η2, η3) ≈ 8µ̄3L
∫

dσ12dσ13〈Ẋ2
1Ẋ

2
2Ẋ

2
3〉 exp

(

−
∑

a<b κab(Γab(η1)− v2η2ab)

6

)

,

where we have adopted the shorthand notation σab = σa − σb, Xa = X(σa, ηa), Γab = Γ(σa − σb) and κab = −ka · kb.
Suppressing the dependence on η, the individual correlators are given in the Gaussian approximation by

〈Ẋ2
1Ẋ

2
2Ẋ

2
3〉 = V 3(0) + 2V (0)V 2(σ12) +

8

9
V (σ12)V (σ13)V (σ23), (12)

exp

(

−
1

6

∑

a<b

κabΓ
2
ab(η

′)

)

≈ exp

(

−
t
2

6
(k22σ

2
12 +K2

2σ
2
13)

)

, (13)

exp

(

−
v2

6

∑

a<b

κabη
2
ab

)

= exp

(

−
v2

6
(k22η

2
12 +K2

2η
2
13)

)

, (14)

where K2 =
√

k22k
2
3 − κ2

23/k2. Approximating V (σ) = v2, we find that

β(k1, k2, k3, η1, η2, η3) ≈ 8µ̄3 1

ξ2
35
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6π
√
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2
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tk2ξ√
6

)
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(

tK2ξ√
6

)

exp

(

−
v2

6
(k22η

2
12 +K2

2η
2
13)

)

. (15)

We can also write this

β(k1, k2, k3, η1, η2, η3) ≈
β0

ξ2k2K2
erf

(

tk2ξ√
6

)

erf
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tK2ξ√
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)
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(

−
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6
(k22η

2
12 +K2

2η
2
13)

)

. (16)

where

β0 = 8µ̄3 35

9
6π

v6

t
2 (17)

The 3-point structure function is therefore

F3(k1, k2, k3, η1) ≈
(2µ)3

ξ2
35

9

v4
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36π2

k22k
2
3 − κ2

23

erf

(

tk2ξ√
6

)

erf

(

tK2ξ√
6

)

. (18)

Well outside the horizon, we may use the approximation erf (x) ≈ 2x/
√
π (for x & 1), and bearing in mind the general

form of super-horizon source correlators,

β(0, 0, 0, η1, η2, η3) ≈
140

9

(2µ̄v2)3
(

r2
r1

)
3
2

+
(

r3
r2

)
3
2

+
(

r1
r3

)
3
2

. (19)

We note that the factor k22k
2
3 − κ2

23 is proportional to the square of the area of the triangle formed by the three
wavevectors A. Indeed,

4A2 = k22k
2
3 − κ2

23 (and cyclic) (20)

= κ12κ23 + κ23κ31 + κ31κ12, (21)

= 2(k21k
2
2 + k22k

2
3 + k23k

2
1)− k41 − k42 − k43 . (22)

2

Substitution in the solution (??) gives

B(k1, k2, k3, η) = ε3
∫ η

ηi

dη1

∫ η

ηi

dη2

∫ η

ηi

dη3Π
3
a=1 [Gc(ka; η, ηa)]β(z1, z2, z3, r1, r2). (10)

With the form (7), we may simplify this expression to the form

B(k1, k2, k3, η) ≈ (4πGµ)3
∫ η

ηi

dη′Π3
a=1Gc(ka; η, η

′)η′
2F3(x

′
1, x

′
2, x

′
3), (11)

where x′
a = kaη′.

Following a similar calculation to that presented in PAPERS CITATIONS and in Section ??, we find (with k3 =
−k1 − k2 imposed)

β(k1, k2, k3, η1, η2, η3) ≈ 8µ̄3L
∫

dσ12dσ13〈Ẋ2
1Ẋ

2
2Ẋ

2
3〉 exp

(

−
∑

a<b κab(Γab(η1)− v2η2ab)

6

)

,

where we have adopted the shorthand notation σab = σa − σb, Xa = X(σa, ηa), Γab = Γ(σa − σb) and κab = −ka · kb.
Suppressing the dependence on η, the individual correlators are given in the Gaussian approximation by

〈Ẋ2
1Ẋ

2
2Ẋ

2
3〉 = V 3(0) + 2V (0)V 2(σ12) +

8

9
V (σ12)V (σ13)V (σ23), (12)
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)
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(
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)
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(k22η

2
12 +K2

2η
2
13)

)

, (14)

where K2 =
√

k22k
2
3 − κ2

23/k2. Approximating V (σ) = v2, we find that
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where
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Well outside the horizon, we may use the approximation erf (x) ≈ 2x/
√
π (for x & 1), and bearing in mind the general

form of super-horizon source correlators,

β(0, 0, 0, η1, η2, η3) ≈
140
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We note that the factor k22k
2
3 − κ2

23 is proportional to the square of the area of the triangle formed by the three
wavevectors A. Indeed,

4A2 = k22k
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3 − κ2

23 (and cyclic) (20)

= κ12κ23 + κ23κ31 + κ31κ12, (21)

= 2(k21k
2
2 + k22k

2
3 + k23k

2
1)− k41 − k42 − k43 . (22)

String correl model gives
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,
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Suppressing the dependence on η, the individual correlators are given in the Gaussian approximation by
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1Ẋ

2
2Ẋ
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where K2 =
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We can also write this
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(
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)
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(
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where

β0 = 8µ̄3 35
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The 3-point structure function is therefore

F3(k1, k2, k3, η1) ≈
(2µ)3

ξ2
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2

36π2

k22k
2
3 − κ2

23

erf

(

tk2ξ√
6

)
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(

tK2ξ√
6

)

. (18)

Well outside the horizon, we may use the approximation erf (x) ≈ 2x/
√
π (for x & 1), and bearing in mind the general

form of super-horizon source correlators,

β(0, 0, 0, η1, η2, η3) ≈
140

9

(2µ̄v2)3
(

r2
r1

)
3
2

+
(

r3
r2

)
3
2

+
(

r1
r3

)
3
2

. (19)

We note that the factor k22k
2
3 − κ2

23 is proportional to the square of the area of the triangle formed by the three
wavevectors A. Indeed,

4A2 = k22k
2
3 − κ2

23 (and cyclic) (20)

= κ12κ23 + κ23κ31 + κ31κ12, (21)

= 2(k21k
2
2 + k22k

2
3 + k23k

2
1)− k41 − k42 − k43 . (22)

Assuming matter domination:

4

a. Equilateral limit: ka = k. For equilateral triangles, K2 = k sin(π/3). Hence, the small scale bispectrum is
proportional to 1/k4.

BE(k, k, k, η) ≈
B0

500

4η2eq
3k4

(

η

ηeq

)6

. (29)

b. Squeezed limit k = k1 = k2 " k3, with kξeq " 1, such that tK2ξeq/
√
6 $ 1 and K2ηeq > 1, we use the

approximation to the error function erf (x) ≈ 2x/
√
π (for x $ 1). Noting that K2 ≈ k3 in this limit, we obtain the

result

BS(k, k, k3, η) ≈
B0

375

η3eq
k2k3

2α√
6π

(

η

ηeq

)6

. (30)

c. Folded limit, k = k2 ≈ k3 ≈ k1/2, with kξeq " 1, such that tK2ξeq/
√
6 $ 1 and K2ηeq > 1. In this limit,

K2ξeq tends to zero because the angle between the vectors k2 and k3 tends to π. Hence we obtain a result similar to
the squeezed limit,

BF(2k, k, k, η) ≈
B0

375

η3eq
k2K2

2α√
6π

(

η

ηeq

)6

. (31)

C. Wake Model Bispectrum

TO BE UPDATED ...
Adapting the argument outlined in Section ?? and ??, we may obtain an expression for the nonlinear matter

bispectrum induced by cosmic strings. In particular, we find

B(k1, k2, k3, η) =

∫ η

η1

dηi
ν

η4i

(

σw(η, ηi)

ρCDM
ξ(η, ηi)

)3 ∫ dn̂

4π

J1(k1⊥ξ(η, ηi))J1(k2⊥ξ(η, ηi))J1(k3⊥ξ(η, ηi))

k1⊥ k2⊥ k3⊥
, (32)

where ki⊥ =
√

k2i − (ki.n̂)2 and we use the Dirac delta condition in the definition of the bispectrum to set k3 =
−k1 − k2.

Analytic Matter Era Approximation

Large Scales: While an analytic approximation to (32) is difficult for small scales, it is a simple matter to obtain
an expression valid on large scales for which ki $ 1. In this regime we may use the approximation that J1(z) ≈ z/2
for small z to find

B(k1, k2, k3, η) ≈
(

2ui

5

)3

να6 ln

(

η

ηeq

)(

a(η)

a(ηeq)

)3

η6eq ∝ k0 . (33)

Thus, by comparison to equation (23), we deduce that the linear and nonlinear bispectra show the same qualitative
behaviour on large scales.
Small Scales - Squeezed Limit: We consider the squeezed limit k = k1 ≈ k2 " k3, with kξ " 1 and k3ξ $ 1,

as considered for the linear perturbation theory calculation in SECTION ... Using the large scale approximation
J1(k3⊥ξ)/k3⊥ ≈ ξ/2, and a similar calculation to the evaluation of the small scale power spectrum, we obtain the
result that

B(k, k, k3, η)
k3"k ≈να4

(

4ui

5

)3

η6
∫ η

η1

dηi
1

η3i

∫ 1

−1

dµ

2

J1(k
√

1− µ2αηi)2

k2(1− µ2)
≈ 2να4

(

2ui

5

)3 ( a(η)

a(ηeq)

)3 η4eq
k2

. (34)

Including the effect of causal compensations on the superhorizon scale k3 results in the altered expression

B(k, k, k3, η)
k3"k ≈

2να4

9

(

2ui

5

)3 ( a(η)

a(ηeq)

)3 η6eqk
2
3

k2
. (35)
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(Dated: January 6, 2014)
Matter accretion in wakes formed by cosmic strings We present a calculation of the matter

power spectrum and bispectrum of cosmic strings induced.

I. BISPECTRUM

A. Bispectrum from the 3-point UETC

The matter bispectrum B is given by

〈δc(k1, η)δc(k2, η)δc(k3, η)〉 = (2π)3δ3(k1 + k2 + k3)B(k1, k2, k3, η). (1)

We define the source bispectrum β by

〈Θ+(k1, η1)Θ+(k2, η2)Θ+(k3, η3)〉 = φ6
0β+(k1, k2, k3, η1, η2, η3)(2π)

3δ3(k1 + k2 + k3). (2)

The source bispectrum is dimensionless in Fourier space, and so for a scaling source it can be expressed as a function
of five dimensionless combinations of the six arguments ka, ηa (a = 1, 2, 3). For example, one could take

xa = kaηa, (3)

and chose any two of the combinations

r1 =
η2
η3

, r2 =
η3
η1

, r3 =
η1
η2

. (4)

Note that r1r2r3 = 1. It can also be convenient to define

κab = −ka · kb, (5)

and to use the dimensionless combinations za defined by

z21 = κ23η2η3, z
2
2 = κ31η3η1, z

2
3 = κ12η1η2. (6)

The fact that za can be imaginary does not cause problems in practice.
The general form of the source bispectrum is not easy to guess, but we expect it to be strongly peaked inside the

horizon (xa $ 1) near ra = 1, by analogy with the source two-point function, and white noise outside the horizon.
Outside the horizon, bearing in mind that the source energy-momentum tensor is a random process on the horizon
scale, we also expect correlations to die off as the 3/2 power of the ratios of the earlier time to the later time. Hence,
a reasonable model is

β+(z1, z2, z3, r1, r2) =















3E(3)
+ (0)

(

r2
r1

)
3
2

+
(

r3
r2

)
3
2

+
(

r1
r3

)
3
2

, (xa % 1),

E(3)
+ (z1, z2, z3) exp

(

−
∑

a z
2
a ln(ra)

2/2A2
)

, (xa $ 1).

(7)

Inside the horizon we can also define a 3-point structure function

φ6
0β+(z1, z2, z3, r1, r2) ≈ µ3η3η2F3(x1, x2, x3)δ(η3 − η1)δ(η2 − η3) (8)

such that

F3(x1, x2, x3) =
1

µ̄3

∫

dr1dr2β+(z1, z2, z3, r1, r2). (9)
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Matter accretion in wakes formed by cosmic strings We present a calculation of the matter

power spectrum and bispectrum of cosmic strings induced.
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Inside the horizon we can also define a 3-point structure function

φ6
0β+(z1, z2, z3, r1, r2) ≈ µ3η3η2F3(x1, x2, x3)δ(η3 − η1)δ(η2 − η3) (8)

such that

F3(x1, x2, x3) =
1
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Matter accretion in wakes formed by cosmic strings We present a calculation of the matter power
spectrum and bispectrum of cosmic strings induced.

I. BISPECTRUM

A. Bispectrum from the 3-point UETC

The matter bispectrum B is given by

〈δc(k1, η)δc(k2, η)δc(k3, η)〉 = (2π)3δ3(k1 + k2 + k3)B(k1, k2, k3, η). (1)

We define the source bispectrum β by

〈Θ+(k1, η1)Θ+(k2, η2)Θ+(k3, η3)〉 = φ6
0β+(k1, k2, k3, η1, η2, η3)(2π)

3δ3(k1 + k2 + k3). (2)

The source bispectrum is dimensionless in Fourier space, and so for a scaling source it can be expressed as a function
of five dimensionless combinations of the six arguments ka, ηa (a = 1, 2, 3). For example, one could take

xa = kaηa, (3)

and chose any two of the combinations

r1 =
η2
η3

, r2 =
η3
η1

, r3 =
η1
η2

. (4)

Note that r1r2r3 = 1. It can also be convenient to define

κab = −ka · kb, (5)

and to use the dimensionless combinations za defined by

z21 = κ23η2η3, z
2
2 = κ31η3η1, z

2
3 = κ12η1η2. (6)

The fact that za can be imaginary does not cause problems in practice.
The general form of the source bispectrum is not easy to guess, but we expect it to be strongly peaked inside the

horizon (xa $ 1) near ra = 1, by analogy with the source two-point function, and white noise outside the horizon.
Outside the horizon, bearing in mind that the source energy-momentum tensor is a random process on the horizon
scale, we also expect correlations to die off as the 3/2 power of the ratios of the earlier time to the later time. Hence,
a reasonable model is

β+(z1, z2, z3, r1, r2) =
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a ln(ra)
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, (xa $ 1).

(7)

β+(z1, z2, z3, r1, r2) = E(3)
+ (z1, z2, z3) exp

(

−
∑

a z
2
a ln(ra)

2/2A2
)

, (xa $ 1)

Inside the horizon we can also define a 3-point structure function

φ6
0β+(z1, z2, z3, r1, r2) ≈ µ3η3η2F3(x1, x2, x3)δ(η3 − η1)δ(η2 − η3) (8)

such that

F3(x1, x2, x3) =
1

µ̄3

∫

dr1dr2β+(z1, z2, z3, r1, r2). (9)
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Matter accretion in wakes formed by cosmic strings We present a calculation of the matter power
spectrum and bispectrum of cosmic strings induced.

I. BISPECTRUM

A. Bispectrum from the 3-point UETC

The matter bispectrum B is given by

〈δc(k1, η)δc(k2, η)δc(k3, η)〉 = (2π)3δ3(k1 + k2 + k3)B(k1, k2, k3, η). (1)

We define the source bispectrum β by

〈Θ+(k1, η1)Θ+(k2, η2)Θ+(k3, η3)〉 = φ6
0β+(k1, k2, k3, η1, η2, η3)(2π)

3δ3(k1 + k2 + k3). (2)

The source bispectrum is dimensionless in Fourier space, and so for a scaling source it can be expressed as a function
of five dimensionless combinations of the six arguments ka, ηa (a = 1, 2, 3). For example, one could take

xa = kaηa, (3)

and chose any two of the combinations
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η2
η3

, r2 =
η3
η1

, r3 =
η1
η2

. (4)

Note that r1r2r3 = 1. It can also be convenient to define

κab = −ka · kb, (5)

and to use the dimensionless combinations za defined by

z21 = κ23η2η3, z
2
2 = κ31η3η1, z

2
3 = κ12η1η2. (6)

The fact that za can be imaginary does not cause problems in practice.
The general form of the source bispectrum is not easy to guess, but we expect it to be strongly peaked inside the

horizon (xa $ 1) near ra = 1, by analogy with the source two-point function, and white noise outside the horizon.
Outside the horizon, bearing in mind that the source energy-momentum tensor is a random process on the horizon
scale, we also expect correlations to die off as the 3/2 power of the ratios of the earlier time to the later time. Hence,
a reasonable model is
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Inside the horizon we can also define a 3-point structure function
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0β+(z1, z2, z3, r1, r2) ≈ µ3η3η2F3(x1, x2, x3)δ(η3 − η1)δ(η2 − η3) (8)

such that

F3(x1, x2, x3) =
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µ̄3
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dr1dr2β+(z1, z2, z3, r1, r2). (9)
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Inside the horizon we can also define a 3-point structure function
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0β+(z1, z2, z3, r1, r2) ≈ µ3η3η2F3(x1, x2, x3)δ(η3 − η1)δ(η2 − η3) (8)

such that
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1

µ̄3
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2

Substitution in the solution (??) gives

B(k1, k2, k3, η) = ε3
∫ η

ηi

dη1

∫ η

ηi

dη2

∫ η

ηi

dη3Π
3
a=1 [Gc(ka; η, ηa)]β(z1, z2, z3, r1, r2). (10)

With the form (7), we may simplify this expression to the form

B(k1, k2, k3, η) ≈ (4πGµ)3
∫ η

ηi

dη′Π3
a=1Gc(ka; η, η

′)η′
2F3(x

′
1, x

′
2, x

′
3), (11)

where x′
a = kaη′.

Following a similar calculation to that presented in PAPERS CITATIONS and in Section ??, we find (with k3 =
−k1 − k2 imposed)

β(k1, k2, k3, η1, η2, η3) ≈ 8µ̄3L
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1Ẋ

2
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a<b κab(Γab(η1)− v2η2ab)

6

)

,

where we have adopted the shorthand notation σab = σa − σb, Xa = X(σa, ηa), Γab = Γ(σa − σb) and κab = −ka · kb.
Suppressing the dependence on η, the individual correlators are given in the Gaussian approximation by
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1Ẋ

2
2Ẋ

2
3〉 = V 3(0) + 2V (0)V 2(σ12) +
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)
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(
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(
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6
(k22η

2
12 +K2

2η
2
13)

)

, (14)

where K2 =
√

k22k
2
3 − κ2

23/k2. Approximating V (σ) = v2, we find that

β(k1, k2, k3, η1, η2, η3) ≈ 8µ̄3 1
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13)
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We can also write this
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13)
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where

β0 = 8µ̄3 35
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6π

v6

t
2 (17)

The 3-point structure function is therefore
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Well outside the horizon, we may use the approximation erf (x) ≈ 2x/
√
π (for x & 1), and bearing in mind the general

form of super-horizon source correlators,
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We note that the factor k22k
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3 − κ2

23 is proportional to the square of the area of the triangle formed by the three
wavevectors A. Indeed,
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1Ẋ

2
2Ẋ
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We note that the factor k22k
2
3 − κ2

23 is proportional to the square of the area of the triangle formed by the three
wavevectors A. Indeed,

4A2 = k22k
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Assuming matter domination:

4

a. Equilateral limit: ka = k. For equilateral triangles, K2 = k sin(π/3). Hence, the small scale bispectrum is
proportional to 1/k4.

BE(k, k, k, η) ≈
B0

500

4η2eq
3k4

(

η

ηeq

)6

. (29)

b. Squeezed limit k = k1 = k2 " k3, with kξeq " 1, such that tK2ξeq/
√
6 $ 1 and K2ηeq > 1, we use the

approximation to the error function erf (x) ≈ 2x/
√
π (for x $ 1). Noting that K2 ≈ k3 in this limit, we obtain the

result

BS(k, k, k3, η) ≈
B0

375

η3eq
k2k3

2α√
6π

(

η

ηeq

)6

. (30)

c. Folded limit, k = k2 ≈ k3 ≈ k1/2, with kξeq " 1, such that tK2ξeq/
√
6 $ 1 and K2ηeq > 1. In this limit,

K2ξeq tends to zero because the angle between the vectors k2 and k3 tends to π. Hence we obtain a result similar to
the squeezed limit,

BF(2k, k, k, η) ≈
B0

375

η3eq
k2K2

2α√
6π

(

η

ηeq

)6

. (31)

C. Wake Model Bispectrum

TO BE UPDATED ...
Adapting the argument outlined in Section ?? and ??, we may obtain an expression for the nonlinear matter

bispectrum induced by cosmic strings. In particular, we find

B(k1, k2, k3, η) =

∫ η

η1

dηi
ν

η4i

(

σw(η, ηi)

ρCDM
ξ(η, ηi)

)3 ∫ dn̂

4π

J1(k1⊥ξ(η, ηi))J1(k2⊥ξ(η, ηi))J1(k3⊥ξ(η, ηi))

k1⊥ k2⊥ k3⊥
, (32)

where ki⊥ =
√

k2i − (ki.n̂)2 and we use the Dirac delta condition in the definition of the bispectrum to set k3 =
−k1 − k2.

Analytic Matter Era Approximation

Large Scales: While an analytic approximation to (32) is difficult for small scales, it is a simple matter to obtain
an expression valid on large scales for which ki $ 1. In this regime we may use the approximation that J1(z) ≈ z/2
for small z to find

B(k1, k2, k3, η) ≈
(

2ui

5

)3

να6 ln

(

η

ηeq

)(

a(η)

a(ηeq)

)3

η6eq ∝ k0 . (33)

Thus, by comparison to equation (23), we deduce that the linear and nonlinear bispectra show the same qualitative
behaviour on large scales.
Small Scales - Squeezed Limit: We consider the squeezed limit k = k1 ≈ k2 " k3, with kξ " 1 and k3ξ $ 1,

as considered for the linear perturbation theory calculation in SECTION ... Using the large scale approximation
J1(k3⊥ξ)/k3⊥ ≈ ξ/2, and a similar calculation to the evaluation of the small scale power spectrum, we obtain the
result that

B(k, k, k3, η)
k3"k ≈να4

(

4ui

5

)3

η6
∫ η

η1

dηi
1
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√
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2ui

5
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)3 η4eq
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Including the effect of causal compensations on the superhorizon scale k3 results in the altered expression

B(k, k, k3, η)
k3"k ≈

2να4

9

(

2ui

5
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a(ηeq)

)3 η6eqk
2
3
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. (35)

4

a. Equilateral limit: ka = k. For equilateral triangles, K2 = k sin(π/3). Hence, the small scale bispectrum is
proportional to 1/k4.

BE(k, k, k, η) ≈
B0
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4η2eq
3k4

(

η

ηeq

)6

. (29)

b. Squeezed limit k = k1 = k2 " k3, with kξeq " 1, such that tK2ξeq/
√
6 $ 1 and K2ηeq > 1, we use the

approximation to the error function erf (x) ≈ 2x/
√
π (for x $ 1). Noting that K2 ≈ k3 in this limit, we obtain the

result

BS(k, k, k3, η) ≈
B0
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η3eq
k2k3

2α√
6π

(

η

ηeq

)6

. (30)

c. Folded limit, k = k2 ≈ k3 ≈ k1/2, with kξeq " 1, such that tK2ξeq/
√
6 $ 1 and K2ηeq > 1. In this limit,

K2ξeq tends to zero because the angle between the vectors k2 and k3 tends to π. Hence we obtain a result similar to
the squeezed limit,

BF(2k, k, k, η) ≈
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)6

. (31)

C. Wake Model Bispectrum

TO BE UPDATED ...
Adapting the argument outlined in Section ?? and ??, we may obtain an expression for the nonlinear matter

bispectrum induced by cosmic strings. In particular, we find

B(k1, k2, k3, η) =
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k1⊥ k2⊥ k3⊥
, (32)

where ki⊥ =
√

k2i − (ki.n̂)2 and we use the Dirac delta condition in the definition of the bispectrum to set k3 =
−k1 − k2.

Analytic Matter Era Approximation

Large Scales: While an analytic approximation to (32) is difficult for small scales, it is a simple matter to obtain
an expression valid on large scales for which ki $ 1. In this regime we may use the approximation that J1(z) ≈ z/2
for small z to find
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Thus, by comparison to equation (23), we deduce that the linear and nonlinear bispectra show the same qualitative
behaviour on large scales.
Small Scales - Squeezed Limit: We consider the squeezed limit k = k1 ≈ k2 " k3, with kξ " 1 and k3ξ $ 1,

as considered for the linear perturbation theory calculation in SECTION ... Using the large scale approximation
J1(k3⊥ξ)/k3⊥ ≈ ξ/2, and a similar calculation to the evaluation of the small scale power spectrum, we obtain the
result that

B(k, k, k3, η)
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Including the effect of causal compensations on the superhorizon scale k3 results in the altered expression

B(k, k, k3, η)
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Matter accretion in wakes formed by cosmic strings We present a calculation of the matter

power spectrum and bispectrum of cosmic strings induced.

I. BISPECTRUM

A. Bispectrum from the 3-point UETC

The matter bispectrum B is given by

〈δc(k1, η)δc(k2, η)δc(k3, η)〉 = (2π)3δ3(k1 + k2 + k3)B(k1, k2, k3, η). (1)

We define the source bispectrum β by

〈Θ+(k1, η1)Θ+(k2, η2)Θ+(k3, η3)〉 = φ6
0β+(k1, k2, k3, η1, η2, η3)(2π)

3δ3(k1 + k2 + k3). (2)

The source bispectrum is dimensionless in Fourier space, and so for a scaling source it can be expressed as a function
of five dimensionless combinations of the six arguments ka, ηa (a = 1, 2, 3). For example, one could take

xa = kaηa, (3)

and chose any two of the combinations

r1 =
η2
η3

, r2 =
η3
η1

, r3 =
η1
η2

. (4)

Note that r1r2r3 = 1. It can also be convenient to define

κab = −ka · kb, (5)

and to use the dimensionless combinations za defined by

z21 = κ23η2η3, z
2
2 = κ31η3η1, z

2
3 = κ12η1η2. (6)

The fact that za can be imaginary does not cause problems in practice.
The general form of the source bispectrum is not easy to guess, but we expect it to be strongly peaked inside the

horizon (xa $ 1) near ra = 1, by analogy with the source two-point function, and white noise outside the horizon.
Outside the horizon, bearing in mind that the source energy-momentum tensor is a random process on the horizon
scale, we also expect correlations to die off as the 3/2 power of the ratios of the earlier time to the later time. Hence,
a reasonable model is

β+(z1, z2, z3, r1, r2) =















3E(3)
+ (0)

(

r2
r1

)
3
2

+
(

r3
r2

)
3
2

+
(

r1
r3

)
3
2

, (xa % 1),

E(3)
+ (z1, z2, z3) exp

(

−
∑

a z
2
a ln(ra)

2/2A2
)

, (xa $ 1).

(7)

Inside the horizon we can also define a 3-point structure function

φ6
0β+(z1, z2, z3, r1, r2) ≈ µ3η3η2F3(x1, x2, x3)δ(η3 − η1)δ(η2 − η3) (8)

such that

F3(x1, x2, x3) =
1

µ̄3

∫

dr1dr2β+(z1, z2, z3, r1, r2). (9)
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I. BISPECTRUM

A. Bispectrum from the 3-point UETC

The matter bispectrum B is given by

〈δc(k1, η)δc(k2, η)δc(k3, η)〉 = (2π)3δ3(k1 + k2 + k3)B(k1, k2, k3, η). (1)
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The source bispectrum is dimensionless in Fourier space, and so for a scaling source it can be expressed as a function
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η3
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η1
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2
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The fact that za can be imaginary does not cause problems in practice.
The general form of the source bispectrum is not easy to guess, but we expect it to be strongly peaked inside the

horizon (xa $ 1) near ra = 1, by analogy with the source two-point function, and white noise outside the horizon.
Outside the horizon, bearing in mind that the source energy-momentum tensor is a random process on the horizon
scale, we also expect correlations to die off as the 3/2 power of the ratios of the earlier time to the later time. Hence,
a reasonable model is
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(7)

Inside the horizon we can also define a 3-point structure function

φ6
0β+(z1, z2, z3, r1, r2) ≈ µ3η3η2F3(x1, x2, x3)δ(η3 − η1)δ(η2 − η3) (8)

such that

F3(x1, x2, x3) =
1

µ̄3

∫

dr1dr2β+(z1, z2, z3, r1, r2). (9)
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Matter accretion in wakes formed by cosmic strings We present a calculation of the matter power
spectrum and bispectrum of cosmic strings induced.

I. BISPECTRUM

A. Bispectrum from the 3-point UETC

The matter bispectrum B is given by

〈δc(k1, η)δc(k2, η)δc(k3, η)〉 = (2π)3δ3(k1 + k2 + k3)B(k1, k2, k3, η). (1)

We define the source bispectrum β by

〈Θ+(k1, η1)Θ+(k2, η2)Θ+(k3, η3)〉 = φ6
0β+(k1, k2, k3, η1, η2, η3)(2π)

3δ3(k1 + k2 + k3). (2)

The source bispectrum is dimensionless in Fourier space, and so for a scaling source it can be expressed as a function
of five dimensionless combinations of the six arguments ka, ηa (a = 1, 2, 3). For example, one could take

xa = kaηa, (3)

and chose any two of the combinations

r1 =
η2
η3

, r2 =
η3
η1

, r3 =
η1
η2

. (4)

Note that r1r2r3 = 1. It can also be convenient to define

κab = −ka · kb, (5)

and to use the dimensionless combinations za defined by

z21 = κ23η2η3, z
2
2 = κ31η3η1, z

2
3 = κ12η1η2. (6)

The fact that za can be imaginary does not cause problems in practice.
The general form of the source bispectrum is not easy to guess, but we expect it to be strongly peaked inside the

horizon (xa $ 1) near ra = 1, by analogy with the source two-point function, and white noise outside the horizon.
Outside the horizon, bearing in mind that the source energy-momentum tensor is a random process on the horizon
scale, we also expect correlations to die off as the 3/2 power of the ratios of the earlier time to the later time. Hence,
a reasonable model is

β+(z1, z2, z3, r1, r2) =






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2/2A2
)

, (xa $ 1).

(7)

β+(z1, z2, z3, r1, r2) = E(3)
+ (z1, z2, z3) exp

(

−
∑

a z
2
a ln(ra)

2/2A2
)

, (xa $ 1)

Inside the horizon we can also define a 3-point structure function

φ6
0β+(z1, z2, z3, r1, r2) ≈ µ3η3η2F3(x1, x2, x3)δ(η3 − η1)δ(η2 − η3) (8)

such that

F3(x1, x2, x3) =
1

µ̄3

∫

dr1dr2β+(z1, z2, z3, r1, r2). (9)
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The matter bispectrum B is given by

〈δc(k1, η)δc(k2, η)δc(k3, η)〉 = (2π)3δ3(k1 + k2 + k3)B(k1, k2, k3, η). (1)

We define the source bispectrum β by

〈Θ+(k1, η1)Θ+(k2, η2)Θ+(k3, η3)〉 = φ6
0β+(k1, k2, k3, η1, η2, η3)(2π)

3δ3(k1 + k2 + k3). (2)

The source bispectrum is dimensionless in Fourier space, and so for a scaling source it can be expressed as a function
of five dimensionless combinations of the six arguments ka, ηa (a = 1, 2, 3). For example, one could take

xa = kaηa, (3)

and chose any two of the combinations

r1 =
η2
η3

, r2 =
η3
η1

, r3 =
η1
η2

. (4)

Note that r1r2r3 = 1. It can also be convenient to define

κab = −ka · kb, (5)

and to use the dimensionless combinations za defined by

z21 = κ23η2η3, z
2
2 = κ31η3η1, z

2
3 = κ12η1η2. (6)

The fact that za can be imaginary does not cause problems in practice.
The general form of the source bispectrum is not easy to guess, but we expect it to be strongly peaked inside the

horizon (xa $ 1) near ra = 1, by analogy with the source two-point function, and white noise outside the horizon.
Outside the horizon, bearing in mind that the source energy-momentum tensor is a random process on the horizon
scale, we also expect correlations to die off as the 3/2 power of the ratios of the earlier time to the later time. Hence,
a reasonable model is

β+(z1, z2, z3, r1, r2) =
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β+(z1, z2, z3, r1, r2) = E(3)
+ (z1, z2, z3) exp

(

−
∑

a z
2
a ln(ra)

2/2A2
)

, (xa $ 1)

Inside the horizon we can also define a 3-point structure function

φ6
0β+(z1, z2, z3, r1, r2) ≈ µ3η3η2F3(x1, x2, x3)δ(η3 − η1)δ(η2 − η3) (8)

such that

F3(x1, x2, x3) =
1

µ̄3

∫

dr1dr2β+(z1, z2, z3, r1, r2). (9)
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I. BISPECTRUM

A. Bispectrum from the 3-point UETC

The matter bispectrum B is given by

〈δc(k1, η)δc(k2, η)δc(k3, η)〉 = (2π)3δ3(k1 + k2 + k3)B(k1, k2, k3, η). (1)

We define the source bispectrum β by

〈Θ+(k1, η1)Θ+(k2, η2)Θ+(k3, η3)〉 = φ6
0β+(k1, k2, k3, η1, η2, η3)(2π)

3δ3(k1 + k2 + k3). (2)

The source bispectrum is dimensionless in Fourier space, and so for a scaling source it can be expressed as a function
of five dimensionless combinations of the six arguments ka, ηa (a = 1, 2, 3). For example, one could take

xa = kaηa, (3)

and chose any two of the combinations

r1 =
η2
η3

, r2 =
η3
η1

, r3 =
η1
η2

. (4)

Note that r1r2r3 = 1. It can also be convenient to define

κab = −ka · kb, (5)

and to use the dimensionless combinations za defined by

z21 = κ23η2η3, z
2
2 = κ31η3η1, z

2
3 = κ12η1η2. (6)

The fact that za can be imaginary does not cause problems in practice.
The general form of the source bispectrum is not easy to guess, but we expect it to be strongly peaked inside the

horizon (xa $ 1) near ra = 1, by analogy with the source two-point function, and white noise outside the horizon.
Outside the horizon, bearing in mind that the source energy-momentum tensor is a random process on the horizon
scale, we also expect correlations to die off as the 3/2 power of the ratios of the earlier time to the later time. Hence,
a reasonable model is
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Inside the horizon we can also define a 3-point structure function

φ6
0β+(z1, z2, z3, r1, r2) ≈ µ3η3η2F3(x1, x2, x3)δ(η3 − η1)δ(η2 − η3) (8)

such that

F3(x1, x2, x3) =
1

µ̄3

∫

dr1dr2β+(z1, z2, z3, r1, r2). (9)

What about superhorizon scales...use volume argument to show
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and to use the dimensionless combinations za defined by
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2
2 = κ31η3η1, z

2
3 = κ12η1η2. (6)

The fact that za can be imaginary does not cause problems in practice.
The general form of the source bispectrum is not easy to guess, but we expect it to be strongly peaked inside the

horizon (xa $ 1) near ra = 1, by analogy with the source two-point function, and white noise outside the horizon.
Outside the horizon, bearing in mind that the source energy-momentum tensor is a random process on the horizon
scale, we also expect correlations to die off as the 3/2 power of the ratios of the earlier time to the later time. Hence,
a reasonable model is
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β+ ∝ r1/r2

Inside the horizon we can also define a 3-point structure function

φ6
0β+(z1, z2, z3, r1, r2) ≈ µ3η3η2F3(x1, x2, x3)δ(η3 − η1)δ(η2 − η3) (8)

such that

F3(x1, x2, x3) =
1

µ̄3

∫

dr1dr2β+(z1, z2, z3, r1, r2). (9)

2

Substitution in the solution (??) gives

B(k1, k2, k3, η) = ε3
∫ η

ηi

dη1

∫ η

ηi

dη2

∫ η

ηi

dη3Π
3
a=1 [Gc(ka; η, ηa)]β(z1, z2, z3, r1, r2). (10)

With the form (7), we may simplify this expression to the form

B(k1, k2, k3, η) ≈ (4πGµ)3
∫ η

ηi

dη′Π3
a=1Gc(ka; η, η

′)η′
2F3(x

′
1, x

′
2, x

′
3), (11)

where x′
a = kaη′.

Following a similar calculation to that presented in PAPERS CITATIONS and in Section ??, we find (with k3 =
−k1 − k2 imposed)

β(k1, k2, k3, η1, η2, η3) ≈ 8µ̄3L
∫

dσ12dσ13〈Ẋ2
1Ẋ

2
2Ẋ

2
3〉 exp

(

−
∑

a<b κab(Γab(η1)− v2η2ab)

6

)

,

where we have adopted the shorthand notation σab = σa − σb, Xa = X(σa, ηa), Γab = Γ(σa − σb) and κab = −ka · kb.
Suppressing the dependence on η, the individual correlators are given in the Gaussian approximation by

〈Ẋ2
1Ẋ

2
2Ẋ

2
3〉 = V 3(0) + 2V (0)V 2(σ12) +

8

9
V (σ12)V (σ13)V (σ23), (12)
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(

−
1

6

∑
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κabΓ
2
ab(η

′)

)

≈ exp

(

−
t
2

6
(k22σ

2
12 +K2

2σ
2
13)

)

, (13)
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(

−
v2

6

∑

a<b

κabη
2
ab

)
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(

−
v2

6
(k22η

2
12 +K2

2η
2
13)

)

, (14)

where K2 =
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23/k2. Approximating V (σ) = v2, we find that
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where
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The 3-point structure function is therefore
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Well outside the horizon, we may use the approximation erf (x) ≈ 2x/
√
π (for x & 1), and bearing in mind the general

form of super-horizon source correlators,
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We note that the factor k22k
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23 is proportional to the square of the area of the triangle formed by the three
wavevectors A. Indeed,
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Substitution in the solution (??) gives
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2Ẋ

2
3〉 = V 3(0) + 2V (0)V 2(σ12) +

8

9
V (σ12)V (σ13)V (σ23), (12)

exp

(

−
1

6

∑

a<b

κabΓ
2
ab(η

′)

)

≈ exp

(

−
t
2

6
(k22σ

2
12 +K2

2σ
2
13)

)

, (13)

exp

(

−
v2

6

∑

a<b

κabη
2
ab

)

= exp

(

−
v2

6
(k22η

2
12 +K2

2η
2
13)

)

, (14)

where K2 =
√

k22k
2
3 − κ2

23/k2. Approximating V (σ) = v2, we find that

β(k1, k2, k3, η1, η2, η3) ≈ 8µ̄3 1

ξ2
35

9

v6

t
2

6π
√

k22k
2
3 − κ2

23

erf

(

tk2ξ√
6

)

erf

(

tK2ξ√
6

)

exp

(

−
v2

6
(k22η

2
12 +K2

2η
2
13)

)

. (15)

We can also write this

β(k1, k2, k3, η1, η2, η3) ≈
β0

ξ2k2K2
erf

(

tk2ξ√
6

)

erf

(

tK2ξ√
6

)

exp

(

−
v2

6
(k22η

2
12 +K2

2η
2
13)

)

. (16)

where

β0 = 8µ̄3 35

9
6π

v6

t
2 (17)

The 3-point structure function is therefore

F3(k1, k2, k3, η1) ≈
(2µ)3

ξ2
35

9

v4

t
2

36π2

k22k
2
3 − κ2

23

erf

(

tk2ξ√
6

)

erf

(

tK2ξ√
6

)

. (18)
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We note that the factor k22k
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Assuming matter domination:

4

a. Equilateral limit: ka = k. For equilateral triangles, K2 = k sin(π/3). Hence, the small scale bispectrum is
proportional to 1/k4.

BE(k, k, k, η) ≈
B0

500

4η2eq
3k4

(

η

ηeq

)6

. (29)

b. Squeezed limit k = k1 = k2 " k3, with kξeq " 1, such that tK2ξeq/
√
6 $ 1 and K2ηeq > 1, we use the

approximation to the error function erf (x) ≈ 2x/
√
π (for x $ 1). Noting that K2 ≈ k3 in this limit, we obtain the

result

BS(k, k, k3, η) ≈
B0

375

η3eq
k2k3

2α√
6π

(

η

ηeq

)6

. (30)

c. Folded limit, k = k2 ≈ k3 ≈ k1/2, with kξeq " 1, such that tK2ξeq/
√
6 $ 1 and K2ηeq > 1. In this limit,

K2ξeq tends to zero because the angle between the vectors k2 and k3 tends to π. Hence we obtain a result similar to
the squeezed limit,

BF(2k, k, k, η) ≈
B0

375

η3eq
k2K2

2α√
6π

(

η

ηeq

)6

. (31)

C. Wake Model Bispectrum

TO BE UPDATED ...
Adapting the argument outlined in Section ?? and ??, we may obtain an expression for the nonlinear matter

bispectrum induced by cosmic strings. In particular, we find

B(k1, k2, k3, η) =

∫ η

η1

dηi
ν

η4i

(

σw(η, ηi)

ρCDM
ξ(η, ηi)

)3 ∫ dn̂

4π

J1(k1⊥ξ(η, ηi))J1(k2⊥ξ(η, ηi))J1(k3⊥ξ(η, ηi))

k1⊥ k2⊥ k3⊥
, (32)

where ki⊥ =
√

k2i − (ki.n̂)2 and we use the Dirac delta condition in the definition of the bispectrum to set k3 =
−k1 − k2.

Analytic Matter Era Approximation

Large Scales: While an analytic approximation to (32) is difficult for small scales, it is a simple matter to obtain
an expression valid on large scales for which ki $ 1. In this regime we may use the approximation that J1(z) ≈ z/2
for small z to find

B(k1, k2, k3, η) ≈
(

2ui

5

)3

να6 ln

(

η

ηeq

)(

a(η)

a(ηeq)

)3

η6eq ∝ k0 . (33)

Thus, by comparison to equation (23), we deduce that the linear and nonlinear bispectra show the same qualitative
behaviour on large scales.
Small Scales - Squeezed Limit: We consider the squeezed limit k = k1 ≈ k2 " k3, with kξ " 1 and k3ξ $ 1,

as considered for the linear perturbation theory calculation in SECTION ... Using the large scale approximation
J1(k3⊥ξ)/k3⊥ ≈ ξ/2, and a similar calculation to the evaluation of the small scale power spectrum, we obtain the
result that

B(k, k, k3, η)
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5
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η6
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√

1− µ2αηi)2

k2(1− µ2)
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2ui
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)3 ( a(η)
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)3 η4eq
k2

. (34)

Including the effect of causal compensations on the superhorizon scale k3 results in the altered expression

B(k, k, k3, η)
k3"k ≈

2να4

9
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2ui

5

)3 ( a(η)

a(ηeq)

)3 η6eqk
2
3

k2
. (35)
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C. Wake Model Bispectrum
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B. Matter era approximations

1. Superhorizon scales, ka ! η−1

IS THIS WORTH DOING?
For kaη ! 1, we use (??) to find

B(k1, k2, k3, η) ≈ (8πGµv2)3
???

??

a(η)3

a(ηeq)3
η6eq ∝ k0 . (23)

2. Large scales, η−1
! ka ! η−1

eq

IS THIS WORTH DOING?

3. Small scales, η−1
eq ! ka

Substituting (18) into the expression for the sub-horizon matter bispectrum (10), we obtain

B(k1, k2, k3, η) =

∫ η

ηi

dη′
3
∏

a=1

[Gc(ka; η, η
′)]

ε3β0

α2η′2k22K
2
2

6π

v2
erf

(

tk2αη′√
6

)

erf

(

tK2αη′√
6

)

. (24)

Using the solution for the Green’s function Gc in the deep matter era, (??), we may obtain analytic predictions for
the cosmic string matter bispectrum in the small scale limit.
Using similar calculations to those outlined for the linear power spectrum we find that for kaη % 1 (and η % ηeq)

[CHECK] that the contribution from modes sourced before ηeq is (ordering the wavevectors so that k1 ≥ k2 ≥ k3)

B<eq(k1, k2, k3, η) ≈ ε3K3η6
∏

a

ln (kaηeq)

(kaηeq)2
β0

α2k22K
2
2

6π

v2

∫ η−1
eq

k−1
1

dη′

η′5
erf

(

tk2αη′√
6

)

erf

(

tK2αη′√
6

)

(25)

The integration is dominated by the lower end, where the error functions behave linearly, so

B<eq(k1, k2, k3, η) ≈ ε3K3η6
∏

a

ln (kaηeq)

(kaηeq)2
β0

k2K2

4

v2

∫ η−1
eq

k−1
1

dη′

η′3

= ε3K3η6
∏

a

ln (kaηeq)

(kaηeq)2
2β0

v2
k21

k2K2

= 2K3 ε
3β0

v2
∏

a

ln (kaηeq)

k2a

k21
k2K2

(

η

ηeq

)6

(26)

Hence modes which were sourced in the radiation era show a characteristic k−6 decrease from a peak at kaηeq ≈ 1.
Modes which were sourced after ηeq contribute

B>eq(k1, k2, k3, η) ≈ η6
B0

125

1

k22K
2
2

∫ η

ηeq

dη′

η′5
erf

(

tk2αη′√
6

)

erf

(

tK2αη′√
6

)

(27)

where

B0 = 6π
ε3β0

α2v2
= (8πGµ)3

35

9
36π2 v4

α2t
2 . (28)

In the following we neglect the contribution from modes sourced before ηeq.
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Matter accretion in wakes formed by cosmic strings We present a calculation of the matter

power spectrum and bispectrum of cosmic strings induced.

I. BISPECTRUM

A. Bispectrum from the 3-point UETC

The matter bispectrum B is given by

〈δc(k1, η)δc(k2, η)δc(k3, η)〉 = (2π)3δ3(k1 + k2 + k3)B(k1, k2, k3, η). (1)

We define the source bispectrum β by

〈Θ+(k1, η1)Θ+(k2, η2)Θ+(k3, η3)〉 = φ6
0β+(k1, k2, k3, η1, η2, η3)(2π)

3δ3(k1 + k2 + k3). (2)

The source bispectrum is dimensionless in Fourier space, and so for a scaling source it can be expressed as a function
of five dimensionless combinations of the six arguments ka, ηa (a = 1, 2, 3). For example, one could take

xa = kaηa, (3)

and chose any two of the combinations

r1 =
η2
η3

, r2 =
η3
η1

, r3 =
η1
η2

. (4)

Note that r1r2r3 = 1. It can also be convenient to define

κab = −ka · kb, (5)

and to use the dimensionless combinations za defined by

z21 = κ23η2η3, z
2
2 = κ31η3η1, z

2
3 = κ12η1η2. (6)

The fact that za can be imaginary does not cause problems in practice.
The general form of the source bispectrum is not easy to guess, but we expect it to be strongly peaked inside the

horizon (xa $ 1) near ra = 1, by analogy with the source two-point function, and white noise outside the horizon.
Outside the horizon, bearing in mind that the source energy-momentum tensor is a random process on the horizon
scale, we also expect correlations to die off as the 3/2 power of the ratios of the earlier time to the later time. Hence,
a reasonable model is

β+(z1, z2, z3, r1, r2) =















3E(3)
+ (0)

(

r2
r1

)
3
2

+
(

r3
r2

)
3
2

+
(

r1
r3

)
3
2

, (xa % 1),

E(3)
+ (z1, z2, z3) exp

(

−
∑

a z
2
a ln(ra)

2/2A2
)

, (xa $ 1).

(7)

Inside the horizon we can also define a 3-point structure function

φ6
0β+(z1, z2, z3, r1, r2) ≈ µ3η3η2F3(x1, x2, x3)δ(η3 − η1)δ(η2 − η3) (8)

such that

F3(x1, x2, x3) =
1

µ̄3

∫

dr1dr2β+(z1, z2, z3, r1, r2). (9)
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I. BISPECTRUM

A. Bispectrum from the 3-point UETC

The matter bispectrum B is given by

〈δc(k1, η)δc(k2, η)δc(k3, η)〉 = (2π)3δ3(k1 + k2 + k3)B(k1, k2, k3, η). (1)

We define the source bispectrum β by

〈Θ+(k1, η1)Θ+(k2, η2)Θ+(k3, η3)〉 = φ6
0β+(k1, k2, k3, η1, η2, η3)(2π)

3δ3(k1 + k2 + k3). (2)

The source bispectrum is dimensionless in Fourier space, and so for a scaling source it can be expressed as a function
of five dimensionless combinations of the six arguments ka, ηa (a = 1, 2, 3). For example, one could take

xa = kaηa, (3)

and chose any two of the combinations

r1 =
η2
η3

, r2 =
η3
η1

, r3 =
η1
η2

. (4)

Note that r1r2r3 = 1. It can also be convenient to define

κab = −ka · kb, (5)

and to use the dimensionless combinations za defined by

z21 = κ23η2η3, z
2
2 = κ31η3η1, z

2
3 = κ12η1η2. (6)

The fact that za can be imaginary does not cause problems in practice.
The general form of the source bispectrum is not easy to guess, but we expect it to be strongly peaked inside the

horizon (xa $ 1) near ra = 1, by analogy with the source two-point function, and white noise outside the horizon.
Outside the horizon, bearing in mind that the source energy-momentum tensor is a random process on the horizon
scale, we also expect correlations to die off as the 3/2 power of the ratios of the earlier time to the later time. Hence,
a reasonable model is

β+(z1, z2, z3, r1, r2) =















3E(3)
+ (0)

(

r2
r1

)
3
2

+
(

r3
r2

)
3
2

+
(

r1
r3

)
3
2

, (xa % 1),

E(3)
+ (z1, z2, z3) exp

(

−
∑

a z
2
a ln(ra)

2/2A2
)

, (xa $ 1).

(7)

Inside the horizon we can also define a 3-point structure function

φ6
0β+(z1, z2, z3, r1, r2) ≈ µ3η3η2F3(x1, x2, x3)δ(η3 − η1)δ(η2 − η3) (8)

such that

F3(x1, x2, x3) =
1

µ̄3

∫

dr1dr2β+(z1, z2, z3, r1, r2). (9)
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I. BISPECTRUM

A. Bispectrum from the 3-point UETC

The matter bispectrum B is given by

〈δc(k1, η)δc(k2, η)δc(k3, η)〉 = (2π)3δ3(k1 + k2 + k3)B(k1, k2, k3, η). (1)

We define the source bispectrum β by

〈Θ+(k1, η1)Θ+(k2, η2)Θ+(k3, η3)〉 = φ6
0β+(k1, k2, k3, η1, η2, η3)(2π)

3δ3(k1 + k2 + k3). (2)

The source bispectrum is dimensionless in Fourier space, and so for a scaling source it can be expressed as a function
of five dimensionless combinations of the six arguments ka, ηa (a = 1, 2, 3). For example, one could take

xa = kaηa, (3)

and chose any two of the combinations

r1 =
η2
η3

, r2 =
η3
η1

, r3 =
η1
η2

. (4)

Note that r1r2r3 = 1. It can also be convenient to define

κab = −ka · kb, (5)

and to use the dimensionless combinations za defined by

z21 = κ23η2η3, z
2
2 = κ31η3η1, z

2
3 = κ12η1η2. (6)

The fact that za can be imaginary does not cause problems in practice.
The general form of the source bispectrum is not easy to guess, but we expect it to be strongly peaked inside the

horizon (xa $ 1) near ra = 1, by analogy with the source two-point function, and white noise outside the horizon.
Outside the horizon, bearing in mind that the source energy-momentum tensor is a random process on the horizon
scale, we also expect correlations to die off as the 3/2 power of the ratios of the earlier time to the later time. Hence,
a reasonable model is

β+(z1, z2, z3, r1, r2) =















3E(3)
+ (0)

(

r2
r1

)
3
2

+
(

r3
r2

)
3
2

+
(

r1
r3

)
3
2

, (xa % 1),

E(3)
+ (z1, z2, z3) exp

(

−
∑

a z
2
a ln(ra)

2/2A2
)

, (xa $ 1).

(7)

β+(z1, z2, z3, r1, r2) = E(3)
+ (z1, z2, z3) exp

(

−
∑

a z
2
a ln(ra)

2/2A2
)

, (xa $ 1)

Inside the horizon we can also define a 3-point structure function

φ6
0β+(z1, z2, z3, r1, r2) ≈ µ3η3η2F3(x1, x2, x3)δ(η3 − η1)δ(η2 − η3) (8)

such that

F3(x1, x2, x3) =
1

µ̄3

∫

dr1dr2β+(z1, z2, z3, r1, r2). (9)
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I. BISPECTRUM

A. Bispectrum from the 3-point UETC

The matter bispectrum B is given by

〈δc(k1, η)δc(k2, η)δc(k3, η)〉 = (2π)3δ3(k1 + k2 + k3)B(k1, k2, k3, η). (1)

We define the source bispectrum β by

〈Θ+(k1, η1)Θ+(k2, η2)Θ+(k3, η3)〉 = φ6
0β+(k1, k2, k3, η1, η2, η3)(2π)

3δ3(k1 + k2 + k3). (2)

The source bispectrum is dimensionless in Fourier space, and so for a scaling source it can be expressed as a function
of five dimensionless combinations of the six arguments ka, ηa (a = 1, 2, 3). For example, one could take

xa = kaηa, (3)

and chose any two of the combinations

r1 =
η2
η3

, r2 =
η3
η1

, r3 =
η1
η2

. (4)

Note that r1r2r3 = 1. It can also be convenient to define

κab = −ka · kb, (5)

and to use the dimensionless combinations za defined by

z21 = κ23η2η3, z
2
2 = κ31η3η1, z

2
3 = κ12η1η2. (6)

The fact that za can be imaginary does not cause problems in practice.
The general form of the source bispectrum is not easy to guess, but we expect it to be strongly peaked inside the

horizon (xa $ 1) near ra = 1, by analogy with the source two-point function, and white noise outside the horizon.
Outside the horizon, bearing in mind that the source energy-momentum tensor is a random process on the horizon
scale, we also expect correlations to die off as the 3/2 power of the ratios of the earlier time to the later time. Hence,
a reasonable model is

β+(z1, z2, z3, r1, r2) =















3E(3)
+ (0)
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)
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(
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)
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)
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, (xa % 1),

E(3)
+ (z1, z2, z3) exp

(

−
∑

a z
2
a ln(ra)

2/2A2
)

, (xa $ 1).

(7)

β+(z1, z2, z3, r1, r2) = E(3)
+ (z1, z2, z3) exp

(

−
∑

a z
2
a ln(ra)

2/2A2
)

, (xa $ 1)

Inside the horizon we can also define a 3-point structure function

φ6
0β+(z1, z2, z3, r1, r2) ≈ µ3η3η2F3(x1, x2, x3)δ(η3 − η1)δ(η2 − η3) (8)

such that

F3(x1, x2, x3) =
1

µ̄3

∫

dr1dr2β+(z1, z2, z3, r1, r2). (9)
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Matter accretion in wakes formed by cosmic strings We present a calculation of the matter power
spectrum and bispectrum of cosmic strings induced.

I. BISPECTRUM

A. Bispectrum from the 3-point UETC

The matter bispectrum B is given by

〈δc(k1, η)δc(k2, η)δc(k3, η)〉 = (2π)3δ3(k1 + k2 + k3)B(k1, k2, k3, η). (1)

We define the source bispectrum β by

〈Θ+(k1, η1)Θ+(k2, η2)Θ+(k3, η3)〉 = φ6
0β+(k1, k2, k3, η1, η2, η3)(2π)

3δ3(k1 + k2 + k3). (2)

The source bispectrum is dimensionless in Fourier space, and so for a scaling source it can be expressed as a function
of five dimensionless combinations of the six arguments ka, ηa (a = 1, 2, 3). For example, one could take

xa = kaηa, (3)

and chose any two of the combinations

r1 =
η2
η3

, r2 =
η3
η1

, r3 =
η1
η2

. (4)

Note that r1r2r3 = 1. It can also be convenient to define

κab = −ka · kb, (5)

and to use the dimensionless combinations za defined by

z21 = κ23η2η3, z
2
2 = κ31η3η1, z

2
3 = κ12η1η2. (6)

The fact that za can be imaginary does not cause problems in practice.
The general form of the source bispectrum is not easy to guess, but we expect it to be strongly peaked inside the

horizon (xa $ 1) near ra = 1, by analogy with the source two-point function, and white noise outside the horizon.
Outside the horizon, bearing in mind that the source energy-momentum tensor is a random process on the horizon
scale, we also expect correlations to die off as the 3/2 power of the ratios of the earlier time to the later time. Hence,
a reasonable model is

β+(z1, z2, z3, r1, r2) =















3E(3)
+ (0)

(

r2
r1

)
3
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(
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+
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3
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, (xa % 1),

E(3)
+ (z1, z2, z3) exp

(

−
∑

a z
2
a ln(ra)

2/2A2
)

, (xa $ 1).

(7)

β+(z1, z2, z3, r1, r2) = E(3)
+ (z1, z2, z3) exp

(

−
∑

a z
2
a ln(ra)

2/2A2
)

, (xa $ 1)

Inside the horizon we can also define a 3-point structure function

φ6
0β+(z1, z2, z3, r1, r2) ≈ µ3η3η2F3(x1, x2, x3)δ(η3 − η1)δ(η2 − η3) (8)

such that

F3(x1, x2, x3) =
1

µ̄3

∫

dr1dr2β+(z1, z2, z3, r1, r2). (9)

What about superhorizon scales...use volume argument to show
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I. BISPECTRUM

A. Bispectrum from the 3-point UETC

The matter bispectrum B is given by

〈δc(k1, η)δc(k2, η)δc(k3, η)〉 = (2π)3δ3(k1 + k2 + k3)B(k1, k2, k3, η). (1)

We define the source bispectrum β by

〈Θ+(k1, η1)Θ+(k2, η2)Θ+(k3, η3)〉 = φ6
0β+(k1, k2, k3, η1, η2, η3)(2π)

3δ3(k1 + k2 + k3). (2)

The source bispectrum is dimensionless in Fourier space, and so for a scaling source it can be expressed as a function
of five dimensionless combinations of the six arguments ka, ηa (a = 1, 2, 3). For example, one could take

xa = kaηa, (3)

and chose any two of the combinations

r1 =
η2
η3

, r2 =
η3
η1

, r3 =
η1
η2

. (4)

Note that r1r2r3 = 1. It can also be convenient to define

κab = −ka · kb, (5)

and to use the dimensionless combinations za defined by

z21 = κ23η2η3, z
2
2 = κ31η3η1, z

2
3 = κ12η1η2. (6)

The fact that za can be imaginary does not cause problems in practice.
The general form of the source bispectrum is not easy to guess, but we expect it to be strongly peaked inside the

horizon (xa $ 1) near ra = 1, by analogy with the source two-point function, and white noise outside the horizon.
Outside the horizon, bearing in mind that the source energy-momentum tensor is a random process on the horizon
scale, we also expect correlations to die off as the 3/2 power of the ratios of the earlier time to the later time. Hence,
a reasonable model is

β+(z1, z2, z3, r1, r2) =


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, (xa % 1),

E(3)
+ (z1, z2, z3) exp

(

−
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a ln(ra)

2/2A2
)

, (xa $ 1).

(7)

β+ ∝ r1/r2

Inside the horizon we can also define a 3-point structure function

φ6
0β+(z1, z2, z3, r1, r2) ≈ µ3η3η2F3(x1, x2, x3)δ(η3 − η1)δ(η2 − η3) (8)

such that

F3(x1, x2, x3) =
1

µ̄3

∫

dr1dr2β+(z1, z2, z3, r1, r2). (9)

2

Substitution in the solution (??) gives

B(k1, k2, k3, η) = ε3
∫ η

ηi

dη1

∫ η

ηi

dη2

∫ η

ηi

dη3Π
3
a=1 [Gc(ka; η, ηa)]β(z1, z2, z3, r1, r2). (10)

With the form (7), we may simplify this expression to the form

B(k1, k2, k3, η) ≈ (4πGµ)3
∫ η

ηi

dη′Π3
a=1Gc(ka; η, η

′)η′
2F3(x

′
1, x

′
2, x

′
3), (11)

where x′
a = kaη′.

Following a similar calculation to that presented in PAPERS CITATIONS and in Section ??, we find (with k3 =
−k1 − k2 imposed)

β(k1, k2, k3, η1, η2, η3) ≈ 8µ̄3L
∫

dσ12dσ13〈Ẋ2
1Ẋ

2
2Ẋ

2
3〉 exp

(

−
∑

a<b κab(Γab(η1)− v2η2ab)

6

)

,

where we have adopted the shorthand notation σab = σa − σb, Xa = X(σa, ηa), Γab = Γ(σa − σb) and κab = −ka · kb.
Suppressing the dependence on η, the individual correlators are given in the Gaussian approximation by

〈Ẋ2
1Ẋ

2
2Ẋ

2
3〉 = V 3(0) + 2V (0)V 2(σ12) +

8

9
V (σ12)V (σ13)V (σ23), (12)

exp

(

−
1

6

∑

a<b

κabΓ
2
ab(η

′)

)

≈ exp

(

−
t
2

6
(k22σ

2
12 +K2

2σ
2
13)

)

, (13)

exp

(

−
v2

6

∑

a<b

κabη
2
ab

)

= exp

(

−
v2

6
(k22η

2
12 +K2

2η
2
13)

)

, (14)

where K2 =
√

k22k
2
3 − κ2

23/k2. Approximating V (σ) = v2, we find that

β(k1, k2, k3, η1, η2, η3) ≈ 8µ̄3 1

ξ2
35

9

v6

t
2

6π
√

k22k
2
3 − κ2

23

erf

(

tk2ξ√
6

)

erf

(

tK2ξ√
6

)

exp

(

−
v2

6
(k22η

2
12 +K2

2η
2
13)

)

. (15)

We can also write this

β(k1, k2, k3, η1, η2, η3) ≈
β0

ξ2k2K2
erf

(

tk2ξ√
6

)

erf
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6

)
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−
v2

6
(k22η

2
12 +K2

2η
2
13)

)

. (16)

where

β0 = 8µ̄3 35

9
6π

v6

t
2 (17)

The 3-point structure function is therefore

F3(k1, k2, k3, η1) ≈
(2µ)3

ξ2
35

9

v4

t
2

36π2

k22k
2
3 − κ2

23

erf
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tk2ξ√
6

)

erf

(

tK2ξ√
6

)

. (18)

Well outside the horizon, we may use the approximation erf (x) ≈ 2x/
√
π (for x & 1), and bearing in mind the general

form of super-horizon source correlators,

β(0, 0, 0, η1, η2, η3) ≈
140

9
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r2
r1
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3
2

+
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r3
r2

)
3
2

+
(

r1
r3

)
3
2

. (19)

We note that the factor k22k
2
3 − κ2

23 is proportional to the square of the area of the triangle formed by the three
wavevectors A. Indeed,

4A2 = k22k
2
3 − κ2

23 (and cyclic) (20)

= κ12κ23 + κ23κ31 + κ31κ12, (21)

= 2(k21k
2
2 + k22k

2
3 + k23k

2
1)− k41 − k42 − k43 . (22)

2

Substitution in the solution (??) gives

B(k1, k2, k3, η) = ε3
∫ η

ηi

dη1

∫ η

ηi

dη2

∫ η

ηi

dη3Π
3
a=1 [Gc(ka; η, ηa)]β(z1, z2, z3, r1, r2). (10)

With the form (7), we may simplify this expression to the form

B(k1, k2, k3, η) ≈ (4πGµ)3
∫ η
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2F3(x
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where x′
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)

,

where we have adopted the shorthand notation σab = σa − σb, Xa = X(σa, ηa), Γab = Γ(σa − σb) and κab = −ka · kb.
Suppressing the dependence on η, the individual correlators are given in the Gaussian approximation by

〈Ẋ2
1Ẋ
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where K2 =
√
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2
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23/k2. Approximating V (σ) = v2, we find that
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We can also write this

β(k1, k2, k3, η1, η2, η3) ≈
β0

ξ2k2K2
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(

tk2ξ√
6

)
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(

tK2ξ√
6

)
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where

β0 = 8µ̄3 35
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The 3-point structure function is therefore

F3(k1, k2, k3, η1) ≈
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Well outside the horizon, we may use the approximation erf (x) ≈ 2x/
√
π (for x & 1), and bearing in mind the general

form of super-horizon source correlators,

β(0, 0, 0, η1, η2, η3) ≈
140
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We note that the factor k22k
2
3 − κ2

23 is proportional to the square of the area of the triangle formed by the three
wavevectors A. Indeed,

4A2 = k22k
2
3 − κ2

23 (and cyclic) (20)

= κ12κ23 + κ23κ31 + κ31κ12, (21)

= 2(k21k
2
2 + k22k

2
3 + k23k

2
1)− k41 − k42 − k43 . (22)

String correl model gives

2

Substitution in the solution (??) gives

B(k1, k2, k3, η) = ε3
∫ η

ηi

dη1

∫ η

ηi

dη2

∫ η

ηi

dη3Π
3
a=1 [Gc(ka; η, ηa)]β(z1, z2, z3, r1, r2). (10)

With the form (7), we may simplify this expression to the form

B(k1, k2, k3, η) ≈ (4πGµ)3
∫ η

ηi

dη′Π3
a=1Gc(ka; η, η

′)η′
2F3(x

′
1, x

′
2, x

′
3), (11)

where x′
a = kaη′.

Following a similar calculation to that presented in PAPERS CITATIONS and in Section ??, we find (with k3 =
−k1 − k2 imposed)

β(k1, k2, k3, η1, η2, η3) ≈ 8µ̄3L
∫

dσ12dσ13〈Ẋ2
1Ẋ

2
2Ẋ

2
3〉 exp

(

−
∑

a<b κab(Γab(η1)− v2η2ab)

6

)

,

where we have adopted the shorthand notation σab = σa − σb, Xa = X(σa, ηa), Γab = Γ(σa − σb) and κab = −ka · kb.
Suppressing the dependence on η, the individual correlators are given in the Gaussian approximation by

〈Ẋ2
1Ẋ

2
2Ẋ

2
3〉 = V 3(0) + 2V (0)V 2(σ12) +

8

9
V (σ12)V (σ13)V (σ23), (12)

exp

(

−
1

6

∑

a<b

κabΓ
2
ab(η

′)

)

≈ exp

(

−
t
2

6
(k22σ

2
12 +K2

2σ
2
13)

)

, (13)

exp

(

−
v2

6

∑

a<b

κabη
2
ab

)

= exp

(

−
v2

6
(k22η

2
12 +K2

2η
2
13)

)

, (14)

where K2 =
√

k22k
2
3 − κ2

23/k2. Approximating V (σ) = v2, we find that

β(k1, k2, k3, η1, η2, η3) ≈ 8µ̄3 1

ξ2
35

9

v6

t
2

6π
√

k22k
2
3 − κ2

23

erf

(

tk2ξ√
6

)

erf

(

tK2ξ√
6

)

exp

(

−
v2

6
(k22η

2
12 +K2

2η
2
13)

)

. (15)

We can also write this

β(k1, k2, k3, η1, η2, η3) ≈
β0

ξ2k2K2
erf

(

tk2ξ√
6

)

erf

(

tK2ξ√
6

)

exp

(

−
v2

6
(k22η

2
12 +K2

2η
2
13)

)

. (16)

where

β0 = 8µ̄3 35

9
6π

v6

t
2 (17)

The 3-point structure function is therefore

F3(k1, k2, k3, η1) ≈
(2µ)3

ξ2
35

9

v4

t
2

36π2

k22k
2
3 − κ2

23

erf

(

tk2ξ√
6

)

erf

(

tK2ξ√
6

)

. (18)

Well outside the horizon, we may use the approximation erf (x) ≈ 2x/
√
π (for x & 1), and bearing in mind the general

form of super-horizon source correlators,

β(0, 0, 0, η1, η2, η3) ≈
140

9

(2µ̄v2)3
(

r2
r1

)
3
2

+
(

r3
r2

)
3
2

+
(

r1
r3

)
3
2

. (19)

We note that the factor k22k
2
3 − κ2

23 is proportional to the square of the area of the triangle formed by the three
wavevectors A. Indeed,

4A2 = k22k
2
3 − κ2

23 (and cyclic) (20)

= κ12κ23 + κ23κ31 + κ31κ12, (21)

= 2(k21k
2
2 + k22k

2
3 + k23k

2
1)− k41 − k42 − k43 . (22)

Assuming matter domination:

4

a. Equilateral limit: ka = k. For equilateral triangles, K2 = k sin(π/3). Hence, the small scale bispectrum is
proportional to 1/k4.

BE(k, k, k, η) ≈
B0

500

4η2eq
3k4

(

η

ηeq

)6

. (29)

b. Squeezed limit k = k1 = k2 " k3, with kξeq " 1, such that tK2ξeq/
√
6 $ 1 and K2ηeq > 1, we use the

approximation to the error function erf (x) ≈ 2x/
√
π (for x $ 1). Noting that K2 ≈ k3 in this limit, we obtain the

result

BS(k, k, k3, η) ≈
B0

375

η3eq
k2k3

2α√
6π

(

η

ηeq

)6

. (30)

c. Folded limit, k = k2 ≈ k3 ≈ k1/2, with kξeq " 1, such that tK2ξeq/
√
6 $ 1 and K2ηeq > 1. In this limit,

K2ξeq tends to zero because the angle between the vectors k2 and k3 tends to π. Hence we obtain a result similar to
the squeezed limit,

BF(2k, k, k, η) ≈
B0

375

η3eq
k2K2

2α√
6π

(

η

ηeq

)6

. (31)

C. Wake Model Bispectrum

TO BE UPDATED ...
Adapting the argument outlined in Section ?? and ??, we may obtain an expression for the nonlinear matter

bispectrum induced by cosmic strings. In particular, we find

B(k1, k2, k3, η) =

∫ η

η1

dηi
ν

η4i

(

σw(η, ηi)

ρCDM
ξ(η, ηi)

)3 ∫ dn̂

4π

J1(k1⊥ξ(η, ηi))J1(k2⊥ξ(η, ηi))J1(k3⊥ξ(η, ηi))

k1⊥ k2⊥ k3⊥
, (32)

where ki⊥ =
√

k2i − (ki.n̂)2 and we use the Dirac delta condition in the definition of the bispectrum to set k3 =
−k1 − k2.

Analytic Matter Era Approximation

Large Scales: While an analytic approximation to (32) is difficult for small scales, it is a simple matter to obtain
an expression valid on large scales for which ki $ 1. In this regime we may use the approximation that J1(z) ≈ z/2
for small z to find

B(k1, k2, k3, η) ≈
(

2ui

5

)3

να6 ln

(

η

ηeq

)(

a(η)

a(ηeq)

)3

η6eq ∝ k0 . (33)

Thus, by comparison to equation (23), we deduce that the linear and nonlinear bispectra show the same qualitative
behaviour on large scales.
Small Scales - Squeezed Limit: We consider the squeezed limit k = k1 ≈ k2 " k3, with kξ " 1 and k3ξ $ 1,

as considered for the linear perturbation theory calculation in SECTION ... Using the large scale approximation
J1(k3⊥ξ)/k3⊥ ≈ ξ/2, and a similar calculation to the evaluation of the small scale power spectrum, we obtain the
result that

B(k, k, k3, η)
k3"k ≈να4

(

4ui

5

)3

η6
∫ η

η1

dηi
1

η3i

∫ 1

−1

dµ

2

J1(k
√

1− µ2αηi)2

k2(1− µ2)
≈ 2να4

(

2ui

5

)3 ( a(η)

a(ηeq)

)3 η4eq
k2

. (34)

Including the effect of causal compensations on the superhorizon scale k3 results in the altered expression

B(k, k, k3, η)
k3"k ≈

2να4

9

(

2ui

5

)3 ( a(η)

a(ηeq)

)3 η6eqk
2
3

k2
. (35)

4

a. Equilateral limit: ka = k. For equilateral triangles, K2 = k sin(π/3). Hence, the small scale bispectrum is
proportional to 1/k4.

BE(k, k, k, η) ≈
B0

500

4η2eq
3k4

(

η

ηeq

)6

. (29)

b. Squeezed limit k = k1 = k2 " k3, with kξeq " 1, such that tK2ξeq/
√
6 $ 1 and K2ηeq > 1, we use the

approximation to the error function erf (x) ≈ 2x/
√
π (for x $ 1). Noting that K2 ≈ k3 in this limit, we obtain the

result

BS(k, k, k3, η) ≈
B0

375

η3eq
k2k3

2α√
6π

(

η

ηeq

)6

. (30)

c. Folded limit, k = k2 ≈ k3 ≈ k1/2, with kξeq " 1, such that tK2ξeq/
√
6 $ 1 and K2ηeq > 1. In this limit,

K2ξeq tends to zero because the angle between the vectors k2 and k3 tends to π. Hence we obtain a result similar to
the squeezed limit,

BF(2k, k, k, η) ≈
B0

375

η3eq
k2K2

2α√
6π

(

η

ηeq

)6

. (31)

C. Wake Model Bispectrum

TO BE UPDATED ...
Adapting the argument outlined in Section ?? and ??, we may obtain an expression for the nonlinear matter

bispectrum induced by cosmic strings. In particular, we find

B(k1, k2, k3, η) =

∫ η

η1

dηi
ν

η4i

(

σw(η, ηi)

ρCDM
ξ(η, ηi)

)3 ∫ dn̂

4π

J1(k1⊥ξ(η, ηi))J1(k2⊥ξ(η, ηi))J1(k3⊥ξ(η, ηi))

k1⊥ k2⊥ k3⊥
, (32)

where ki⊥ =
√

k2i − (ki.n̂)2 and we use the Dirac delta condition in the definition of the bispectrum to set k3 =
−k1 − k2.

Analytic Matter Era Approximation

Large Scales: While an analytic approximation to (32) is difficult for small scales, it is a simple matter to obtain
an expression valid on large scales for which ki $ 1. In this regime we may use the approximation that J1(z) ≈ z/2
for small z to find

B(k1, k2, k3, η) ≈
(

2ui

5

)3

να6 ln

(

η

ηeq

)(

a(η)

a(ηeq)

)3

η6eq ∝ k0 . (33)

Thus, by comparison to equation (23), we deduce that the linear and nonlinear bispectra show the same qualitative
behaviour on large scales.
Small Scales - Squeezed Limit: We consider the squeezed limit k = k1 ≈ k2 " k3, with kξ " 1 and k3ξ $ 1,

as considered for the linear perturbation theory calculation in SECTION ... Using the large scale approximation
J1(k3⊥ξ)/k3⊥ ≈ ξ/2, and a similar calculation to the evaluation of the small scale power spectrum, we obtain the
result that

B(k, k, k3, η)
k3"k ≈να4

(

4ui

5

)3

η6
∫ η

η1

dηi
1

η3i

∫ 1

−1

dµ

2

J1(k
√

1− µ2αηi)2

k2(1− µ2)
≈ 2να4

(

2ui

5

)3 ( a(η)

a(ηeq)

)3 η4eq
k2

. (34)

Including the effect of causal compensations on the superhorizon scale k3 results in the altered expression

B(k, k, k3, η)
k3"k ≈

2να4

9

(

2ui

5

)3 ( a(η)

a(ηeq)

)3 η6eqk
2
3

k2
. (35)

4

a. Equilateral limit: ka = k. For equilateral triangles, K2 = k sin(π/3). Hence, the small scale bispectrum is
proportional to 1/k4.

BE(k, k, k, η) ≈
B0

500

4η2eq
3k4

(

η

ηeq

)6

. (29)

b. Squeezed limit k = k1 = k2 " k3, with kξeq " 1, such that tK2ξeq/
√
6 $ 1 and K2ηeq > 1, we use the

approximation to the error function erf (x) ≈ 2x/
√
π (for x $ 1). Noting that K2 ≈ k3 in this limit, we obtain the

result

BS(k, k, k3, η) ≈
B0

375

η3eq
k2k3

2α√
6π

(

η

ηeq

)6

. (30)

c. Folded limit, k = k2 ≈ k3 ≈ k1/2, with kξeq " 1, such that tK2ξeq/
√
6 $ 1 and K2ηeq > 1. In this limit,

K2ξeq tends to zero because the angle between the vectors k2 and k3 tends to π. Hence we obtain a result similar to
the squeezed limit,

BF(2k, k, k, η) ≈
B0

375

η3eq
k2K2

2α√
6π

(

η

ηeq

)6

. (31)

C. Wake Model Bispectrum

TO BE UPDATED ...
Adapting the argument outlined in Section ?? and ??, we may obtain an expression for the nonlinear matter

bispectrum induced by cosmic strings. In particular, we find

B(k1, k2, k3, η) =

∫ η

η1

dηi
ν

η4i

(

σw(η, ηi)

ρCDM
ξ(η, ηi)

)3 ∫ dn̂

4π

J1(k1⊥ξ(η, ηi))J1(k2⊥ξ(η, ηi))J1(k3⊥ξ(η, ηi))

k1⊥ k2⊥ k3⊥
, (32)

where ki⊥ =
√

k2i − (ki.n̂)2 and we use the Dirac delta condition in the definition of the bispectrum to set k3 =
−k1 − k2.

Analytic Matter Era Approximation

Large Scales: While an analytic approximation to (32) is difficult for small scales, it is a simple matter to obtain
an expression valid on large scales for which ki $ 1. In this regime we may use the approximation that J1(z) ≈ z/2
for small z to find

B(k1, k2, k3, η) ≈
(

2ui

5

)3

να6 ln

(

η

ηeq

)(

a(η)

a(ηeq)

)3

η6eq ∝ k0 . (33)

Thus, by comparison to equation (23), we deduce that the linear and nonlinear bispectra show the same qualitative
behaviour on large scales.
Small Scales - Squeezed Limit: We consider the squeezed limit k = k1 ≈ k2 " k3, with kξ " 1 and k3ξ $ 1,

as considered for the linear perturbation theory calculation in SECTION ... Using the large scale approximation
J1(k3⊥ξ)/k3⊥ ≈ ξ/2, and a similar calculation to the evaluation of the small scale power spectrum, we obtain the
result that

B(k, k, k3, η)
k3"k ≈να4

(

4ui

5

)3

η6
∫ η

η1

dηi
1

η3i

∫ 1

−1

dµ

2

J1(k
√

1− µ2αηi)2

k2(1− µ2)
≈ 2να4

(

2ui

5

)3 ( a(η)

a(ηeq)

)3 η4eq
k2

. (34)

Including the effect of causal compensations on the superhorizon scale k3 results in the altered expression

B(k, k, k3, η)
k3"k ≈

2να4

9

(

2ui

5

)3 ( a(η)

a(ηeq)

)3 η6eqk
2
3

k2
. (35)

3

B. Matter era approximations

1. Superhorizon scales, ka ! η−1

IS THIS WORTH DOING?
For kaη ! 1, we use (??) to find

B(k1, k2, k3, η) ≈ (8πGµv2)3
???

??

a(η)3

a(ηeq)3
η6eq ∝ k0 . (23)

2. Large scales, η−1
! ka ! η−1

eq

IS THIS WORTH DOING?

3. Small scales, η−1
eq ! ka

Substituting (18) into the expression for the sub-horizon matter bispectrum (10), we obtain

B(k1, k2, k3, η) =

∫ η

ηi

dη′
3
∏

a=1

[Gc(ka; η, η
′)]

ε3β0

α2η′2k22K
2
2

6π

v2
erf

(

tk2αη′√
6

)

erf

(

tK2αη′√
6

)

. (24)

Using the solution for the Green’s function Gc in the deep matter era, (??), we may obtain analytic predictions for
the cosmic string matter bispectrum in the small scale limit.
Using similar calculations to those outlined for the linear power spectrum we find that for kaη % 1 (and η % ηeq)

[CHECK] that the contribution from modes sourced before ηeq is (ordering the wavevectors so that k1 ≥ k2 ≥ k3)

B<eq(k1, k2, k3, η) ≈ ε3K3η6
∏

a

ln (kaηeq)

(kaηeq)2
β0

α2k22K
2
2

6π

v2

∫ η−1
eq

k−1
1

dη′

η′5
erf

(

tk2αη′√
6

)

erf

(

tK2αη′√
6

)

(25)

The integration is dominated by the lower end, where the error functions behave linearly, so

B<eq(k1, k2, k3, η) ≈ ε3K3η6
∏

a

ln (kaηeq)

(kaηeq)2
β0

k2K2

4

v2

∫ η−1
eq

k−1
1

dη′

η′3

= ε3K3η6
∏

a

ln (kaηeq)

(kaηeq)2
2β0

v2
k21

k2K2

= 2K3 ε
3β0

v2
∏

a

ln (kaηeq)

k2a

k21
k2K2

(

η

ηeq

)6

(26)

Hence modes which were sourced in the radiation era show a characteristic k−6 decrease from a peak at kaηeq ≈ 1.
Modes which were sourced after ηeq contribute

B>eq(k1, k2, k3, η) ≈ η6
B0

125

1

k22K
2
2

∫ η

ηeq

dη′

η′5
erf

(

tk2αη′√
6

)

erf

(

tK2αη′√
6

)

(27)

where

B0 = 6π
ε3β0

α2v2
= (8πGµ)3

35

9
36π2 v4

α2t
2 . (28)

In the following we neglect the contribution from modes sourced before ηeq.
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Bispectrum of Cosmic String Wakes

D.M. Regan and M. Hindmarsh
Department of Physics and Astronomy,

University of Sussex, Brighton, BN1 9QH, UK

(Dated: January 6, 2014)
Matter accretion in wakes formed by cosmic strings We present a calculation of the matter

power spectrum and bispectrum of cosmic strings induced.

I. BISPECTRUM

A. Bispectrum from the 3-point UETC

The matter bispectrum B is given by

〈δc(k1, η)δc(k2, η)δc(k3, η)〉 = (2π)3δ3(k1 + k2 + k3)B(k1, k2, k3, η). (1)

We define the source bispectrum β by

〈Θ+(k1, η1)Θ+(k2, η2)Θ+(k3, η3)〉 = φ6
0β+(k1, k2, k3, η1, η2, η3)(2π)

3δ3(k1 + k2 + k3). (2)

The source bispectrum is dimensionless in Fourier space, and so for a scaling source it can be expressed as a function
of five dimensionless combinations of the six arguments ka, ηa (a = 1, 2, 3). For example, one could take

xa = kaηa, (3)

and chose any two of the combinations

r1 =
η2
η3

, r2 =
η3
η1

, r3 =
η1
η2

. (4)

Note that r1r2r3 = 1. It can also be convenient to define

κab = −ka · kb, (5)

and to use the dimensionless combinations za defined by

z21 = κ23η2η3, z
2
2 = κ31η3η1, z

2
3 = κ12η1η2. (6)

The fact that za can be imaginary does not cause problems in practice.
The general form of the source bispectrum is not easy to guess, but we expect it to be strongly peaked inside the

horizon (xa $ 1) near ra = 1, by analogy with the source two-point function, and white noise outside the horizon.
Outside the horizon, bearing in mind that the source energy-momentum tensor is a random process on the horizon
scale, we also expect correlations to die off as the 3/2 power of the ratios of the earlier time to the later time. Hence,
a reasonable model is

β+(z1, z2, z3, r1, r2) =















3E(3)
+ (0)

(

r2
r1

)
3
2

+
(

r3
r2

)
3
2

+
(

r1
r3

)
3
2

, (xa % 1),

E(3)
+ (z1, z2, z3) exp

(

−
∑

a z
2
a ln(ra)

2/2A2
)

, (xa $ 1).

(7)

Inside the horizon we can also define a 3-point structure function

φ6
0β+(z1, z2, z3, r1, r2) ≈ µ3η3η2F3(x1, x2, x3)δ(η3 − η1)δ(η2 − η3) (8)

such that

F3(x1, x2, x3) =
1

µ̄3

∫

dr1dr2β+(z1, z2, z3, r1, r2). (9)
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D.M. Regan and M. Hindmarsh
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University of Sussex, Brighton, BN1 9QH, UK

(Dated: January 6, 2014)
Matter accretion in wakes formed by cosmic strings We present a calculation of the matter

power spectrum and bispectrum of cosmic strings induced.

I. BISPECTRUM

A. Bispectrum from the 3-point UETC

The matter bispectrum B is given by

〈δc(k1, η)δc(k2, η)δc(k3, η)〉 = (2π)3δ3(k1 + k2 + k3)B(k1, k2, k3, η). (1)

We define the source bispectrum β by

〈Θ+(k1, η1)Θ+(k2, η2)Θ+(k3, η3)〉 = φ6
0β+(k1, k2, k3, η1, η2, η3)(2π)

3δ3(k1 + k2 + k3). (2)

The source bispectrum is dimensionless in Fourier space, and so for a scaling source it can be expressed as a function
of five dimensionless combinations of the six arguments ka, ηa (a = 1, 2, 3). For example, one could take

xa = kaηa, (3)

and chose any two of the combinations

r1 =
η2
η3

, r2 =
η3
η1

, r3 =
η1
η2

. (4)

Note that r1r2r3 = 1. It can also be convenient to define

κab = −ka · kb, (5)

and to use the dimensionless combinations za defined by

z21 = κ23η2η3, z
2
2 = κ31η3η1, z

2
3 = κ12η1η2. (6)

The fact that za can be imaginary does not cause problems in practice.
The general form of the source bispectrum is not easy to guess, but we expect it to be strongly peaked inside the

horizon (xa $ 1) near ra = 1, by analogy with the source two-point function, and white noise outside the horizon.
Outside the horizon, bearing in mind that the source energy-momentum tensor is a random process on the horizon
scale, we also expect correlations to die off as the 3/2 power of the ratios of the earlier time to the later time. Hence,
a reasonable model is

β+(z1, z2, z3, r1, r2) =















3E(3)
+ (0)

(

r2
r1

)
3
2

+
(

r3
r2

)
3
2

+
(

r1
r3

)
3
2

, (xa % 1),

E(3)
+ (z1, z2, z3) exp

(

−
∑

a z
2
a ln(ra)

2/2A2
)

, (xa $ 1).

(7)

Inside the horizon we can also define a 3-point structure function

φ6
0β+(z1, z2, z3, r1, r2) ≈ µ3η3η2F3(x1, x2, x3)δ(η3 − η1)δ(η2 − η3) (8)

such that

F3(x1, x2, x3) =
1

µ̄3

∫

dr1dr2β+(z1, z2, z3, r1, r2). (9)
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Matter accretion in wakes formed by cosmic strings We present a calculation of the matter power
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The fact that za can be imaginary does not cause problems in practice.
The general form of the source bispectrum is not easy to guess, but we expect it to be strongly peaked inside the

horizon (xa $ 1) near ra = 1, by analogy with the source two-point function, and white noise outside the horizon.
Outside the horizon, bearing in mind that the source energy-momentum tensor is a random process on the horizon
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Inside the horizon we can also define a 3-point structure function

φ6
0β+(z1, z2, z3, r1, r2) ≈ µ3η3η2F3(x1, x2, x3)δ(η3 − η1)δ(η2 − η3) (8)
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Inside the horizon we can also define a 3-point structure function

φ6
0β+(z1, z2, z3, r1, r2) ≈ µ3η3η2F3(x1, x2, x3)δ(η3 − η1)δ(η2 − η3) (8)

such that
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µ̄3

∫

dr1dr2β+(z1, z2, z3, r1, r2). (9)

2

Substitution in the solution (??) gives

B(k1, k2, k3, η) = ε3
∫ η

ηi

dη1

∫ η

ηi

dη2

∫ η

ηi

dη3Π
3
a=1 [Gc(ka; η, ηa)]β(z1, z2, z3, r1, r2). (10)

With the form (7), we may simplify this expression to the form

B(k1, k2, k3, η) ≈ (4πGµ)3
∫ η

ηi

dη′Π3
a=1Gc(ka; η, η

′)η′
2F3(x

′
1, x

′
2, x

′
3), (11)

where x′
a = kaη′.

Following a similar calculation to that presented in PAPERS CITATIONS and in Section ??, we find (with k3 =
−k1 − k2 imposed)

β(k1, k2, k3, η1, η2, η3) ≈ 8µ̄3L
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1Ẋ

2
2Ẋ

2
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6

)

,

where we have adopted the shorthand notation σab = σa − σb, Xa = X(σa, ηa), Γab = Γ(σa − σb) and κab = −ka · kb.
Suppressing the dependence on η, the individual correlators are given in the Gaussian approximation by
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1Ẋ

2
2Ẋ
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3〉 = V 3(0) + 2V (0)V 2(σ12) +
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)
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(
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where K2 =
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2
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The 3-point structure function is therefore
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Well outside the horizon, we may use the approximation erf (x) ≈ 2x/
√
π (for x & 1), and bearing in mind the general

form of super-horizon source correlators,
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140

9

(2µ̄v2)3
(

r2
r1

)
3
2

+
(

r3
r2

)
3
2

+
(

r1
r3

)
3
2

. (19)

We note that the factor k22k
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23 is proportional to the square of the area of the triangle formed by the three
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1Ẋ
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π (for x & 1), and bearing in mind the general

form of super-horizon source correlators,

β(0, 0, 0, η1, η2, η3) ≈
140

9

(2µ̄v2)3
(

r2
r1

)
3
2

+
(

r3
r2

)
3
2

+
(

r1
r3

)
3
2

. (19)

We note that the factor k22k
2
3 − κ2

23 is proportional to the square of the area of the triangle formed by the three
wavevectors A. Indeed,

4A2 = k22k
2
3 − κ2

23 (and cyclic) (20)

= κ12κ23 + κ23κ31 + κ31κ12, (21)

= 2(k21k
2
2 + k22k

2
3 + k23k

2
1)− k41 − k42 − k43 . (22)

Assuming matter domination:

4

a. Equilateral limit: ka = k. For equilateral triangles, K2 = k sin(π/3). Hence, the small scale bispectrum is
proportional to 1/k4.

BE(k, k, k, η) ≈
B0

500

4η2eq
3k4

(

η

ηeq

)6

. (29)

b. Squeezed limit k = k1 = k2 " k3, with kξeq " 1, such that tK2ξeq/
√
6 $ 1 and K2ηeq > 1, we use the

approximation to the error function erf (x) ≈ 2x/
√
π (for x $ 1). Noting that K2 ≈ k3 in this limit, we obtain the

result

BS(k, k, k3, η) ≈
B0

375

η3eq
k2k3

2α√
6π

(

η

ηeq

)6

. (30)

c. Folded limit, k = k2 ≈ k3 ≈ k1/2, with kξeq " 1, such that tK2ξeq/
√
6 $ 1 and K2ηeq > 1. In this limit,

K2ξeq tends to zero because the angle between the vectors k2 and k3 tends to π. Hence we obtain a result similar to
the squeezed limit,

BF(2k, k, k, η) ≈
B0

375

η3eq
k2K2

2α√
6π

(

η

ηeq

)6

. (31)

C. Wake Model Bispectrum

TO BE UPDATED ...
Adapting the argument outlined in Section ?? and ??, we may obtain an expression for the nonlinear matter

bispectrum induced by cosmic strings. In particular, we find

B(k1, k2, k3, η) =

∫ η

η1

dηi
ν

η4i

(

σw(η, ηi)

ρCDM
ξ(η, ηi)

)3 ∫ dn̂

4π

J1(k1⊥ξ(η, ηi))J1(k2⊥ξ(η, ηi))J1(k3⊥ξ(η, ηi))

k1⊥ k2⊥ k3⊥
, (32)

where ki⊥ =
√

k2i − (ki.n̂)2 and we use the Dirac delta condition in the definition of the bispectrum to set k3 =
−k1 − k2.

Analytic Matter Era Approximation

Large Scales: While an analytic approximation to (32) is difficult for small scales, it is a simple matter to obtain
an expression valid on large scales for which ki $ 1. In this regime we may use the approximation that J1(z) ≈ z/2
for small z to find

B(k1, k2, k3, η) ≈
(

2ui

5

)3

να6 ln

(

η

ηeq

)(

a(η)

a(ηeq)

)3

η6eq ∝ k0 . (33)

Thus, by comparison to equation (23), we deduce that the linear and nonlinear bispectra show the same qualitative
behaviour on large scales.
Small Scales - Squeezed Limit: We consider the squeezed limit k = k1 ≈ k2 " k3, with kξ " 1 and k3ξ $ 1,

as considered for the linear perturbation theory calculation in SECTION ... Using the large scale approximation
J1(k3⊥ξ)/k3⊥ ≈ ξ/2, and a similar calculation to the evaluation of the small scale power spectrum, we obtain the
result that

B(k, k, k3, η)
k3"k ≈να4

(

4ui

5

)3

η6
∫ η

η1

dηi
1

η3i

∫ 1

−1

dµ

2

J1(k
√

1− µ2αηi)2

k2(1− µ2)
≈ 2να4

(

2ui

5

)3 ( a(η)

a(ηeq)

)3 η4eq
k2

. (34)

Including the effect of causal compensations on the superhorizon scale k3 results in the altered expression

B(k, k, k3, η)
k3"k ≈

2να4

9

(

2ui

5

)3 ( a(η)

a(ηeq)

)3 η6eqk
2
3

k2
. (35)
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b. Squeezed limit k = k1 = k2 " k3, with kξeq " 1, such that tK2ξeq/
√
6 $ 1 and K2ηeq > 1, we use the

approximation to the error function erf (x) ≈ 2x/
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c. Folded limit, k = k2 ≈ k3 ≈ k1/2, with kξeq " 1, such that tK2ξeq/
√
6 $ 1 and K2ηeq > 1. In this limit,

K2ξeq tends to zero because the angle between the vectors k2 and k3 tends to π. Hence we obtain a result similar to
the squeezed limit,
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η
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. (31)

C. Wake Model Bispectrum

TO BE UPDATED ...
Adapting the argument outlined in Section ?? and ??, we may obtain an expression for the nonlinear matter

bispectrum induced by cosmic strings. In particular, we find
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Thus, by comparison to equation (23), we deduce that the linear and nonlinear bispectra show the same qualitative
behaviour on large scales.
Small Scales - Squeezed Limit: We consider the squeezed limit k = k1 ≈ k2 " k3, with kξ " 1 and k3ξ $ 1,

as considered for the linear perturbation theory calculation in SECTION ... Using the large scale approximation
J1(k3⊥ξ)/k3⊥ ≈ ξ/2, and a similar calculation to the evaluation of the small scale power spectrum, we obtain the
result that
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b. Squeezed limit k = k1 = k2 " k3, with kξeq " 1, such that tK2ξeq/
√
6 $ 1 and K2ηeq > 1, we use the

approximation to the error function erf (x) ≈ 2x/
√
π (for x $ 1). Noting that K2 ≈ k3 in this limit, we obtain the
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c. Folded limit, k = k2 ≈ k3 ≈ k1/2, with kξeq " 1, such that tK2ξeq/
√
6 $ 1 and K2ηeq > 1. In this limit,

K2ξeq tends to zero because the angle between the vectors k2 and k3 tends to π. Hence we obtain a result similar to
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C. Wake Model Bispectrum

TO BE UPDATED ...
Adapting the argument outlined in Section ?? and ??, we may obtain an expression for the nonlinear matter

bispectrum induced by cosmic strings. In particular, we find
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where ki⊥ =
√

k2i − (ki.n̂)2 and we use the Dirac delta condition in the definition of the bispectrum to set k3 =
−k1 − k2.

Analytic Matter Era Approximation
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Thus, by comparison to equation (23), we deduce that the linear and nonlinear bispectra show the same qualitative
behaviour on large scales.
Small Scales - Squeezed Limit: We consider the squeezed limit k = k1 ≈ k2 " k3, with kξ " 1 and k3ξ $ 1,

as considered for the linear perturbation theory calculation in SECTION ... Using the large scale approximation
J1(k3⊥ξ)/k3⊥ ≈ ξ/2, and a similar calculation to the evaluation of the small scale power spectrum, we obtain the
result that
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Including the effect of causal compensations on the superhorizon scale k3 results in the altered expression

B(k, k, k3, η)
k3"k ≈

2να4
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2ui
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)3 η6eqk
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3
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B. Matter era approximations

1. Superhorizon scales, ka ! η−1

IS THIS WORTH DOING?
For kaη ! 1, we use (??) to find

B(k1, k2, k3, η) ≈ (8πGµv2)3
???

??

a(η)3

a(ηeq)3
η6eq ∝ k0 . (23)

2. Large scales, η−1
! ka ! η−1

eq

IS THIS WORTH DOING?

3. Small scales, η−1
eq ! ka

Substituting (18) into the expression for the sub-horizon matter bispectrum (10), we obtain

B(k1, k2, k3, η) =

∫ η

ηi

dη′
3
∏

a=1

[Gc(ka; η, η
′)]

ε3β0

α2η′2k22K
2
2

6π

v2
erf

(

tk2αη′√
6

)

erf

(

tK2αη′√
6

)

. (24)

Using the solution for the Green’s function Gc in the deep matter era, (??), we may obtain analytic predictions for
the cosmic string matter bispectrum in the small scale limit.
Using similar calculations to those outlined for the linear power spectrum we find that for kaη % 1 (and η % ηeq)

[CHECK] that the contribution from modes sourced before ηeq is (ordering the wavevectors so that k1 ≥ k2 ≥ k3)

B<eq(k1, k2, k3, η) ≈ ε3K3η6
∏

a

ln (kaηeq)

(kaηeq)2
β0

α2k22K
2
2

6π

v2

∫ η−1
eq

k−1
1

dη′

η′5
erf

(

tk2αη′√
6

)

erf

(

tK2αη′√
6

)

(25)

The integration is dominated by the lower end, where the error functions behave linearly, so

B<eq(k1, k2, k3, η) ≈ ε3K3η6
∏

a

ln (kaηeq)

(kaηeq)2
β0

k2K2

4

v2

∫ η−1
eq

k−1
1

dη′

η′3

= ε3K3η6
∏

a

ln (kaηeq)

(kaηeq)2
2β0

v2
k21

k2K2

= 2K3 ε
3β0

v2
∏

a

ln (kaηeq)

k2a

k21
k2K2

(

η

ηeq

)6

(26)

Hence modes which were sourced in the radiation era show a characteristic k−6 decrease from a peak at kaηeq ≈ 1.
Modes which were sourced after ηeq contribute

B>eq(k1, k2, k3, η) ≈ η6
B0

125

1

k22K
2
2

∫ η

ηeq

dη′

η′5
erf

(

tk2αη′√
6

)

erf

(

tK2αη′√
6

)

(27)

where

B0 = 6π
ε3β0

α2v2
= (8πGµ)3

35

9
36π2 v4

α2t
2 . (28)

In the following we neglect the contribution from modes sourced before ηeq.

5

Small Scales - Folded Limit: The folded limit k = k1 ≈ k2 ≈ k3/2, in the small scale limit, kξ " 1, gives a
bispectrum contribution

B(k, k, 2k, η) ≈
(

4uiα

5

)3

νη6
∫ η

η1

dηi
η4i

∫ 1

−1

dµ

2

J1(k
√

1− µ2αηi)J1(k
√

1− µ2αηi)J1(2k
√

1− µ2αηi)

2k3(1 − µ2)3/2
(36)

≈
(

4ui

5

)3

α4ν
η6

k2

∫ η

η1

dηi
η3i

∫ ∞

0
dx

J1(x)J1(x)J1(2x)

2x2
≈ 2

(ui

5

)3
α4ν

η6

η2eqk
2
≈ 2

(ui

5

)3
α4ν

(

a(η)

a(ηeq)

)3 η4eq
k2

,

where on the second line we use the approximation that 1/
√

1− (x/kαηi)2 ≈ 1.
Small Scales - Equilateral Limit: The equilateral limit given by ki ≈ k, in the small scale limit, results in a

more complicated integral expression. In order to simplify the calculation we shall assume that the time integral is
dominated, as in the other small scale limits, by the limit at ηeq. We adopt the following approximation, which we
find numerically is accurate to factors of O(1),

B(k, k, k, η) ≈
(

4uiα

5

)3

νη6
∫

dn̂

4π

J1(k1⊥αηeq)J1(k2⊥αηeq)J1(k3⊥αηeq)

(k1⊥αηeq)(k2⊥αηeq)(k3⊥αηeq)
, (37)

where we parametrise the equilateral shape such that k1 = k(sin(π/3), cos(π/3), 0),k2 = k(− sin(π/3), cos(Π/3), 0),
with k3 = −k1 − k2, such that k21⊥/k

2 = 1 − sin2 θ sin2(φ + π/3), k22⊥/k
2 = 1 − sin2 θ sin2(φ − π/3) and k23⊥/k

2 =
1 − sin2 θ sin2(φ), where dn̂ = sin θdθdφ. Setting µ = cos θ, the integrand clearly peaks near the points on the (µ,φ)
plane given by (1,π/2), (1,π/2 ± π/3). Clearly by symmetry considerations each of the peaks contributes equally.
Therfore, expanding in the φ parameter near the peak at π/2, in the form φ = π/2+ε, we may write k3⊥/k =

√

ε2 + µ2,
k1⊥/k ≈ k2⊥/k ≈

√

(3 + µ2)/4. We may then write

∫

dn̂

4π
Π3

i=1

[

J1(ki⊥αηeq)

k1⊥αηeq

]

≈ 3

∫

dµdε

4π

J1(z
√

ε2 + µ2)J1(z
√

3 + µ2/2)2

z
√

ε2 + µ2(z
√

3 + µ2/2)2

≈
3

4π

(

J1(βz)

βz

)2 ∫

dµdε
J1(z

√

ε2 + µ2)

z
√

ε2 + µ2
≈

3

4π
ln(2π)

(

J1(βz)

βz

)2 ∫

dρ
J1(zρ)

z
, (38)

where we set z ≡ kαηeq, and where β represents a constant of value between 3/4 and 1. Finally our analytic expression
for the equilateral bispectrum takes the form

B(k, k, k, η) ≈
(

4uiα

5

)3 3να3 ln(2π)

2π2β3

cos2(βz − 3π/4)

z5
≈

(

4ui

5

)3 3αν ln(2π)

4π2β3

(

a(η)

a(ηeq)

)3 ηeq
k5

, (39)

where in the final expression we sub back in the expression for z and approximate the cos2 expression by it’s average
value 1/2. While incorporating several simplifications this analytic expression reproduces quite well the results of a
full numerical computation of the equilateral bispectrum using equation (37). It should be noted, however, that the
1/k5 behaviour does not agree with the 1/k4 expression found using the linear perturbation theory approach. In one
respect this is not surprising, since the wake model replicates the so-called 1-halo term of the halo model bispectrum,
which is expected to more accurately represent the small scale, or large k, limit. On the other hand the perturbation
theory model agrees strongly with the 3-halo term which dominates on large scales. For configurations such as the
squeezed limit, one of the scales is large scale, and, therefore, it appears reasonable that the two approaches would
give similar results. In any case, the result show that the matter bispectrum induced by cosmic strings is dominated
by configurations for which the two approaches give results which agree up to factors of order unity.

II. MEASURABLE OR NOT

k3ηeq > 1

BE(k, k, k)/B
grav(k, k, k) =O(1)

(4πGµ)3

A4
s

aeq
a

(ηeqk)
2

≈
1 + z

1 + zeq
(ηeqk)

2 (40)
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Matter accretion in wakes formed by cosmic strings We present a calculation of the matter

power spectrum and bispectrum of cosmic strings induced.

I. BISPECTRUM

A. Bispectrum from the 3-point UETC

The matter bispectrum B is given by

〈δc(k1, η)δc(k2, η)δc(k3, η)〉 = (2π)3δ3(k1 + k2 + k3)B(k1, k2, k3, η). (1)

We define the source bispectrum β by

〈Θ+(k1, η1)Θ+(k2, η2)Θ+(k3, η3)〉 = φ6
0β+(k1, k2, k3, η1, η2, η3)(2π)

3δ3(k1 + k2 + k3). (2)

The source bispectrum is dimensionless in Fourier space, and so for a scaling source it can be expressed as a function
of five dimensionless combinations of the six arguments ka, ηa (a = 1, 2, 3). For example, one could take

xa = kaηa, (3)

and chose any two of the combinations

r1 =
η2
η3

, r2 =
η3
η1

, r3 =
η1
η2

. (4)

Note that r1r2r3 = 1. It can also be convenient to define

κab = −ka · kb, (5)

and to use the dimensionless combinations za defined by

z21 = κ23η2η3, z
2
2 = κ31η3η1, z

2
3 = κ12η1η2. (6)

The fact that za can be imaginary does not cause problems in practice.
The general form of the source bispectrum is not easy to guess, but we expect it to be strongly peaked inside the

horizon (xa $ 1) near ra = 1, by analogy with the source two-point function, and white noise outside the horizon.
Outside the horizon, bearing in mind that the source energy-momentum tensor is a random process on the horizon
scale, we also expect correlations to die off as the 3/2 power of the ratios of the earlier time to the later time. Hence,
a reasonable model is

β+(z1, z2, z3, r1, r2) =















3E(3)
+ (0)

(

r2
r1

)
3
2

+
(

r3
r2

)
3
2

+
(

r1
r3

)
3
2

, (xa % 1),

E(3)
+ (z1, z2, z3) exp

(

−
∑

a z
2
a ln(ra)

2/2A2
)

, (xa $ 1).

(7)

Inside the horizon we can also define a 3-point structure function

φ6
0β+(z1, z2, z3, r1, r2) ≈ µ3η3η2F3(x1, x2, x3)δ(η3 − η1)δ(η2 − η3) (8)

such that

F3(x1, x2, x3) =
1

µ̄3

∫

dr1dr2β+(z1, z2, z3, r1, r2). (9)
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such that

F3(x1, x2, x3) =
1

µ̄3

∫

dr1dr2β+(z1, z2, z3, r1, r2). (9)

Bispectrum of Cosmic String Wakes

D.M. Regan and M. Hindmarsh
Department of Physics and Astronomy,

University of Sussex, Brighton, BN1 9QH, UK
(Dated: February 4, 2014)

Matter accretion in wakes formed by cosmic strings We present a calculation of the matter power
spectrum and bispectrum of cosmic strings induced.

I. BISPECTRUM

A. Bispectrum from the 3-point UETC

The matter bispectrum B is given by

〈δc(k1, η)δc(k2, η)δc(k3, η)〉 = (2π)3δ3(k1 + k2 + k3)B(k1, k2, k3, η). (1)

We define the source bispectrum β by

〈Θ+(k1, η1)Θ+(k2, η2)Θ+(k3, η3)〉 = φ6
0β+(k1, k2, k3, η1, η2, η3)(2π)

3δ3(k1 + k2 + k3). (2)

The source bispectrum is dimensionless in Fourier space, and so for a scaling source it can be expressed as a function
of five dimensionless combinations of the six arguments ka, ηa (a = 1, 2, 3). For example, one could take

xa = kaηa, (3)

and chose any two of the combinations

r1 =
η2
η3

, r2 =
η3
η1

, r3 =
η1
η2

. (4)

Note that r1r2r3 = 1. It can also be convenient to define

κab = −ka · kb, (5)

and to use the dimensionless combinations za defined by

z21 = κ23η2η3, z
2
2 = κ31η3η1, z

2
3 = κ12η1η2. (6)

The fact that za can be imaginary does not cause problems in practice.
The general form of the source bispectrum is not easy to guess, but we expect it to be strongly peaked inside the

horizon (xa $ 1) near ra = 1, by analogy with the source two-point function, and white noise outside the horizon.
Outside the horizon, bearing in mind that the source energy-momentum tensor is a random process on the horizon
scale, we also expect correlations to die off as the 3/2 power of the ratios of the earlier time to the later time. Hence,
a reasonable model is

β+(z1, z2, z3, r1, r2) =















3E(3)
+ (0)

(

r2
r1

)
3
2

+
(

r3
r2

)
3
2

+
(

r1
r3

)
3
2

, (xa % 1),

E(3)
+ (z1, z2, z3) exp

(

−
∑

a z
2
a ln(ra)

2/2A2
)

, (xa $ 1).

(7)

β+(z1, z2, z3, r1, r2) = E(3)
+ (z1, z2, z3) exp

(

−
∑

a z
2
a ln(ra)

2/2A2
)

, (xa $ 1)

Inside the horizon we can also define a 3-point structure function

φ6
0β+(z1, z2, z3, r1, r2) ≈ µ3η3η2F3(x1, x2, x3)δ(η3 − η1)δ(η2 − η3) (8)

such that

F3(x1, x2, x3) =
1

µ̄3

∫

dr1dr2β+(z1, z2, z3, r1, r2). (9)

Bispectrum of Cosmic String Wakes

D.M. Regan and M. Hindmarsh
Department of Physics and Astronomy,

University of Sussex, Brighton, BN1 9QH, UK
(Dated: February 4, 2014)

Matter accretion in wakes formed by cosmic strings We present a calculation of the matter power
spectrum and bispectrum of cosmic strings induced.

I. BISPECTRUM

A. Bispectrum from the 3-point UETC

The matter bispectrum B is given by

〈δc(k1, η)δc(k2, η)δc(k3, η)〉 = (2π)3δ3(k1 + k2 + k3)B(k1, k2, k3, η). (1)

We define the source bispectrum β by

〈Θ+(k1, η1)Θ+(k2, η2)Θ+(k3, η3)〉 = φ6
0β+(k1, k2, k3, η1, η2, η3)(2π)

3δ3(k1 + k2 + k3). (2)

The source bispectrum is dimensionless in Fourier space, and so for a scaling source it can be expressed as a function
of five dimensionless combinations of the six arguments ka, ηa (a = 1, 2, 3). For example, one could take

xa = kaηa, (3)

and chose any two of the combinations

r1 =
η2
η3

, r2 =
η3
η1

, r3 =
η1
η2

. (4)

Note that r1r2r3 = 1. It can also be convenient to define

κab = −ka · kb, (5)

and to use the dimensionless combinations za defined by

z21 = κ23η2η3, z
2
2 = κ31η3η1, z

2
3 = κ12η1η2. (6)

The fact that za can be imaginary does not cause problems in practice.
The general form of the source bispectrum is not easy to guess, but we expect it to be strongly peaked inside the

horizon (xa $ 1) near ra = 1, by analogy with the source two-point function, and white noise outside the horizon.
Outside the horizon, bearing in mind that the source energy-momentum tensor is a random process on the horizon
scale, we also expect correlations to die off as the 3/2 power of the ratios of the earlier time to the later time. Hence,
a reasonable model is

β+(z1, z2, z3, r1, r2) =















3E(3)
+ (0)

(

r2
r1

)
3
2

+
(

r3
r2

)
3
2

+
(

r1
r3

)
3
2

, (xa % 1),

E(3)
+ (z1, z2, z3) exp

(

−
∑

a z
2
a ln(ra)

2/2A2
)

, (xa $ 1).

(7)

β+(z1, z2, z3, r1, r2) = E(3)
+ (z1, z2, z3) exp

(

−
∑

a z
2
a ln(ra)

2/2A2
)

, (xa $ 1)

Inside the horizon we can also define a 3-point structure function

φ6
0β+(z1, z2, z3, r1, r2) ≈ µ3η3η2F3(x1, x2, x3)δ(η3 − η1)δ(η2 − η3) (8)

such that

F3(x1, x2, x3) =
1

µ̄3

∫

dr1dr2β+(z1, z2, z3, r1, r2). (9)

Bispectrum of Cosmic String Wakes

D.M. Regan and M. Hindmarsh
Department of Physics and Astronomy,

University of Sussex, Brighton, BN1 9QH, UK
(Dated: February 4, 2014)

Matter accretion in wakes formed by cosmic strings We present a calculation of the matter power
spectrum and bispectrum of cosmic strings induced.

I. BISPECTRUM

A. Bispectrum from the 3-point UETC

The matter bispectrum B is given by

〈δc(k1, η)δc(k2, η)δc(k3, η)〉 = (2π)3δ3(k1 + k2 + k3)B(k1, k2, k3, η). (1)

We define the source bispectrum β by

〈Θ+(k1, η1)Θ+(k2, η2)Θ+(k3, η3)〉 = φ6
0β+(k1, k2, k3, η1, η2, η3)(2π)

3δ3(k1 + k2 + k3). (2)

The source bispectrum is dimensionless in Fourier space, and so for a scaling source it can be expressed as a function
of five dimensionless combinations of the six arguments ka, ηa (a = 1, 2, 3). For example, one could take

xa = kaηa, (3)

and chose any two of the combinations

r1 =
η2
η3

, r2 =
η3
η1

, r3 =
η1
η2

. (4)

Note that r1r2r3 = 1. It can also be convenient to define

κab = −ka · kb, (5)

and to use the dimensionless combinations za defined by

z21 = κ23η2η3, z
2
2 = κ31η3η1, z

2
3 = κ12η1η2. (6)

The fact that za can be imaginary does not cause problems in practice.
The general form of the source bispectrum is not easy to guess, but we expect it to be strongly peaked inside the

horizon (xa $ 1) near ra = 1, by analogy with the source two-point function, and white noise outside the horizon.
Outside the horizon, bearing in mind that the source energy-momentum tensor is a random process on the horizon
scale, we also expect correlations to die off as the 3/2 power of the ratios of the earlier time to the later time. Hence,
a reasonable model is

β+(z1, z2, z3, r1, r2) =















3E(3)
+ (0)

(

r2
r1

)
3
2

+
(

r3
r2

)
3
2

+
(

r1
r3

)
3
2

, (xa % 1),

E(3)
+ (z1, z2, z3) exp

(

−
∑

a z
2
a ln(ra)

2/2A2
)

, (xa $ 1).

(7)

β+(z1, z2, z3, r1, r2) = E(3)
+ (z1, z2, z3) exp

(

−
∑

a z
2
a ln(ra)

2/2A2
)

, (xa $ 1)

Inside the horizon we can also define a 3-point structure function

φ6
0β+(z1, z2, z3, r1, r2) ≈ µ3η3η2F3(x1, x2, x3)δ(η3 − η1)δ(η2 − η3) (8)

such that

F3(x1, x2, x3) =
1

µ̄3

∫

dr1dr2β+(z1, z2, z3, r1, r2). (9)

What about superhorizon scales...use volume argument to show

Bispectrum of Cosmic String Wakes

D.M. Regan and M. Hindmarsh
Department of Physics and Astronomy,

University of Sussex, Brighton, BN1 9QH, UK
(Dated: February 4, 2014)

Matter accretion in wakes formed by cosmic strings We present a calculation of the matter power
spectrum and bispectrum of cosmic strings induced.

I. BISPECTRUM

A. Bispectrum from the 3-point UETC

The matter bispectrum B is given by

〈δc(k1, η)δc(k2, η)δc(k3, η)〉 = (2π)3δ3(k1 + k2 + k3)B(k1, k2, k3, η). (1)

We define the source bispectrum β by

〈Θ+(k1, η1)Θ+(k2, η2)Θ+(k3, η3)〉 = φ6
0β+(k1, k2, k3, η1, η2, η3)(2π)

3δ3(k1 + k2 + k3). (2)

The source bispectrum is dimensionless in Fourier space, and so for a scaling source it can be expressed as a function
of five dimensionless combinations of the six arguments ka, ηa (a = 1, 2, 3). For example, one could take

xa = kaηa, (3)

and chose any two of the combinations

r1 =
η2
η3

, r2 =
η3
η1

, r3 =
η1
η2

. (4)

Note that r1r2r3 = 1. It can also be convenient to define

κab = −ka · kb, (5)

and to use the dimensionless combinations za defined by

z21 = κ23η2η3, z
2
2 = κ31η3η1, z

2
3 = κ12η1η2. (6)

The fact that za can be imaginary does not cause problems in practice.
The general form of the source bispectrum is not easy to guess, but we expect it to be strongly peaked inside the

horizon (xa $ 1) near ra = 1, by analogy with the source two-point function, and white noise outside the horizon.
Outside the horizon, bearing in mind that the source energy-momentum tensor is a random process on the horizon
scale, we also expect correlations to die off as the 3/2 power of the ratios of the earlier time to the later time. Hence,
a reasonable model is

β+(z1, z2, z3, r1, r2) =















3E(3)
+ (0)

(

r2
r1

)
3
2

+
(

r3
r2

)
3
2

+
(

r1
r3

)
3
2

, (xa % 1),

E(3)
+ (z1, z2, z3) exp

(

−
∑

a z
2
a ln(ra)

2/2A2
)

, (xa $ 1).

(7)

β+ ∝ r1/r2

Inside the horizon we can also define a 3-point structure function

φ6
0β+(z1, z2, z3, r1, r2) ≈ µ3η3η2F3(x1, x2, x3)δ(η3 − η1)δ(η2 − η3) (8)

such that

F3(x1, x2, x3) =
1

µ̄3

∫

dr1dr2β+(z1, z2, z3, r1, r2). (9)

2

Substitution in the solution (??) gives

B(k1, k2, k3, η) = ε3
∫ η

ηi

dη1

∫ η

ηi

dη2

∫ η

ηi

dη3Π
3
a=1 [Gc(ka; η, ηa)]β(z1, z2, z3, r1, r2). (10)

With the form (7), we may simplify this expression to the form
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′)η′
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′
1, x

′
2, x

′
3), (11)

where x′
a = kaη′.

Following a similar calculation to that presented in PAPERS CITATIONS and in Section ??, we find (with k3 =
−k1 − k2 imposed)
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)
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where we have adopted the shorthand notation σab = σa − σb, Xa = X(σa, ηa), Γab = Γ(σa − σb) and κab = −ka · kb.
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Well outside the horizon, we may use the approximation erf (x) ≈ 2x/
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= exp

(

−
v2

6
(k22η

2
12 +K2

2η
2
13)

)

, (14)

where K2 =
√

k22k
2
3 − κ2

23/k2. Approximating V (σ) = v2, we find that

β(k1, k2, k3, η1, η2, η3) ≈ 8µ̄3 1

ξ2
35

9

v6

t
2

6π
√

k22k
2
3 − κ2

23

erf

(

tk2ξ√
6

)

erf

(

tK2ξ√
6

)

exp

(

−
v2

6
(k22η

2
12 +K2

2η
2
13)

)

. (15)

We can also write this

β(k1, k2, k3, η1, η2, η3) ≈
β0

ξ2k2K2
erf

(

tk2ξ√
6

)

erf

(

tK2ξ√
6

)

exp

(

−
v2

6
(k22η

2
12 +K2

2η
2
13)

)

. (16)

where

β0 = 8µ̄3 35

9
6π

v6

t
2 (17)

The 3-point structure function is therefore

F3(k1, k2, k3, η1) ≈
(2µ)3

ξ2
35

9

v4

t
2

36π2

k22k
2
3 − κ2

23

erf

(

tk2ξ√
6

)

erf

(

tK2ξ√
6

)

. (18)

Well outside the horizon, we may use the approximation erf (x) ≈ 2x/
√
π (for x & 1), and bearing in mind the general

form of super-horizon source correlators,

β(0, 0, 0, η1, η2, η3) ≈
140

9

(2µ̄v2)3
(

r2
r1

)
3
2

+
(

r3
r2

)
3
2

+
(

r1
r3

)
3
2

. (19)

We note that the factor k22k
2
3 − κ2

23 is proportional to the square of the area of the triangle formed by the three
wavevectors A. Indeed,

4A2 = k22k
2
3 − κ2

23 (and cyclic) (20)

= κ12κ23 + κ23κ31 + κ31κ12, (21)

= 2(k21k
2
2 + k22k

2
3 + k23k

2
1)− k41 − k42 − k43 . (22)

Assuming matter domination:

4

a. Equilateral limit: ka = k. For equilateral triangles, K2 = k sin(π/3). Hence, the small scale bispectrum is
proportional to 1/k4.

BE(k, k, k, η) ≈
B0

500

4η2eq
3k4

(

η

ηeq

)6

. (29)

b. Squeezed limit k = k1 = k2 " k3, with kξeq " 1, such that tK2ξeq/
√
6 $ 1 and K2ηeq > 1, we use the

approximation to the error function erf (x) ≈ 2x/
√
π (for x $ 1). Noting that K2 ≈ k3 in this limit, we obtain the

result

BS(k, k, k3, η) ≈
B0

375

η3eq
k2k3

2α√
6π

(

η

ηeq

)6

. (30)

c. Folded limit, k = k2 ≈ k3 ≈ k1/2, with kξeq " 1, such that tK2ξeq/
√
6 $ 1 and K2ηeq > 1. In this limit,

K2ξeq tends to zero because the angle between the vectors k2 and k3 tends to π. Hence we obtain a result similar to
the squeezed limit,

BF(2k, k, k, η) ≈
B0

375

η3eq
k2K2

2α√
6π

(

η

ηeq

)6

. (31)

C. Wake Model Bispectrum

TO BE UPDATED ...
Adapting the argument outlined in Section ?? and ??, we may obtain an expression for the nonlinear matter

bispectrum induced by cosmic strings. In particular, we find

B(k1, k2, k3, η) =

∫ η

η1

dηi
ν

η4i

(

σw(η, ηi)

ρCDM
ξ(η, ηi)

)3 ∫ dn̂

4π

J1(k1⊥ξ(η, ηi))J1(k2⊥ξ(η, ηi))J1(k3⊥ξ(η, ηi))

k1⊥ k2⊥ k3⊥
, (32)

where ki⊥ =
√

k2i − (ki.n̂)2 and we use the Dirac delta condition in the definition of the bispectrum to set k3 =
−k1 − k2.

Analytic Matter Era Approximation

Large Scales: While an analytic approximation to (32) is difficult for small scales, it is a simple matter to obtain
an expression valid on large scales for which ki $ 1. In this regime we may use the approximation that J1(z) ≈ z/2
for small z to find

B(k1, k2, k3, η) ≈
(

2ui

5

)3

να6 ln

(

η

ηeq

)(

a(η)

a(ηeq)

)3

η6eq ∝ k0 . (33)

Thus, by comparison to equation (23), we deduce that the linear and nonlinear bispectra show the same qualitative
behaviour on large scales.
Small Scales - Squeezed Limit: We consider the squeezed limit k = k1 ≈ k2 " k3, with kξ " 1 and k3ξ $ 1,

as considered for the linear perturbation theory calculation in SECTION ... Using the large scale approximation
J1(k3⊥ξ)/k3⊥ ≈ ξ/2, and a similar calculation to the evaluation of the small scale power spectrum, we obtain the
result that

B(k, k, k3, η)
k3"k ≈να4

(

4ui

5

)3

η6
∫ η

η1

dηi
1

η3i

∫ 1

−1

dµ

2

J1(k
√

1− µ2αηi)2

k2(1− µ2)
≈ 2να4

(

2ui

5

)3 ( a(η)

a(ηeq)

)3 η4eq
k2

. (34)

Including the effect of causal compensations on the superhorizon scale k3 results in the altered expression

B(k, k, k3, η)
k3"k ≈

2να4

9

(

2ui

5

)3 ( a(η)

a(ηeq)

)3 η6eqk
2
3

k2
. (35)

4

a. Equilateral limit: ka = k. For equilateral triangles, K2 = k sin(π/3). Hence, the small scale bispectrum is
proportional to 1/k4.

BE(k, k, k, η) ≈
B0

500

4η2eq
3k4

(

η

ηeq

)6

. (29)

b. Squeezed limit k = k1 = k2 " k3, with kξeq " 1, such that tK2ξeq/
√
6 $ 1 and K2ηeq > 1, we use the

approximation to the error function erf (x) ≈ 2x/
√
π (for x $ 1). Noting that K2 ≈ k3 in this limit, we obtain the

result

BS(k, k, k3, η) ≈
B0

375

η3eq
k2k3

2α√
6π

(

η

ηeq

)6

. (30)

c. Folded limit, k = k2 ≈ k3 ≈ k1/2, with kξeq " 1, such that tK2ξeq/
√
6 $ 1 and K2ηeq > 1. In this limit,

K2ξeq tends to zero because the angle between the vectors k2 and k3 tends to π. Hence we obtain a result similar to
the squeezed limit,

BF(2k, k, k, η) ≈
B0

375

η3eq
k2K2

2α√
6π

(

η

ηeq

)6

. (31)

C. Wake Model Bispectrum

TO BE UPDATED ...
Adapting the argument outlined in Section ?? and ??, we may obtain an expression for the nonlinear matter

bispectrum induced by cosmic strings. In particular, we find

B(k1, k2, k3, η) =

∫ η

η1

dηi
ν

η4i

(

σw(η, ηi)

ρCDM
ξ(η, ηi)

)3 ∫ dn̂

4π

J1(k1⊥ξ(η, ηi))J1(k2⊥ξ(η, ηi))J1(k3⊥ξ(η, ηi))

k1⊥ k2⊥ k3⊥
, (32)

where ki⊥ =
√

k2i − (ki.n̂)2 and we use the Dirac delta condition in the definition of the bispectrum to set k3 =
−k1 − k2.

Analytic Matter Era Approximation

Large Scales: While an analytic approximation to (32) is difficult for small scales, it is a simple matter to obtain
an expression valid on large scales for which ki $ 1. In this regime we may use the approximation that J1(z) ≈ z/2
for small z to find

B(k1, k2, k3, η) ≈
(

2ui

5

)3

να6 ln

(

η

ηeq

)(

a(η)

a(ηeq)

)3

η6eq ∝ k0 . (33)

Thus, by comparison to equation (23), we deduce that the linear and nonlinear bispectra show the same qualitative
behaviour on large scales.
Small Scales - Squeezed Limit: We consider the squeezed limit k = k1 ≈ k2 " k3, with kξ " 1 and k3ξ $ 1,

as considered for the linear perturbation theory calculation in SECTION ... Using the large scale approximation
J1(k3⊥ξ)/k3⊥ ≈ ξ/2, and a similar calculation to the evaluation of the small scale power spectrum, we obtain the
result that

B(k, k, k3, η)
k3"k ≈να4

(

4ui

5

)3

η6
∫ η

η1

dηi
1

η3i

∫ 1

−1

dµ

2

J1(k
√

1− µ2αηi)2

k2(1− µ2)
≈ 2να4

(

2ui

5

)3 ( a(η)

a(ηeq)

)3 η4eq
k2

. (34)

Including the effect of causal compensations on the superhorizon scale k3 results in the altered expression

B(k, k, k3, η)
k3"k ≈

2να4

9

(

2ui

5

)3 ( a(η)

a(ηeq)

)3 η6eqk
2
3

k2
. (35)

4

a. Equilateral limit: ka = k. For equilateral triangles, K2 = k sin(π/3). Hence, the small scale bispectrum is
proportional to 1/k4.

BE(k, k, k, η) ≈
B0

500

4η2eq
3k4

(

η

ηeq

)6

. (29)

b. Squeezed limit k = k1 = k2 " k3, with kξeq " 1, such that tK2ξeq/
√
6 $ 1 and K2ηeq > 1, we use the

approximation to the error function erf (x) ≈ 2x/
√
π (for x $ 1). Noting that K2 ≈ k3 in this limit, we obtain the

result

BS(k, k, k3, η) ≈
B0

375

η3eq
k2k3

2α√
6π

(

η

ηeq

)6

. (30)

c. Folded limit, k = k2 ≈ k3 ≈ k1/2, with kξeq " 1, such that tK2ξeq/
√
6 $ 1 and K2ηeq > 1. In this limit,

K2ξeq tends to zero because the angle between the vectors k2 and k3 tends to π. Hence we obtain a result similar to
the squeezed limit,

BF(2k, k, k, η) ≈
B0

375

η3eq
k2K2

2α√
6π

(

η

ηeq

)6

. (31)

C. Wake Model Bispectrum

TO BE UPDATED ...
Adapting the argument outlined in Section ?? and ??, we may obtain an expression for the nonlinear matter

bispectrum induced by cosmic strings. In particular, we find

B(k1, k2, k3, η) =

∫ η

η1

dηi
ν

η4i

(

σw(η, ηi)

ρCDM
ξ(η, ηi)

)3 ∫ dn̂

4π

J1(k1⊥ξ(η, ηi))J1(k2⊥ξ(η, ηi))J1(k3⊥ξ(η, ηi))

k1⊥ k2⊥ k3⊥
, (32)

where ki⊥ =
√

k2i − (ki.n̂)2 and we use the Dirac delta condition in the definition of the bispectrum to set k3 =
−k1 − k2.

Analytic Matter Era Approximation

Large Scales: While an analytic approximation to (32) is difficult for small scales, it is a simple matter to obtain
an expression valid on large scales for which ki $ 1. In this regime we may use the approximation that J1(z) ≈ z/2
for small z to find

B(k1, k2, k3, η) ≈
(

2ui

5

)3

να6 ln

(

η

ηeq

)(

a(η)

a(ηeq)

)3

η6eq ∝ k0 . (33)

Thus, by comparison to equation (23), we deduce that the linear and nonlinear bispectra show the same qualitative
behaviour on large scales.
Small Scales - Squeezed Limit: We consider the squeezed limit k = k1 ≈ k2 " k3, with kξ " 1 and k3ξ $ 1,

as considered for the linear perturbation theory calculation in SECTION ... Using the large scale approximation
J1(k3⊥ξ)/k3⊥ ≈ ξ/2, and a similar calculation to the evaluation of the small scale power spectrum, we obtain the
result that

B(k, k, k3, η)
k3"k ≈να4

(

4ui

5

)3

η6
∫ η

η1

dηi
1

η3i

∫ 1

−1

dµ

2

J1(k
√

1− µ2αηi)2

k2(1− µ2)
≈ 2να4

(

2ui

5

)3 ( a(η)

a(ηeq)

)3 η4eq
k2

. (34)

Including the effect of causal compensations on the superhorizon scale k3 results in the altered expression

B(k, k, k3, η)
k3"k ≈

2να4

9

(

2ui

5

)3 ( a(η)

a(ηeq)

)3 η6eqk
2
3

k2
. (35)

4

a. Equilateral limit: ka = k. For equilateral triangles, K2 = k sin(π/3). Hence, the small scale bispectrum is
proportional to 1/k4.

BE(k, k, k, η) ≈
B0

500

4η2eq
3k4

(

η

ηeq

)6

. (29)

b. Squeezed limit k = k1 = k2 " k3, with kξeq " 1, such that tK2ξeq/
√
6 $ 1 and K2ηeq > 1, we use the

approximation to the error function erf (x) ≈ 2x/
√
π (for x $ 1). Noting that K2 ≈ k3 in this limit, we obtain the

result

BS(k, k, k3, η) ≈
B0

375

η3eq
k2k3

2α√
6π

(

η

ηeq

)6

. (30)

c. Folded limit, k = k2 ≈ k3 ≈ k1/2, with kξeq " 1, such that tK2ξeq/
√
6 $ 1 and K2ηeq > 1. In this limit,

K2ξeq tends to zero because the angle between the vectors k2 and k3 tends to π. Hence we obtain a result similar to
the squeezed limit,

BF(2k, k, k, η) ≈
B0

375

η3eq
k2K2

2α√
6π

(

η

ηeq

)6

. (31)

C. Wake Model Bispectrum

TO BE UPDATED ...
Adapting the argument outlined in Section ?? and ??, we may obtain an expression for the nonlinear matter

bispectrum induced by cosmic strings. In particular, we find

B(k1, k2, k3, η) =

∫ η

η1

dηi
ν

η4i

(

σw(η, ηi)

ρCDM
ξ(η, ηi)

)3 ∫ dn̂

4π

J1(k1⊥ξ(η, ηi))J1(k2⊥ξ(η, ηi))J1(k3⊥ξ(η, ηi))

k1⊥ k2⊥ k3⊥
, (32)

where ki⊥ =
√

k2i − (ki.n̂)2 and we use the Dirac delta condition in the definition of the bispectrum to set k3 =
−k1 − k2.

Analytic Matter Era Approximation

Large Scales: While an analytic approximation to (32) is difficult for small scales, it is a simple matter to obtain
an expression valid on large scales for which ki $ 1. In this regime we may use the approximation that J1(z) ≈ z/2
for small z to find

B(k1, k2, k3, η) ≈
(

2ui

5

)3

να6 ln

(

η

ηeq

)(

a(η)

a(ηeq)

)3

η6eq ∝ k0 . (33)

Thus, by comparison to equation (23), we deduce that the linear and nonlinear bispectra show the same qualitative
behaviour on large scales.
Small Scales - Squeezed Limit: We consider the squeezed limit k = k1 ≈ k2 " k3, with kξ " 1 and k3ξ $ 1,

as considered for the linear perturbation theory calculation in SECTION ... Using the large scale approximation
J1(k3⊥ξ)/k3⊥ ≈ ξ/2, and a similar calculation to the evaluation of the small scale power spectrum, we obtain the
result that

B(k, k, k3, η)
k3"k ≈να4

(

4ui

5

)3

η6
∫ η

η1

dηi
1

η3i

∫ 1

−1

dµ

2

J1(k
√

1− µ2αηi)2

k2(1− µ2)
≈ 2να4

(

2ui

5

)3 ( a(η)

a(ηeq)

)3 η4eq
k2

. (34)

Including the effect of causal compensations on the superhorizon scale k3 results in the altered expression

B(k, k, k3, η)
k3"k ≈

2να4

9

(

2ui

5

)3 ( a(η)

a(ηeq)

)3 η6eqk
2
3

k2
. (35)

3

B. Matter era approximations

1. Superhorizon scales, ka ! η−1

IS THIS WORTH DOING?
For kaη ! 1, we use (??) to find

B(k1, k2, k3, η) ≈ (8πGµv2)3
???

??

a(η)3

a(ηeq)3
η6eq ∝ k0 . (23)

2. Large scales, η−1
! ka ! η−1

eq

IS THIS WORTH DOING?

3. Small scales, η−1
eq ! ka

Substituting (18) into the expression for the sub-horizon matter bispectrum (10), we obtain

B(k1, k2, k3, η) =

∫ η

ηi

dη′
3
∏

a=1

[Gc(ka; η, η
′)]

ε3β0

α2η′2k22K
2
2

6π

v2
erf

(

tk2αη′√
6

)

erf

(

tK2αη′√
6

)

. (24)

Using the solution for the Green’s function Gc in the deep matter era, (??), we may obtain analytic predictions for
the cosmic string matter bispectrum in the small scale limit.
Using similar calculations to those outlined for the linear power spectrum we find that for kaη % 1 (and η % ηeq)

[CHECK] that the contribution from modes sourced before ηeq is (ordering the wavevectors so that k1 ≥ k2 ≥ k3)

B<eq(k1, k2, k3, η) ≈ ε3K3η6
∏

a

ln (kaηeq)

(kaηeq)2
β0

α2k22K
2
2

6π

v2

∫ η−1
eq

k−1
1

dη′

η′5
erf

(

tk2αη′√
6

)

erf

(

tK2αη′√
6

)

(25)

The integration is dominated by the lower end, where the error functions behave linearly, so

B<eq(k1, k2, k3, η) ≈ ε3K3η6
∏

a

ln (kaηeq)

(kaηeq)2
β0

k2K2

4

v2

∫ η−1
eq

k−1
1

dη′

η′3

= ε3K3η6
∏

a

ln (kaηeq)

(kaηeq)2
2β0

v2
k21

k2K2

= 2K3 ε
3β0

v2
∏

a

ln (kaηeq)

k2a

k21
k2K2

(

η

ηeq

)6

(26)

Hence modes which were sourced in the radiation era show a characteristic k−6 decrease from a peak at kaηeq ≈ 1.
Modes which were sourced after ηeq contribute

B>eq(k1, k2, k3, η) ≈ η6
B0

125

1

k22K
2
2

∫ η

ηeq

dη′

η′5
erf

(

tk2αη′√
6

)

erf

(

tK2αη′√
6

)

(27)

where

B0 = 6π
ε3β0

α2v2
= (8πGµ)3

35

9
36π2 v4

α2t
2 . (28)

In the following we neglect the contribution from modes sourced before ηeq.

5

Small Scales - Folded Limit: The folded limit k = k1 ≈ k2 ≈ k3/2, in the small scale limit, kξ " 1, gives a
bispectrum contribution

B(k, k, 2k, η) ≈
(

4uiα

5

)3

νη6
∫ η

η1

dηi
η4i

∫ 1

−1

dµ

2

J1(k
√

1− µ2αηi)J1(k
√

1− µ2αηi)J1(2k
√

1− µ2αηi)

2k3(1 − µ2)3/2
(36)

≈
(

4ui

5

)3

α4ν
η6

k2

∫ η

η1

dηi
η3i

∫ ∞

0
dx

J1(x)J1(x)J1(2x)

2x2
≈ 2

(ui

5

)3
α4ν

η6

η2eqk
2
≈ 2

(ui

5

)3
α4ν

(

a(η)

a(ηeq)

)3 η4eq
k2

,

where on the second line we use the approximation that 1/
√

1− (x/kαηi)2 ≈ 1.
Small Scales - Equilateral Limit: The equilateral limit given by ki ≈ k, in the small scale limit, results in a

more complicated integral expression. In order to simplify the calculation we shall assume that the time integral is
dominated, as in the other small scale limits, by the limit at ηeq. We adopt the following approximation, which we
find numerically is accurate to factors of O(1),

B(k, k, k, η) ≈
(

4uiα

5

)3

νη6
∫

dn̂

4π

J1(k1⊥αηeq)J1(k2⊥αηeq)J1(k3⊥αηeq)

(k1⊥αηeq)(k2⊥αηeq)(k3⊥αηeq)
, (37)

where we parametrise the equilateral shape such that k1 = k(sin(π/3), cos(π/3), 0),k2 = k(− sin(π/3), cos(Π/3), 0),
with k3 = −k1 − k2, such that k21⊥/k

2 = 1 − sin2 θ sin2(φ + π/3), k22⊥/k
2 = 1 − sin2 θ sin2(φ − π/3) and k23⊥/k

2 =
1 − sin2 θ sin2(φ), where dn̂ = sin θdθdφ. Setting µ = cos θ, the integrand clearly peaks near the points on the (µ,φ)
plane given by (1,π/2), (1,π/2 ± π/3). Clearly by symmetry considerations each of the peaks contributes equally.
Therfore, expanding in the φ parameter near the peak at π/2, in the form φ = π/2+ε, we may write k3⊥/k =

√

ε2 + µ2,
k1⊥/k ≈ k2⊥/k ≈

√

(3 + µ2)/4. We may then write

∫

dn̂

4π
Π3

i=1

[

J1(ki⊥αηeq)

k1⊥αηeq

]

≈ 3

∫

dµdε

4π

J1(z
√

ε2 + µ2)J1(z
√

3 + µ2/2)2

z
√

ε2 + µ2(z
√

3 + µ2/2)2

≈
3

4π

(

J1(βz)

βz

)2 ∫

dµdε
J1(z

√

ε2 + µ2)

z
√

ε2 + µ2
≈

3

4π
ln(2π)

(

J1(βz)

βz

)2 ∫

dρ
J1(zρ)

z
, (38)

where we set z ≡ kαηeq, and where β represents a constant of value between 3/4 and 1. Finally our analytic expression
for the equilateral bispectrum takes the form

B(k, k, k, η) ≈
(

4uiα

5

)3 3να3 ln(2π)

2π2β3

cos2(βz − 3π/4)

z5
≈

(

4ui

5

)3 3αν ln(2π)

4π2β3

(

a(η)

a(ηeq)

)3 ηeq
k5

, (39)

where in the final expression we sub back in the expression for z and approximate the cos2 expression by it’s average
value 1/2. While incorporating several simplifications this analytic expression reproduces quite well the results of a
full numerical computation of the equilateral bispectrum using equation (37). It should be noted, however, that the
1/k5 behaviour does not agree with the 1/k4 expression found using the linear perturbation theory approach. In one
respect this is not surprising, since the wake model replicates the so-called 1-halo term of the halo model bispectrum,
which is expected to more accurately represent the small scale, or large k, limit. On the other hand the perturbation
theory model agrees strongly with the 3-halo term which dominates on large scales. For configurations such as the
squeezed limit, one of the scales is large scale, and, therefore, it appears reasonable that the two approaches would
give similar results. In any case, the result show that the matter bispectrum induced by cosmic strings is dominated
by configurations for which the two approaches give results which agree up to factors of order unity.

II. MEASURABLE OR NOT

k3ηeq > 1

BE(k, k, k)/B
grav(k, k, k) =O(1)

(4πGµ)3

A4
s

aeq
a

(ηeqk)
2

≈
1 + z

1 + zeq
(ηeqk)

2 (40)
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I. BISPECTRUM

A. Bispectrum from the 3-point UETC

The matter bispectrum B is given by

〈δc(k1, η)δc(k2, η)δc(k3, η)〉 = (2π)3δ3(k1 + k2 + k3)B(k1, k2, k3, η). (1)

We define the source bispectrum β by

〈Θ+(k1, η1)Θ+(k2, η2)Θ+(k3, η3)〉 = φ6
0β+(k1, k2, k3, η1, η2, η3)(2π)

3δ3(k1 + k2 + k3). (2)

The source bispectrum is dimensionless in Fourier space, and so for a scaling source it can be expressed as a function
of five dimensionless combinations of the six arguments ka, ηa (a = 1, 2, 3). For example, one could take

xa = kaηa, (3)

and chose any two of the combinations

r1 =
η2
η3

, r2 =
η3
η1

, r3 =
η1
η2

. (4)

Note that r1r2r3 = 1. It can also be convenient to define

κab = −ka · kb, (5)

and to use the dimensionless combinations za defined by

z21 = κ23η2η3, z
2
2 = κ31η3η1, z

2
3 = κ12η1η2. (6)

The fact that za can be imaginary does not cause problems in practice.
The general form of the source bispectrum is not easy to guess, but we expect it to be strongly peaked inside the

horizon (xa $ 1) near ra = 1, by analogy with the source two-point function, and white noise outside the horizon.
Outside the horizon, bearing in mind that the source energy-momentum tensor is a random process on the horizon
scale, we also expect correlations to die off as the 3/2 power of the ratios of the earlier time to the later time. Hence,
a reasonable model is
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(7)

Inside the horizon we can also define a 3-point structure function

φ6
0β+(z1, z2, z3, r1, r2) ≈ µ3η3η2F3(x1, x2, x3)δ(η3 − η1)δ(η2 − η3) (8)

such that

F3(x1, x2, x3) =
1

µ̄3

∫

dr1dr2β+(z1, z2, z3, r1, r2). (9)
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Inside the horizon we can also define a 3-point structure function
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r1 =
η2
η3

, r2 =
η3
η1

, r3 =
η1
η2

. (4)

Note that r1r2r3 = 1. It can also be convenient to define

κab = −ka · kb, (5)
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2
3 = κ12η1η2. (6)
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The general form of the source bispectrum is not easy to guess, but we expect it to be strongly peaked inside the

horizon (xa $ 1) near ra = 1, by analogy with the source two-point function, and white noise outside the horizon.
Outside the horizon, bearing in mind that the source energy-momentum tensor is a random process on the horizon
scale, we also expect correlations to die off as the 3/2 power of the ratios of the earlier time to the later time. Hence,
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Inside the horizon we can also define a 3-point structure function

φ6
0β+(z1, z2, z3, r1, r2) ≈ µ3η3η2F3(x1, x2, x3)δ(η3 − η1)δ(η2 − η3) (8)

such that

F3(x1, x2, x3) =
1

µ̄3

∫
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Outside the horizon, bearing in mind that the source energy-momentum tensor is a random process on the horizon
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Inside the horizon we can also define a 3-point structure function
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What about superhorizon scales...use volume argument to show
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β+ ∝ r1/r2

Inside the horizon we can also define a 3-point structure function

φ6
0β+(z1, z2, z3, r1, r2) ≈ µ3η3η2F3(x1, x2, x3)δ(η3 − η1)δ(η2 − η3) (8)

such that

F3(x1, x2, x3) =
1

µ̄3

∫

dr1dr2β+(z1, z2, z3, r1, r2). (9)

2

Substitution in the solution (??) gives

B(k1, k2, k3, η) = ε3
∫ η

ηi

dη1

∫ η

ηi

dη2

∫ η

ηi

dη3Π
3
a=1 [Gc(ka; η, ηa)]β(z1, z2, z3, r1, r2). (10)

With the form (7), we may simplify this expression to the form

B(k1, k2, k3, η) ≈ (4πGµ)3
∫ η
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dη′Π3
a=1Gc(ka; η, η

′)η′
2F3(x

′
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′
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′
3), (11)

where x′
a = kaη′.

Following a similar calculation to that presented in PAPERS CITATIONS and in Section ??, we find (with k3 =
−k1 − k2 imposed)
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6

)

,

where we have adopted the shorthand notation σab = σa − σb, Xa = X(σa, ηa), Γab = Γ(σa − σb) and κab = −ka · kb.
Suppressing the dependence on η, the individual correlators are given in the Gaussian approximation by
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where K2 =
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23/k2. Approximating V (σ) = v2, we find that
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We can also write this
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where
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The 3-point structure function is therefore
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Well outside the horizon, we may use the approximation erf (x) ≈ 2x/
√
π (for x & 1), and bearing in mind the general

form of super-horizon source correlators,
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We note that the factor k22k
2
3 − κ2

23 is proportional to the square of the area of the triangle formed by the three
wavevectors A. Indeed,
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2Ẋ

2
3〉 exp

(

−
∑

a<b κab(Γab(η1)− v2η2ab)

6

)

,

where we have adopted the shorthand notation σab = σa − σb, Xa = X(σa, ηa), Γab = Γ(σa − σb) and κab = −ka · kb.
Suppressing the dependence on η, the individual correlators are given in the Gaussian approximation by
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where K2 =
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k22k
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23/k2. Approximating V (σ) = v2, we find that
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We can also write this
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where
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The 3-point structure function is therefore
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Well outside the horizon, we may use the approximation erf (x) ≈ 2x/
√
π (for x & 1), and bearing in mind the general

form of super-horizon source correlators,
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We note that the factor k22k
2
3 − κ2

23 is proportional to the square of the area of the triangle formed by the three
wavevectors A. Indeed,
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String correl model gives

2

Substitution in the solution (??) gives

B(k1, k2, k3, η) = ε3
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With the form (7), we may simplify this expression to the form
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where x′
a = kaη′.

Following a similar calculation to that presented in PAPERS CITATIONS and in Section ??, we find (with k3 =
−k1 − k2 imposed)

β(k1, k2, k3, η1, η2, η3) ≈ 8µ̄3L
∫
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2
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2
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(

−
∑

a<b κab(Γab(η1)− v2η2ab)

6

)

,

where we have adopted the shorthand notation σab = σa − σb, Xa = X(σa, ηa), Γab = Γ(σa − σb) and κab = −ka · kb.
Suppressing the dependence on η, the individual correlators are given in the Gaussian approximation by

〈Ẋ2
1Ẋ

2
2Ẋ

2
3〉 = V 3(0) + 2V (0)V 2(σ12) +

8

9
V (σ12)V (σ13)V (σ23), (12)
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(

−
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)
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(
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)
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)

, (14)

where K2 =
√

k22k
2
3 − κ2

23/k2. Approximating V (σ) = v2, we find that

β(k1, k2, k3, η1, η2, η3) ≈ 8µ̄3 1

ξ2
35

9

v6

t
2

6π
√

k22k
2
3 − κ2

23

erf

(

tk2ξ√
6

)

erf

(

tK2ξ√
6

)

exp

(

−
v2

6
(k22η

2
12 +K2

2η
2
13)

)
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We can also write this

β(k1, k2, k3, η1, η2, η3) ≈
β0

ξ2k2K2
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(
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)
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(

tK2ξ√
6

)

exp

(
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where

β0 = 8µ̄3 35
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The 3-point structure function is therefore

F3(k1, k2, k3, η1) ≈
(2µ)3

ξ2
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k22k
2
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(

tk2ξ√
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)
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(

tK2ξ√
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)

. (18)

Well outside the horizon, we may use the approximation erf (x) ≈ 2x/
√
π (for x & 1), and bearing in mind the general

form of super-horizon source correlators,

β(0, 0, 0, η1, η2, η3) ≈
140

9
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(
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)
3
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+
(
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3
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+
(
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r3

)
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. (19)

We note that the factor k22k
2
3 − κ2

23 is proportional to the square of the area of the triangle formed by the three
wavevectors A. Indeed,

4A2 = k22k
2
3 − κ2

23 (and cyclic) (20)

= κ12κ23 + κ23κ31 + κ31κ12, (21)

= 2(k21k
2
2 + k22k

2
3 + k23k

2
1)− k41 − k42 − k43 . (22)

Assuming matter domination:

4

a. Equilateral limit: ka = k. For equilateral triangles, K2 = k sin(π/3). Hence, the small scale bispectrum is
proportional to 1/k4.

BE(k, k, k, η) ≈
B0

500

4η2eq
3k4

(

η

ηeq

)6

. (29)

b. Squeezed limit k = k1 = k2 " k3, with kξeq " 1, such that tK2ξeq/
√
6 $ 1 and K2ηeq > 1, we use the

approximation to the error function erf (x) ≈ 2x/
√
π (for x $ 1). Noting that K2 ≈ k3 in this limit, we obtain the

result

BS(k, k, k3, η) ≈
B0

375

η3eq
k2k3

2α√
6π

(

η

ηeq

)6

. (30)

c. Folded limit, k = k2 ≈ k3 ≈ k1/2, with kξeq " 1, such that tK2ξeq/
√
6 $ 1 and K2ηeq > 1. In this limit,

K2ξeq tends to zero because the angle between the vectors k2 and k3 tends to π. Hence we obtain a result similar to
the squeezed limit,

BF(2k, k, k, η) ≈
B0

375

η3eq
k2K2

2α√
6π

(

η

ηeq

)6

. (31)

C. Wake Model Bispectrum

TO BE UPDATED ...
Adapting the argument outlined in Section ?? and ??, we may obtain an expression for the nonlinear matter

bispectrum induced by cosmic strings. In particular, we find

B(k1, k2, k3, η) =

∫ η

η1

dηi
ν

η4i

(

σw(η, ηi)

ρCDM
ξ(η, ηi)

)3 ∫ dn̂

4π

J1(k1⊥ξ(η, ηi))J1(k2⊥ξ(η, ηi))J1(k3⊥ξ(η, ηi))

k1⊥ k2⊥ k3⊥
, (32)

where ki⊥ =
√

k2i − (ki.n̂)2 and we use the Dirac delta condition in the definition of the bispectrum to set k3 =
−k1 − k2.

Analytic Matter Era Approximation

Large Scales: While an analytic approximation to (32) is difficult for small scales, it is a simple matter to obtain
an expression valid on large scales for which ki $ 1. In this regime we may use the approximation that J1(z) ≈ z/2
for small z to find

B(k1, k2, k3, η) ≈
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a(ηeq)

)3

η6eq ∝ k0 . (33)

Thus, by comparison to equation (23), we deduce that the linear and nonlinear bispectra show the same qualitative
behaviour on large scales.
Small Scales - Squeezed Limit: We consider the squeezed limit k = k1 ≈ k2 " k3, with kξ " 1 and k3ξ $ 1,

as considered for the linear perturbation theory calculation in SECTION ... Using the large scale approximation
J1(k3⊥ξ)/k3⊥ ≈ ξ/2, and a similar calculation to the evaluation of the small scale power spectrum, we obtain the
result that
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. (34)

Including the effect of causal compensations on the superhorizon scale k3 results in the altered expression

B(k, k, k3, η)
k3"k ≈

2να4

9
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2ui
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)3 ( a(η)

a(ηeq)

)3 η6eqk
2
3

k2
. (35)

4

a. Equilateral limit: ka = k. For equilateral triangles, K2 = k sin(π/3). Hence, the small scale bispectrum is
proportional to 1/k4.

BE(k, k, k, η) ≈
B0

500

4η2eq
3k4

(

η

ηeq

)6

. (29)

b. Squeezed limit k = k1 = k2 " k3, with kξeq " 1, such that tK2ξeq/
√
6 $ 1 and K2ηeq > 1, we use the

approximation to the error function erf (x) ≈ 2x/
√
π (for x $ 1). Noting that K2 ≈ k3 in this limit, we obtain the

result

BS(k, k, k3, η) ≈
B0
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η3eq
k2k3

2α√
6π

(

η

ηeq
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. (30)

c. Folded limit, k = k2 ≈ k3 ≈ k1/2, with kξeq " 1, such that tK2ξeq/
√
6 $ 1 and K2ηeq > 1. In this limit,

K2ξeq tends to zero because the angle between the vectors k2 and k3 tends to π. Hence we obtain a result similar to
the squeezed limit,

BF(2k, k, k, η) ≈
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η3eq
k2K2

2α√
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. (31)

C. Wake Model Bispectrum

TO BE UPDATED ...
Adapting the argument outlined in Section ?? and ??, we may obtain an expression for the nonlinear matter

bispectrum induced by cosmic strings. In particular, we find

B(k1, k2, k3, η) =

∫ η

η1

dηi
ν

η4i

(

σw(η, ηi)

ρCDM
ξ(η, ηi)

)3 ∫ dn̂

4π

J1(k1⊥ξ(η, ηi))J1(k2⊥ξ(η, ηi))J1(k3⊥ξ(η, ηi))

k1⊥ k2⊥ k3⊥
, (32)

where ki⊥ =
√

k2i − (ki.n̂)2 and we use the Dirac delta condition in the definition of the bispectrum to set k3 =
−k1 − k2.

Analytic Matter Era Approximation

Large Scales: While an analytic approximation to (32) is difficult for small scales, it is a simple matter to obtain
an expression valid on large scales for which ki $ 1. In this regime we may use the approximation that J1(z) ≈ z/2
for small z to find

B(k1, k2, k3, η) ≈
(

2ui

5

)3

να6 ln

(

η

ηeq

)(

a(η)

a(ηeq)

)3

η6eq ∝ k0 . (33)

Thus, by comparison to equation (23), we deduce that the linear and nonlinear bispectra show the same qualitative
behaviour on large scales.
Small Scales - Squeezed Limit: We consider the squeezed limit k = k1 ≈ k2 " k3, with kξ " 1 and k3ξ $ 1,

as considered for the linear perturbation theory calculation in SECTION ... Using the large scale approximation
J1(k3⊥ξ)/k3⊥ ≈ ξ/2, and a similar calculation to the evaluation of the small scale power spectrum, we obtain the
result that

B(k, k, k3, η)
k3"k ≈να4

(

4ui

5

)3

η6
∫ η
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dηi
1

η3i
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)3 η4eq
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. (34)

Including the effect of causal compensations on the superhorizon scale k3 results in the altered expression

B(k, k, k3, η)
k3"k ≈

2να4
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)3 η6eqk
2
3

k2
. (35)

4

a. Equilateral limit: ka = k. For equilateral triangles, K2 = k sin(π/3). Hence, the small scale bispectrum is
proportional to 1/k4.

BE(k, k, k, η) ≈
B0

500

4η2eq
3k4

(

η

ηeq

)6

. (29)

b. Squeezed limit k = k1 = k2 " k3, with kξeq " 1, such that tK2ξeq/
√
6 $ 1 and K2ηeq > 1, we use the

approximation to the error function erf (x) ≈ 2x/
√
π (for x $ 1). Noting that K2 ≈ k3 in this limit, we obtain the

result

BS(k, k, k3, η) ≈
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η3eq
k2k3

2α√
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ηeq
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. (30)

c. Folded limit, k = k2 ≈ k3 ≈ k1/2, with kξeq " 1, such that tK2ξeq/
√
6 $ 1 and K2ηeq > 1. In this limit,

K2ξeq tends to zero because the angle between the vectors k2 and k3 tends to π. Hence we obtain a result similar to
the squeezed limit,

BF(2k, k, k, η) ≈
B0
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η3eq
k2K2

2α√
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ηeq
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. (31)

C. Wake Model Bispectrum

TO BE UPDATED ...
Adapting the argument outlined in Section ?? and ??, we may obtain an expression for the nonlinear matter

bispectrum induced by cosmic strings. In particular, we find

B(k1, k2, k3, η) =

∫ η

η1

dηi
ν

η4i

(

σw(η, ηi)

ρCDM
ξ(η, ηi)

)3 ∫ dn̂

4π

J1(k1⊥ξ(η, ηi))J1(k2⊥ξ(η, ηi))J1(k3⊥ξ(η, ηi))

k1⊥ k2⊥ k3⊥
, (32)

where ki⊥ =
√

k2i − (ki.n̂)2 and we use the Dirac delta condition in the definition of the bispectrum to set k3 =
−k1 − k2.

Analytic Matter Era Approximation

Large Scales: While an analytic approximation to (32) is difficult for small scales, it is a simple matter to obtain
an expression valid on large scales for which ki $ 1. In this regime we may use the approximation that J1(z) ≈ z/2
for small z to find

B(k1, k2, k3, η) ≈
(

2ui

5
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)3

η6eq ∝ k0 . (33)

Thus, by comparison to equation (23), we deduce that the linear and nonlinear bispectra show the same qualitative
behaviour on large scales.
Small Scales - Squeezed Limit: We consider the squeezed limit k = k1 ≈ k2 " k3, with kξ " 1 and k3ξ $ 1,

as considered for the linear perturbation theory calculation in SECTION ... Using the large scale approximation
J1(k3⊥ξ)/k3⊥ ≈ ξ/2, and a similar calculation to the evaluation of the small scale power spectrum, we obtain the
result that

B(k, k, k3, η)
k3"k ≈να4

(
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5
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η6
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. (34)

Including the effect of causal compensations on the superhorizon scale k3 results in the altered expression

B(k, k, k3, η)
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. (35)

4

a. Equilateral limit: ka = k. For equilateral triangles, K2 = k sin(π/3). Hence, the small scale bispectrum is
proportional to 1/k4.

BE(k, k, k, η) ≈
B0

500

4η2eq
3k4

(

η

ηeq

)6

. (29)

b. Squeezed limit k = k1 = k2 " k3, with kξeq " 1, such that tK2ξeq/
√
6 $ 1 and K2ηeq > 1, we use the

approximation to the error function erf (x) ≈ 2x/
√
π (for x $ 1). Noting that K2 ≈ k3 in this limit, we obtain the

result

BS(k, k, k3, η) ≈
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. (30)

c. Folded limit, k = k2 ≈ k3 ≈ k1/2, with kξeq " 1, such that tK2ξeq/
√
6 $ 1 and K2ηeq > 1. In this limit,

K2ξeq tends to zero because the angle between the vectors k2 and k3 tends to π. Hence we obtain a result similar to
the squeezed limit,

BF(2k, k, k, η) ≈
B0

375

η3eq
k2K2
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. (31)

C. Wake Model Bispectrum

TO BE UPDATED ...
Adapting the argument outlined in Section ?? and ??, we may obtain an expression for the nonlinear matter

bispectrum induced by cosmic strings. In particular, we find

B(k1, k2, k3, η) =

∫ η

η1

dηi
ν

η4i

(

σw(η, ηi)

ρCDM
ξ(η, ηi)

)3 ∫ dn̂

4π

J1(k1⊥ξ(η, ηi))J1(k2⊥ξ(η, ηi))J1(k3⊥ξ(η, ηi))

k1⊥ k2⊥ k3⊥
, (32)

where ki⊥ =
√

k2i − (ki.n̂)2 and we use the Dirac delta condition in the definition of the bispectrum to set k3 =
−k1 − k2.

Analytic Matter Era Approximation

Large Scales: While an analytic approximation to (32) is difficult for small scales, it is a simple matter to obtain
an expression valid on large scales for which ki $ 1. In this regime we may use the approximation that J1(z) ≈ z/2
for small z to find

B(k1, k2, k3, η) ≈
(
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)3

η6eq ∝ k0 . (33)

Thus, by comparison to equation (23), we deduce that the linear and nonlinear bispectra show the same qualitative
behaviour on large scales.
Small Scales - Squeezed Limit: We consider the squeezed limit k = k1 ≈ k2 " k3, with kξ " 1 and k3ξ $ 1,

as considered for the linear perturbation theory calculation in SECTION ... Using the large scale approximation
J1(k3⊥ξ)/k3⊥ ≈ ξ/2, and a similar calculation to the evaluation of the small scale power spectrum, we obtain the
result that

B(k, k, k3, η)
k3"k ≈να4
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Including the effect of causal compensations on the superhorizon scale k3 results in the altered expression
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a. Equilateral limit: ka = k. For equilateral triangles, K2 = k sin(π/3). Hence, the small scale bispectrum is
proportional to 1/k4.

BE(k, k, k, η) ≈
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. (29)

b. Squeezed limit k = k1 = k2 " k3, with kξeq " 1, such that tK2ξeq/
√
6 $ 1 and K2ηeq > 1, we use the

approximation to the error function erf (x) ≈ 2x/
√
π (for x $ 1). Noting that K2 ≈ k3 in this limit, we obtain the

result
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c. Folded limit, k = k2 ≈ k3 ≈ k1/2, with kξeq " 1, such that tK2ξeq/
√
6 $ 1 and K2ηeq > 1. In this limit,

K2ξeq tends to zero because the angle between the vectors k2 and k3 tends to π. Hence we obtain a result similar to
the squeezed limit,

BF(2k, k, k, η) ≈
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C. Wake Model Bispectrum

TO BE UPDATED ...
Adapting the argument outlined in Section ?? and ??, we may obtain an expression for the nonlinear matter

bispectrum induced by cosmic strings. In particular, we find

B(k1, k2, k3, η) =

∫ η

η1

dηi
ν

η4i

(

σw(η, ηi)

ρCDM
ξ(η, ηi)

)3 ∫ dn̂

4π

J1(k1⊥ξ(η, ηi))J1(k2⊥ξ(η, ηi))J1(k3⊥ξ(η, ηi))

k1⊥ k2⊥ k3⊥
, (32)

where ki⊥ =
√

k2i − (ki.n̂)2 and we use the Dirac delta condition in the definition of the bispectrum to set k3 =
−k1 − k2.

Analytic Matter Era Approximation

Large Scales: While an analytic approximation to (32) is difficult for small scales, it is a simple matter to obtain
an expression valid on large scales for which ki $ 1. In this regime we may use the approximation that J1(z) ≈ z/2
for small z to find

B(k1, k2, k3, η) ≈
(

2ui

5

)3

να6 ln

(

η

ηeq

)(

a(η)

a(ηeq)

)3

η6eq ∝ k0 . (33)

Thus, by comparison to equation (23), we deduce that the linear and nonlinear bispectra show the same qualitative
behaviour on large scales.
Small Scales - Squeezed Limit: We consider the squeezed limit k = k1 ≈ k2 " k3, with kξ " 1 and k3ξ $ 1,

as considered for the linear perturbation theory calculation in SECTION ... Using the large scale approximation
J1(k3⊥ξ)/k3⊥ ≈ ξ/2, and a similar calculation to the evaluation of the small scale power spectrum, we obtain the
result that

B(k, k, k3, η)
k3"k ≈να4

(

4ui

5

)3

η6
∫ η

η1

dηi
1

η3i

∫ 1

−1

dµ

2

J1(k
√

1− µ2αηi)2

k2(1− µ2)
≈ 2να4

(

2ui

5

)3 ( a(η)

a(ηeq)

)3 η4eq
k2

. (34)

Including the effect of causal compensations on the superhorizon scale k3 results in the altered expression

B(k, k, k3, η)
k3"k ≈

2να4

9

(

2ui

5

)3 ( a(η)

a(ηeq)

)3 η6eqk
2
3

k2
. (35)

3

B. Matter era approximations

1. Superhorizon scales, ka ! η−1

IS THIS WORTH DOING?
For kaη ! 1, we use (??) to find

B(k1, k2, k3, η) ≈ (8πGµv2)3
???

??

a(η)3

a(ηeq)3
η6eq ∝ k0 . (23)

2. Large scales, η−1
! ka ! η−1

eq

IS THIS WORTH DOING?

3. Small scales, η−1
eq ! ka

Substituting (18) into the expression for the sub-horizon matter bispectrum (10), we obtain

B(k1, k2, k3, η) =

∫ η

ηi

dη′
3
∏

a=1

[Gc(ka; η, η
′)]

ε3β0

α2η′2k22K
2
2

6π

v2
erf

(

tk2αη′√
6

)

erf

(

tK2αη′√
6

)

. (24)

Using the solution for the Green’s function Gc in the deep matter era, (??), we may obtain analytic predictions for
the cosmic string matter bispectrum in the small scale limit.
Using similar calculations to those outlined for the linear power spectrum we find that for kaη % 1 (and η % ηeq)

[CHECK] that the contribution from modes sourced before ηeq is (ordering the wavevectors so that k1 ≥ k2 ≥ k3)

B<eq(k1, k2, k3, η) ≈ ε3K3η6
∏

a

ln (kaηeq)

(kaηeq)2
β0

α2k22K
2
2

6π

v2

∫ η−1
eq

k−1
1

dη′

η′5
erf

(

tk2αη′√
6

)

erf

(

tK2αη′√
6

)

(25)

The integration is dominated by the lower end, where the error functions behave linearly, so

B<eq(k1, k2, k3, η) ≈ ε3K3η6
∏

a

ln (kaηeq)

(kaηeq)2
β0

k2K2

4

v2

∫ η−1
eq

k−1
1

dη′

η′3

= ε3K3η6
∏

a

ln (kaηeq)

(kaηeq)2
2β0

v2
k21

k2K2

= 2K3 ε
3β0

v2
∏

a

ln (kaηeq)

k2a

k21
k2K2

(

η

ηeq

)6

(26)

Hence modes which were sourced in the radiation era show a characteristic k−6 decrease from a peak at kaηeq ≈ 1.
Modes which were sourced after ηeq contribute

B>eq(k1, k2, k3, η) ≈ η6
B0

125

1

k22K
2
2

∫ η

ηeq

dη′

η′5
erf

(

tk2αη′√
6

)

erf

(

tK2αη′√
6

)

(27)

where

B0 = 6π
ε3β0

α2v2
= (8πGµ)3

35

9
36π2 v4

α2t
2 . (28)

In the following we neglect the contribution from modes sourced before ηeq.

5

Small Scales - Folded Limit: The folded limit k = k1 ≈ k2 ≈ k3/2, in the small scale limit, kξ " 1, gives a
bispectrum contribution

B(k, k, 2k, η) ≈
(

4uiα

5

)3

νη6
∫ η

η1

dηi
η4i

∫ 1

−1

dµ

2

J1(k
√

1− µ2αηi)J1(k
√

1− µ2αηi)J1(2k
√

1− µ2αηi)

2k3(1 − µ2)3/2
(36)

≈
(

4ui

5

)3

α4ν
η6

k2

∫ η

η1

dηi
η3i

∫ ∞

0
dx

J1(x)J1(x)J1(2x)

2x2
≈ 2

(ui

5

)3
α4ν

η6

η2eqk
2
≈ 2

(ui

5

)3
α4ν

(

a(η)

a(ηeq)

)3 η4eq
k2

,

where on the second line we use the approximation that 1/
√

1− (x/kαηi)2 ≈ 1.
Small Scales - Equilateral Limit: The equilateral limit given by ki ≈ k, in the small scale limit, results in a

more complicated integral expression. In order to simplify the calculation we shall assume that the time integral is
dominated, as in the other small scale limits, by the limit at ηeq. We adopt the following approximation, which we
find numerically is accurate to factors of O(1),

B(k, k, k, η) ≈
(

4uiα

5

)3

νη6
∫

dn̂

4π

J1(k1⊥αηeq)J1(k2⊥αηeq)J1(k3⊥αηeq)

(k1⊥αηeq)(k2⊥αηeq)(k3⊥αηeq)
, (37)

where we parametrise the equilateral shape such that k1 = k(sin(π/3), cos(π/3), 0),k2 = k(− sin(π/3), cos(Π/3), 0),
with k3 = −k1 − k2, such that k21⊥/k

2 = 1 − sin2 θ sin2(φ + π/3), k22⊥/k
2 = 1 − sin2 θ sin2(φ − π/3) and k23⊥/k

2 =
1 − sin2 θ sin2(φ), where dn̂ = sin θdθdφ. Setting µ = cos θ, the integrand clearly peaks near the points on the (µ,φ)
plane given by (1,π/2), (1,π/2 ± π/3). Clearly by symmetry considerations each of the peaks contributes equally.
Therfore, expanding in the φ parameter near the peak at π/2, in the form φ = π/2+ε, we may write k3⊥/k =

√

ε2 + µ2,
k1⊥/k ≈ k2⊥/k ≈

√

(3 + µ2)/4. We may then write

∫

dn̂

4π
Π3

i=1

[

J1(ki⊥αηeq)

k1⊥αηeq

]

≈ 3

∫

dµdε
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J1(z
√

ε2 + µ2)J1(z
√

3 + µ2/2)2

z
√

ε2 + µ2(z
√

3 + µ2/2)2

≈
3

4π

(

J1(βz)

βz

)2 ∫

dµdε
J1(z

√

ε2 + µ2)

z
√

ε2 + µ2
≈

3

4π
ln(2π)

(

J1(βz)

βz

)2 ∫

dρ
J1(zρ)

z
, (38)

where we set z ≡ kαηeq, and where β represents a constant of value between 3/4 and 1. Finally our analytic expression
for the equilateral bispectrum takes the form

B(k, k, k, η) ≈
(

4uiα

5

)3 3να3 ln(2π)

2π2β3

cos2(βz − 3π/4)

z5
≈

(

4ui

5

)3 3αν ln(2π)

4π2β3

(

a(η)

a(ηeq)

)3 ηeq
k5

, (39)

where in the final expression we sub back in the expression for z and approximate the cos2 expression by it’s average
value 1/2. While incorporating several simplifications this analytic expression reproduces quite well the results of a
full numerical computation of the equilateral bispectrum using equation (37). It should be noted, however, that the
1/k5 behaviour does not agree with the 1/k4 expression found using the linear perturbation theory approach. In one
respect this is not surprising, since the wake model replicates the so-called 1-halo term of the halo model bispectrum,
which is expected to more accurately represent the small scale, or large k, limit. On the other hand the perturbation
theory model agrees strongly with the 3-halo term which dominates on large scales. For configurations such as the
squeezed limit, one of the scales is large scale, and, therefore, it appears reasonable that the two approaches would
give similar results. In any case, the result show that the matter bispectrum induced by cosmic strings is dominated
by configurations for which the two approaches give results which agree up to factors of order unity.

II. MEASURABLE OR NOT

k3ηeq > 1

BE(k, k, k)/B
grav(k, k, k) =O(1)

(4πGµ)3

A4
s

aeq
a

(ηeqk)
2

≈
1 + z

1 + zeq
(ηeqk)

2 (40)
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(Dated: January 6, 2014)
Matter accretion in wakes formed by cosmic strings We present a calculation of the matter

power spectrum and bispectrum of cosmic strings induced.

I. BISPECTRUM

A. Bispectrum from the 3-point UETC

The matter bispectrum B is given by

〈δc(k1, η)δc(k2, η)δc(k3, η)〉 = (2π)3δ3(k1 + k2 + k3)B(k1, k2, k3, η). (1)

We define the source bispectrum β by

〈Θ+(k1, η1)Θ+(k2, η2)Θ+(k3, η3)〉 = φ6
0β+(k1, k2, k3, η1, η2, η3)(2π)

3δ3(k1 + k2 + k3). (2)

The source bispectrum is dimensionless in Fourier space, and so for a scaling source it can be expressed as a function
of five dimensionless combinations of the six arguments ka, ηa (a = 1, 2, 3). For example, one could take

xa = kaηa, (3)

and chose any two of the combinations

r1 =
η2
η3

, r2 =
η3
η1

, r3 =
η1
η2

. (4)

Note that r1r2r3 = 1. It can also be convenient to define

κab = −ka · kb, (5)

and to use the dimensionless combinations za defined by

z21 = κ23η2η3, z
2
2 = κ31η3η1, z

2
3 = κ12η1η2. (6)

The fact that za can be imaginary does not cause problems in practice.
The general form of the source bispectrum is not easy to guess, but we expect it to be strongly peaked inside the

horizon (xa $ 1) near ra = 1, by analogy with the source two-point function, and white noise outside the horizon.
Outside the horizon, bearing in mind that the source energy-momentum tensor is a random process on the horizon
scale, we also expect correlations to die off as the 3/2 power of the ratios of the earlier time to the later time. Hence,
a reasonable model is

β+(z1, z2, z3, r1, r2) =















3E(3)
+ (0)

(

r2
r1

)
3
2

+
(

r3
r2

)
3
2

+
(

r1
r3

)
3
2

, (xa % 1),

E(3)
+ (z1, z2, z3) exp

(

−
∑

a z
2
a ln(ra)

2/2A2
)

, (xa $ 1).

(7)

Inside the horizon we can also define a 3-point structure function

φ6
0β+(z1, z2, z3, r1, r2) ≈ µ3η3η2F3(x1, x2, x3)δ(η3 − η1)δ(η2 − η3) (8)

such that

F3(x1, x2, x3) =
1

µ̄3

∫

dr1dr2β+(z1, z2, z3, r1, r2). (9)
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I. BISPECTRUM

A. Bispectrum from the 3-point UETC

The matter bispectrum B is given by

〈δc(k1, η)δc(k2, η)δc(k3, η)〉 = (2π)3δ3(k1 + k2 + k3)B(k1, k2, k3, η). (1)

We define the source bispectrum β by

〈Θ+(k1, η1)Θ+(k2, η2)Θ+(k3, η3)〉 = φ6
0β+(k1, k2, k3, η1, η2, η3)(2π)

3δ3(k1 + k2 + k3). (2)
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r1 =
η2
η3

, r2 =
η3
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η1
η2

. (4)
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The fact that za can be imaginary does not cause problems in practice.
The general form of the source bispectrum is not easy to guess, but we expect it to be strongly peaked inside the

horizon (xa $ 1) near ra = 1, by analogy with the source two-point function, and white noise outside the horizon.
Outside the horizon, bearing in mind that the source energy-momentum tensor is a random process on the horizon
scale, we also expect correlations to die off as the 3/2 power of the ratios of the earlier time to the later time. Hence,
a reasonable model is
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Inside the horizon we can also define a 3-point structure function

φ6
0β+(z1, z2, z3, r1, r2) ≈ µ3η3η2F3(x1, x2, x3)δ(η3 − η1)δ(η2 − η3) (8)

such that

F3(x1, x2, x3) =
1

µ̄3

∫

dr1dr2β+(z1, z2, z3, r1, r2). (9)
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Matter accretion in wakes formed by cosmic strings We present a calculation of the matter power
spectrum and bispectrum of cosmic strings induced.

I. BISPECTRUM

A. Bispectrum from the 3-point UETC

The matter bispectrum B is given by

〈δc(k1, η)δc(k2, η)δc(k3, η)〉 = (2π)3δ3(k1 + k2 + k3)B(k1, k2, k3, η). (1)

We define the source bispectrum β by

〈Θ+(k1, η1)Θ+(k2, η2)Θ+(k3, η3)〉 = φ6
0β+(k1, k2, k3, η1, η2, η3)(2π)

3δ3(k1 + k2 + k3). (2)

The source bispectrum is dimensionless in Fourier space, and so for a scaling source it can be expressed as a function
of five dimensionless combinations of the six arguments ka, ηa (a = 1, 2, 3). For example, one could take

xa = kaηa, (3)

and chose any two of the combinations

r1 =
η2
η3

, r2 =
η3
η1

, r3 =
η1
η2

. (4)

Note that r1r2r3 = 1. It can also be convenient to define

κab = −ka · kb, (5)

and to use the dimensionless combinations za defined by

z21 = κ23η2η3, z
2
2 = κ31η3η1, z

2
3 = κ12η1η2. (6)

The fact that za can be imaginary does not cause problems in practice.
The general form of the source bispectrum is not easy to guess, but we expect it to be strongly peaked inside the

horizon (xa $ 1) near ra = 1, by analogy with the source two-point function, and white noise outside the horizon.
Outside the horizon, bearing in mind that the source energy-momentum tensor is a random process on the horizon
scale, we also expect correlations to die off as the 3/2 power of the ratios of the earlier time to the later time. Hence,
a reasonable model is
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













3E(3)
+ (0)

(

r2
r1

)
3
2

+
(

r3
r2

)
3
2

+
(

r1
r3

)
3
2

, (xa % 1),

E(3)
+ (z1, z2, z3) exp

(

−
∑

a z
2
a ln(ra)

2/2A2
)

, (xa $ 1).

(7)

β+(z1, z2, z3, r1, r2) = E(3)
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2/2A2
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Inside the horizon we can also define a 3-point structure function

φ6
0β+(z1, z2, z3, r1, r2) ≈ µ3η3η2F3(x1, x2, x3)δ(η3 − η1)δ(η2 − η3) (8)

such that

F3(x1, x2, x3) =
1

µ̄3

∫

dr1dr2β+(z1, z2, z3, r1, r2). (9)

Bispectrum of Cosmic String Wakes

D.M. Regan and M. Hindmarsh
Department of Physics and Astronomy,

University of Sussex, Brighton, BN1 9QH, UK
(Dated: February 4, 2014)

Matter accretion in wakes formed by cosmic strings We present a calculation of the matter power
spectrum and bispectrum of cosmic strings induced.

I. BISPECTRUM

A. Bispectrum from the 3-point UETC
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3δ3(k1 + k2 + k3). (2)
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of five dimensionless combinations of the six arguments ka, ηa (a = 1, 2, 3). For example, one could take
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2
2 = κ31η3η1, z

2
3 = κ12η1η2. (6)

The fact that za can be imaginary does not cause problems in practice.
The general form of the source bispectrum is not easy to guess, but we expect it to be strongly peaked inside the

horizon (xa $ 1) near ra = 1, by analogy with the source two-point function, and white noise outside the horizon.
Outside the horizon, bearing in mind that the source energy-momentum tensor is a random process on the horizon
scale, we also expect correlations to die off as the 3/2 power of the ratios of the earlier time to the later time. Hence,
a reasonable model is
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Inside the horizon we can also define a 3-point structure function

φ6
0β+(z1, z2, z3, r1, r2) ≈ µ3η3η2F3(x1, x2, x3)δ(η3 − η1)δ(η2 − η3) (8)

such that

F3(x1, x2, x3) =
1

µ̄3

∫

dr1dr2β+(z1, z2, z3, r1, r2). (9)
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I. BISPECTRUM

A. Bispectrum from the 3-point UETC

The matter bispectrum B is given by

〈δc(k1, η)δc(k2, η)δc(k3, η)〉 = (2π)3δ3(k1 + k2 + k3)B(k1, k2, k3, η). (1)

We define the source bispectrum β by

〈Θ+(k1, η1)Θ+(k2, η2)Θ+(k3, η3)〉 = φ6
0β+(k1, k2, k3, η1, η2, η3)(2π)

3δ3(k1 + k2 + k3). (2)

The source bispectrum is dimensionless in Fourier space, and so for a scaling source it can be expressed as a function
of five dimensionless combinations of the six arguments ka, ηa (a = 1, 2, 3). For example, one could take

xa = kaηa, (3)
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, r3 =
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. (4)

Note that r1r2r3 = 1. It can also be convenient to define

κab = −ka · kb, (5)

and to use the dimensionless combinations za defined by
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2
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2
3 = κ12η1η2. (6)

The fact that za can be imaginary does not cause problems in practice.
The general form of the source bispectrum is not easy to guess, but we expect it to be strongly peaked inside the

horizon (xa $ 1) near ra = 1, by analogy with the source two-point function, and white noise outside the horizon.
Outside the horizon, bearing in mind that the source energy-momentum tensor is a random process on the horizon
scale, we also expect correlations to die off as the 3/2 power of the ratios of the earlier time to the later time. Hence,
a reasonable model is
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Inside the horizon we can also define a 3-point structure function

φ6
0β+(z1, z2, z3, r1, r2) ≈ µ3η3η2F3(x1, x2, x3)δ(η3 − η1)δ(η2 − η3) (8)

such that
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∫
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What about superhorizon scales...use volume argument to show
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Matter accretion in wakes formed by cosmic strings We present a calculation of the matter power
spectrum and bispectrum of cosmic strings induced.

I. BISPECTRUM

A. Bispectrum from the 3-point UETC
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Inside the horizon we can also define a 3-point structure function
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such that
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Substitution in the solution (??) gives

B(k1, k2, k3, η) = ε3
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With the form (7), we may simplify this expression to the form
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Following a similar calculation to that presented in PAPERS CITATIONS and in Section ??, we find (with k3 =
−k1 − k2 imposed)
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1Ẋ
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where we have adopted the shorthand notation σab = σa − σb, Xa = X(σa, ηa), Γab = Γ(σa − σb) and κab = −ka · kb.
Suppressing the dependence on η, the individual correlators are given in the Gaussian approximation by
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Well outside the horizon, we may use the approximation erf (x) ≈ 2x/
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We note that the factor k22k
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2Ẋ

2
3〉 = V 3(0) + 2V (0)V 2(σ12) +

8

9
V (σ12)V (σ13)V (σ23), (12)

exp

(

−
1

6

∑

a<b

κabΓ
2
ab(η

′)

)

≈ exp

(

−
t
2

6
(k22σ

2
12 +K2

2σ
2
13)

)

, (13)

exp

(

−
v2

6

∑

a<b

κabη
2
ab

)

= exp

(

−
v2

6
(k22η

2
12 +K2

2η
2
13)

)

, (14)

where K2 =
√

k22k
2
3 − κ2

23/k2. Approximating V (σ) = v2, we find that

β(k1, k2, k3, η1, η2, η3) ≈ 8µ̄3 1

ξ2
35

9

v6

t
2

6π
√

k22k
2
3 − κ2

23

erf

(

tk2ξ√
6

)

erf

(

tK2ξ√
6

)

exp

(

−
v2

6
(k22η

2
12 +K2

2η
2
13)

)

. (15)

We can also write this

β(k1, k2, k3, η1, η2, η3) ≈
β0

ξ2k2K2
erf

(

tk2ξ√
6

)

erf

(

tK2ξ√
6

)

exp

(

−
v2

6
(k22η

2
12 +K2

2η
2
13)

)

. (16)

where

β0 = 8µ̄3 35

9
6π

v6

t
2 (17)

The 3-point structure function is therefore

F3(k1, k2, k3, η1) ≈
(2µ)3

ξ2
35

9

v4

t
2

36π2

k22k
2
3 − κ2

23

erf

(

tk2ξ√
6

)

erf

(

tK2ξ√
6

)

. (18)

Well outside the horizon, we may use the approximation erf (x) ≈ 2x/
√
π (for x & 1), and bearing in mind the general

form of super-horizon source correlators,

β(0, 0, 0, η1, η2, η3) ≈
140

9

(2µ̄v2)3
(

r2
r1

)
3
2

+
(

r3
r2

)
3
2

+
(

r1
r3

)
3
2

. (19)

We note that the factor k22k
2
3 − κ2

23 is proportional to the square of the area of the triangle formed by the three
wavevectors A. Indeed,

4A2 = k22k
2
3 − κ2

23 (and cyclic) (20)

= κ12κ23 + κ23κ31 + κ31κ12, (21)

= 2(k21k
2
2 + k22k

2
3 + k23k

2
1)− k41 − k42 − k43 . (22)

String correl model gives

2

Substitution in the solution (??) gives

B(k1, k2, k3, η) = ε3
∫ η

ηi

dη1

∫ η

ηi

dη2

∫ η

ηi

dη3Π
3
a=1 [Gc(ka; η, ηa)]β(z1, z2, z3, r1, r2). (10)

With the form (7), we may simplify this expression to the form

B(k1, k2, k3, η) ≈ (4πGµ)3
∫ η

ηi

dη′Π3
a=1Gc(ka; η, η

′)η′
2F3(x

′
1, x

′
2, x

′
3), (11)

where x′
a = kaη′.

Following a similar calculation to that presented in PAPERS CITATIONS and in Section ??, we find (with k3 =
−k1 − k2 imposed)

β(k1, k2, k3, η1, η2, η3) ≈ 8µ̄3L
∫

dσ12dσ13〈Ẋ2
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1Ẋ

2
2Ẋ
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We note that the factor k22k
2
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23 is proportional to the square of the area of the triangle formed by the three
wavevectors A. Indeed,
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Assuming matter domination:

4

a. Equilateral limit: ka = k. For equilateral triangles, K2 = k sin(π/3). Hence, the small scale bispectrum is
proportional to 1/k4.

BE(k, k, k, η) ≈
B0

500

4η2eq
3k4

(

η

ηeq

)6

. (29)

b. Squeezed limit k = k1 = k2 " k3, with kξeq " 1, such that tK2ξeq/
√
6 $ 1 and K2ηeq > 1, we use the

approximation to the error function erf (x) ≈ 2x/
√
π (for x $ 1). Noting that K2 ≈ k3 in this limit, we obtain the

result

BS(k, k, k3, η) ≈
B0

375

η3eq
k2k3

2α√
6π

(

η

ηeq

)6

. (30)

c. Folded limit, k = k2 ≈ k3 ≈ k1/2, with kξeq " 1, such that tK2ξeq/
√
6 $ 1 and K2ηeq > 1. In this limit,

K2ξeq tends to zero because the angle between the vectors k2 and k3 tends to π. Hence we obtain a result similar to
the squeezed limit,

BF(2k, k, k, η) ≈
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375

η3eq
k2K2

2α√
6π

(

η

ηeq

)6

. (31)

C. Wake Model Bispectrum

TO BE UPDATED ...
Adapting the argument outlined in Section ?? and ??, we may obtain an expression for the nonlinear matter

bispectrum induced by cosmic strings. In particular, we find

B(k1, k2, k3, η) =

∫ η

η1

dηi
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J1(k1⊥ξ(η, ηi))J1(k2⊥ξ(η, ηi))J1(k3⊥ξ(η, ηi))

k1⊥ k2⊥ k3⊥
, (32)

where ki⊥ =
√

k2i − (ki.n̂)2 and we use the Dirac delta condition in the definition of the bispectrum to set k3 =
−k1 − k2.

Analytic Matter Era Approximation

Large Scales: While an analytic approximation to (32) is difficult for small scales, it is a simple matter to obtain
an expression valid on large scales for which ki $ 1. In this regime we may use the approximation that J1(z) ≈ z/2
for small z to find

B(k1, k2, k3, η) ≈
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)3

η6eq ∝ k0 . (33)

Thus, by comparison to equation (23), we deduce that the linear and nonlinear bispectra show the same qualitative
behaviour on large scales.
Small Scales - Squeezed Limit: We consider the squeezed limit k = k1 ≈ k2 " k3, with kξ " 1 and k3ξ $ 1,

as considered for the linear perturbation theory calculation in SECTION ... Using the large scale approximation
J1(k3⊥ξ)/k3⊥ ≈ ξ/2, and a similar calculation to the evaluation of the small scale power spectrum, we obtain the
result that

B(k, k, k3, η)
k3"k ≈να4

(

4ui

5

)3

η6
∫ η

η1

dηi
1

η3i

∫ 1

−1

dµ

2

J1(k
√

1− µ2αηi)2

k2(1− µ2)
≈ 2να4

(

2ui

5

)3 ( a(η)

a(ηeq)

)3 η4eq
k2

. (34)

Including the effect of causal compensations on the superhorizon scale k3 results in the altered expression
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a. Equilateral limit: ka = k. For equilateral triangles, K2 = k sin(π/3). Hence, the small scale bispectrum is
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b. Squeezed limit k = k1 = k2 " k3, with kξeq " 1, such that tK2ξeq/
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C. Wake Model Bispectrum
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a. Equilateral limit: ka = k. For equilateral triangles, K2 = k sin(π/3). Hence, the small scale bispectrum is
proportional to 1/k4.

BE(k, k, k, η) ≈
B0

500

4η2eq
3k4

(

η

ηeq

)6

. (29)

b. Squeezed limit k = k1 = k2 " k3, with kξeq " 1, such that tK2ξeq/
√
6 $ 1 and K2ηeq > 1, we use the

approximation to the error function erf (x) ≈ 2x/
√
π (for x $ 1). Noting that K2 ≈ k3 in this limit, we obtain the

result

BS(k, k, k3, η) ≈
B0

375

η3eq
k2k3

2α√
6π

(

η

ηeq

)6

. (30)

c. Folded limit, k = k2 ≈ k3 ≈ k1/2, with kξeq " 1, such that tK2ξeq/
√
6 $ 1 and K2ηeq > 1. In this limit,

K2ξeq tends to zero because the angle between the vectors k2 and k3 tends to π. Hence we obtain a result similar to
the squeezed limit,

BF(2k, k, k, η) ≈
B0

375

η3eq
k2K2

2α√
6π

(

η

ηeq

)6

. (31)

C. Wake Model Bispectrum

TO BE UPDATED ...
Adapting the argument outlined in Section ?? and ??, we may obtain an expression for the nonlinear matter

bispectrum induced by cosmic strings. In particular, we find

B(k1, k2, k3, η) =

∫ η

η1

dηi
ν

η4i

(

σw(η, ηi)

ρCDM
ξ(η, ηi)

)3 ∫ dn̂

4π

J1(k1⊥ξ(η, ηi))J1(k2⊥ξ(η, ηi))J1(k3⊥ξ(η, ηi))

k1⊥ k2⊥ k3⊥
, (32)

where ki⊥ =
√

k2i − (ki.n̂)2 and we use the Dirac delta condition in the definition of the bispectrum to set k3 =
−k1 − k2.

Analytic Matter Era Approximation

Large Scales: While an analytic approximation to (32) is difficult for small scales, it is a simple matter to obtain
an expression valid on large scales for which ki $ 1. In this regime we may use the approximation that J1(z) ≈ z/2
for small z to find

B(k1, k2, k3, η) ≈
(

2ui
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)3

να6 ln
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η

ηeq

)(

a(η)

a(ηeq)

)3

η6eq ∝ k0 . (33)

Thus, by comparison to equation (23), we deduce that the linear and nonlinear bispectra show the same qualitative
behaviour on large scales.
Small Scales - Squeezed Limit: We consider the squeezed limit k = k1 ≈ k2 " k3, with kξ " 1 and k3ξ $ 1,

as considered for the linear perturbation theory calculation in SECTION ... Using the large scale approximation
J1(k3⊥ξ)/k3⊥ ≈ ξ/2, and a similar calculation to the evaluation of the small scale power spectrum, we obtain the
result that

B(k, k, k3, η)
k3"k ≈να4
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∫ η
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dηi
1

η3i
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√

1− µ2αηi)2

k2(1− µ2)
≈ 2να4
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)3 ( a(η)

a(ηeq)

)3 η4eq
k2

. (34)

Including the effect of causal compensations on the superhorizon scale k3 results in the altered expression

B(k, k, k3, η)
k3"k ≈

2να4

9
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. (35)

4

a. Equilateral limit: ka = k. For equilateral triangles, K2 = k sin(π/3). Hence, the small scale bispectrum is
proportional to 1/k4.

BE(k, k, k, η) ≈
B0

500

4η2eq
3k4

(

η

ηeq

)6

. (29)

b. Squeezed limit k = k1 = k2 " k3, with kξeq " 1, such that tK2ξeq/
√
6 $ 1 and K2ηeq > 1, we use the

approximation to the error function erf (x) ≈ 2x/
√
π (for x $ 1). Noting that K2 ≈ k3 in this limit, we obtain the

result

BS(k, k, k3, η) ≈
B0
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η3eq
k2k3

2α√
6π

(

η

ηeq

)6

. (30)

c. Folded limit, k = k2 ≈ k3 ≈ k1/2, with kξeq " 1, such that tK2ξeq/
√
6 $ 1 and K2ηeq > 1. In this limit,

K2ξeq tends to zero because the angle between the vectors k2 and k3 tends to π. Hence we obtain a result similar to
the squeezed limit,

BF(2k, k, k, η) ≈
B0

375

η3eq
k2K2

2α√
6π

(
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ηeq

)6

. (31)

C. Wake Model Bispectrum

TO BE UPDATED ...
Adapting the argument outlined in Section ?? and ??, we may obtain an expression for the nonlinear matter

bispectrum induced by cosmic strings. In particular, we find

B(k1, k2, k3, η) =

∫ η

η1

dηi
ν

η4i

(

σw(η, ηi)

ρCDM
ξ(η, ηi)

)3 ∫ dn̂

4π

J1(k1⊥ξ(η, ηi))J1(k2⊥ξ(η, ηi))J1(k3⊥ξ(η, ηi))

k1⊥ k2⊥ k3⊥
, (32)

where ki⊥ =
√

k2i − (ki.n̂)2 and we use the Dirac delta condition in the definition of the bispectrum to set k3 =
−k1 − k2.

Analytic Matter Era Approximation

Large Scales: While an analytic approximation to (32) is difficult for small scales, it is a simple matter to obtain
an expression valid on large scales for which ki $ 1. In this regime we may use the approximation that J1(z) ≈ z/2
for small z to find

B(k1, k2, k3, η) ≈
(
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5
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ηeq
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a(η)

a(ηeq)

)3

η6eq ∝ k0 . (33)

Thus, by comparison to equation (23), we deduce that the linear and nonlinear bispectra show the same qualitative
behaviour on large scales.
Small Scales - Squeezed Limit: We consider the squeezed limit k = k1 ≈ k2 " k3, with kξ " 1 and k3ξ $ 1,

as considered for the linear perturbation theory calculation in SECTION ... Using the large scale approximation
J1(k3⊥ξ)/k3⊥ ≈ ξ/2, and a similar calculation to the evaluation of the small scale power spectrum, we obtain the
result that

B(k, k, k3, η)
k3"k ≈να4

(

4ui

5

)3

η6
∫ η
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dηi
1

η3i
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. (34)

Including the effect of causal compensations on the superhorizon scale k3 results in the altered expression

B(k, k, k3, η)
k3"k ≈
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a. Equilateral limit: ka = k. For equilateral triangles, K2 = k sin(π/3). Hence, the small scale bispectrum is
proportional to 1/k4.

BE(k, k, k, η) ≈
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4η2eq
3k4

(

η

ηeq

)6

. (29)

b. Squeezed limit k = k1 = k2 " k3, with kξeq " 1, such that tK2ξeq/
√
6 $ 1 and K2ηeq > 1, we use the

approximation to the error function erf (x) ≈ 2x/
√
π (for x $ 1). Noting that K2 ≈ k3 in this limit, we obtain the

result

BS(k, k, k3, η) ≈
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η3eq
k2k3

2α√
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. (30)

c. Folded limit, k = k2 ≈ k3 ≈ k1/2, with kξeq " 1, such that tK2ξeq/
√
6 $ 1 and K2ηeq > 1. In this limit,

K2ξeq tends to zero because the angle between the vectors k2 and k3 tends to π. Hence we obtain a result similar to
the squeezed limit,

BF(2k, k, k, η) ≈
B0
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η3eq
k2K2

2α√
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)6

. (31)

C. Wake Model Bispectrum

TO BE UPDATED ...
Adapting the argument outlined in Section ?? and ??, we may obtain an expression for the nonlinear matter

bispectrum induced by cosmic strings. In particular, we find

B(k1, k2, k3, η) =

∫ η

η1

dηi
ν

η4i

(

σw(η, ηi)

ρCDM
ξ(η, ηi)

)3 ∫ dn̂

4π

J1(k1⊥ξ(η, ηi))J1(k2⊥ξ(η, ηi))J1(k3⊥ξ(η, ηi))

k1⊥ k2⊥ k3⊥
, (32)

where ki⊥ =
√

k2i − (ki.n̂)2 and we use the Dirac delta condition in the definition of the bispectrum to set k3 =
−k1 − k2.

Analytic Matter Era Approximation

Large Scales: While an analytic approximation to (32) is difficult for small scales, it is a simple matter to obtain
an expression valid on large scales for which ki $ 1. In this regime we may use the approximation that J1(z) ≈ z/2
for small z to find

B(k1, k2, k3, η) ≈
(
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5
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ηeq
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a(ηeq)

)3

η6eq ∝ k0 . (33)

Thus, by comparison to equation (23), we deduce that the linear and nonlinear bispectra show the same qualitative
behaviour on large scales.
Small Scales - Squeezed Limit: We consider the squeezed limit k = k1 ≈ k2 " k3, with kξ " 1 and k3ξ $ 1,

as considered for the linear perturbation theory calculation in SECTION ... Using the large scale approximation
J1(k3⊥ξ)/k3⊥ ≈ ξ/2, and a similar calculation to the evaluation of the small scale power spectrum, we obtain the
result that

B(k, k, k3, η)
k3"k ≈να4

(
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5

)3

η6
∫ η
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dηi
1

η3i
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√
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. (34)

Including the effect of causal compensations on the superhorizon scale k3 results in the altered expression

B(k, k, k3, η)
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a. Equilateral limit: ka = k. For equilateral triangles, K2 = k sin(π/3). Hence, the small scale bispectrum is
proportional to 1/k4.

BE(k, k, k, η) ≈
B0
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4η2eq
3k4

(

η

ηeq

)6

. (29)

b. Squeezed limit k = k1 = k2 " k3, with kξeq " 1, such that tK2ξeq/
√
6 $ 1 and K2ηeq > 1, we use the

approximation to the error function erf (x) ≈ 2x/
√
π (for x $ 1). Noting that K2 ≈ k3 in this limit, we obtain the

result

BS(k, k, k3, η) ≈
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η3eq
k2k3
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. (30)

c. Folded limit, k = k2 ≈ k3 ≈ k1/2, with kξeq " 1, such that tK2ξeq/
√
6 $ 1 and K2ηeq > 1. In this limit,

K2ξeq tends to zero because the angle between the vectors k2 and k3 tends to π. Hence we obtain a result similar to
the squeezed limit,

BF(2k, k, k, η) ≈
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η3eq
k2K2

2α√
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. (31)

C. Wake Model Bispectrum

TO BE UPDATED ...
Adapting the argument outlined in Section ?? and ??, we may obtain an expression for the nonlinear matter

bispectrum induced by cosmic strings. In particular, we find

B(k1, k2, k3, η) =

∫ η

η1

dηi
ν

η4i

(

σw(η, ηi)

ρCDM
ξ(η, ηi)

)3 ∫ dn̂

4π

J1(k1⊥ξ(η, ηi))J1(k2⊥ξ(η, ηi))J1(k3⊥ξ(η, ηi))

k1⊥ k2⊥ k3⊥
, (32)

where ki⊥ =
√

k2i − (ki.n̂)2 and we use the Dirac delta condition in the definition of the bispectrum to set k3 =
−k1 − k2.

Analytic Matter Era Approximation

Large Scales: While an analytic approximation to (32) is difficult for small scales, it is a simple matter to obtain
an expression valid on large scales for which ki $ 1. In this regime we may use the approximation that J1(z) ≈ z/2
for small z to find

B(k1, k2, k3, η) ≈
(
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)3

η6eq ∝ k0 . (33)

Thus, by comparison to equation (23), we deduce that the linear and nonlinear bispectra show the same qualitative
behaviour on large scales.
Small Scales - Squeezed Limit: We consider the squeezed limit k = k1 ≈ k2 " k3, with kξ " 1 and k3ξ $ 1,

as considered for the linear perturbation theory calculation in SECTION ... Using the large scale approximation
J1(k3⊥ξ)/k3⊥ ≈ ξ/2, and a similar calculation to the evaluation of the small scale power spectrum, we obtain the
result that

B(k, k, k3, η)
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Including the effect of causal compensations on the superhorizon scale k3 results in the altered expression

B(k, k, k3, η)
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B. Matter era approximations

1. Superhorizon scales, ka ! η−1

IS THIS WORTH DOING?
For kaη ! 1, we use (??) to find

B(k1, k2, k3, η) ≈ (8πGµv2)3
???

??

a(η)3

a(ηeq)3
η6eq ∝ k0 . (23)

2. Large scales, η−1
! ka ! η−1

eq

IS THIS WORTH DOING?

3. Small scales, η−1
eq ! ka

Substituting (18) into the expression for the sub-horizon matter bispectrum (10), we obtain

B(k1, k2, k3, η) =

∫ η

ηi

dη′
3
∏

a=1

[Gc(ka; η, η
′)]

ε3β0

α2η′2k22K
2
2

6π

v2
erf

(

tk2αη′√
6

)

erf

(

tK2αη′√
6

)

. (24)

Using the solution for the Green’s function Gc in the deep matter era, (??), we may obtain analytic predictions for
the cosmic string matter bispectrum in the small scale limit.
Using similar calculations to those outlined for the linear power spectrum we find that for kaη % 1 (and η % ηeq)

[CHECK] that the contribution from modes sourced before ηeq is (ordering the wavevectors so that k1 ≥ k2 ≥ k3)

B<eq(k1, k2, k3, η) ≈ ε3K3η6
∏
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The integration is dominated by the lower end, where the error functions behave linearly, so

B<eq(k1, k2, k3, η) ≈ ε3K3η6
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(26)

Hence modes which were sourced in the radiation era show a characteristic k−6 decrease from a peak at kaηeq ≈ 1.
Modes which were sourced after ηeq contribute

B>eq(k1, k2, k3, η) ≈ η6
B0
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k22K
2
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)

(27)

where

B0 = 6π
ε3β0

α2v2
= (8πGµ)3

35

9
36π2 v4

α2t
2 . (28)

In the following we neglect the contribution from modes sourced before ηeq.

5

Small Scales - Folded Limit: The folded limit k = k1 ≈ k2 ≈ k3/2, in the small scale limit, kξ " 1, gives a
bispectrum contribution

B(k, k, 2k, η) ≈
(
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≈
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,

where on the second line we use the approximation that 1/
√

1− (x/kαηi)2 ≈ 1.
Small Scales - Equilateral Limit: The equilateral limit given by ki ≈ k, in the small scale limit, results in a

more complicated integral expression. In order to simplify the calculation we shall assume that the time integral is
dominated, as in the other small scale limits, by the limit at ηeq. We adopt the following approximation, which we
find numerically is accurate to factors of O(1),

B(k, k, k, η) ≈
(
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(k1⊥αηeq)(k2⊥αηeq)(k3⊥αηeq)
, (37)

where we parametrise the equilateral shape such that k1 = k(sin(π/3), cos(π/3), 0),k2 = k(− sin(π/3), cos(Π/3), 0),
with k3 = −k1 − k2, such that k21⊥/k

2 = 1 − sin2 θ sin2(φ + π/3), k22⊥/k
2 = 1 − sin2 θ sin2(φ − π/3) and k23⊥/k

2 =
1 − sin2 θ sin2(φ), where dn̂ = sin θdθdφ. Setting µ = cos θ, the integrand clearly peaks near the points on the (µ,φ)
plane given by (1,π/2), (1,π/2 ± π/3). Clearly by symmetry considerations each of the peaks contributes equally.
Therfore, expanding in the φ parameter near the peak at π/2, in the form φ = π/2+ε, we may write k3⊥/k =

√

ε2 + µ2,
k1⊥/k ≈ k2⊥/k ≈

√

(3 + µ2)/4. We may then write

∫
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√
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J1(zρ)

z
, (38)

where we set z ≡ kαηeq, and where β represents a constant of value between 3/4 and 1. Finally our analytic expression
for the equilateral bispectrum takes the form

B(k, k, k, η) ≈
(

4uiα
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)3 3να3 ln(2π)

2π2β3

cos2(βz − 3π/4)
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≈
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, (39)

where in the final expression we sub back in the expression for z and approximate the cos2 expression by it’s average
value 1/2. While incorporating several simplifications this analytic expression reproduces quite well the results of a
full numerical computation of the equilateral bispectrum using equation (37). It should be noted, however, that the
1/k5 behaviour does not agree with the 1/k4 expression found using the linear perturbation theory approach. In one
respect this is not surprising, since the wake model replicates the so-called 1-halo term of the halo model bispectrum,
which is expected to more accurately represent the small scale, or large k, limit. On the other hand the perturbation
theory model agrees strongly with the 3-halo term which dominates on large scales. For configurations such as the
squeezed limit, one of the scales is large scale, and, therefore, it appears reasonable that the two approaches would
give similar results. In any case, the result show that the matter bispectrum induced by cosmic strings is dominated
by configurations for which the two approaches give results which agree up to factors of order unity.

II. MEASURABLE OR NOT

k3ηeq > 1

BE(k, k, k)/B
grav(k, k, k) =O(1)

(4πGµ)3

A4
s

aeq
a

(ηeqk)
2

≈
1 + z

1 + zeq
(ηeqk)

2 (40)
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a. Equilateral limit: ka = k. For equilateral triangles, K2 = k sin(π/3). Hence, the small scale bispectrum is
proportional to 1/k4.

BE(k, k, k, η) ≈
B0

500

4η2eq
3k4

(

η

ηeq

)6

. (29)

b. Squeezed limit k = k1 = k2 " k3, with kξeq " 1, such that tK2ξeq/
√
6 $ 1 and K2ηeq > 1, we use the

approximation to the error function erf (x) ≈ 2x/
√
π (for x $ 1). Noting that K2 ≈ k3 in this limit, we obtain the

result

BS(k, k, k3, η) ≈
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. (30)

c. Folded limit, k = k2 ≈ k3 ≈ k1/2, with kξeq " 1, such that tK2ξeq/
√
6 $ 1 and K2ηeq > 1. In this limit,

K2ξeq tends to zero because the angle between the vectors k2 and k3 tends to π. Hence we obtain a result similar to
the squeezed limit,

BF(2k, k, k, η) ≈
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. (31)

C. Wake Model Bispectrum

TO BE UPDATED ...
Adapting the argument outlined in Section ?? and ??, we may obtain an expression for the nonlinear matter

bispectrum induced by cosmic strings. In particular, we find

B(k1, k2, k3, η) =
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where ki⊥ =
√

k2i − (ki.n̂)2 and we use the Dirac delta condition in the definition of the bispectrum to set k3 =
−k1 − k2.

Analytic Matter Era Approximation

Large Scales: While an analytic approximation to (32) is difficult for small scales, it is a simple matter to obtain
an expression valid on large scales for which ki $ 1. In this regime we may use the approximation that J1(z) ≈ z/2
for small z to find
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Thus, by comparison to equation (23), we deduce that the linear and nonlinear bispectra show the same qualitative
behaviour on large scales.
Small Scales - Squeezed Limit: We consider the squeezed limit k = k1 ≈ k2 " k3, with kξ " 1 and k3ξ $ 1,

as considered for the linear perturbation theory calculation in SECTION ... Using the large scale approximation
J1(k3⊥ξ)/k3⊥ ≈ ξ/2, and a similar calculation to the evaluation of the small scale power spectrum, we obtain the
result that
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Including the effect of causal compensations on the superhorizon scale k3 results in the altered expression
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a. Equilateral limit: ka = k. For equilateral triangles, K2 = k sin(π/3). Hence, the small scale bispectrum is
proportional to 1/k4.
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b. Squeezed limit k = k1 = k2 " k3, with kξeq " 1, such that tK2ξeq/
√
6 $ 1 and K2ηeq > 1, we use the

approximation to the error function erf (x) ≈ 2x/
√
π (for x $ 1). Noting that K2 ≈ k3 in this limit, we obtain the

result
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c. Folded limit, k = k2 ≈ k3 ≈ k1/2, with kξeq " 1, such that tK2ξeq/
√
6 $ 1 and K2ηeq > 1. In this limit,

K2ξeq tends to zero because the angle between the vectors k2 and k3 tends to π. Hence we obtain a result similar to
the squeezed limit,
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C. Wake Model Bispectrum

TO BE UPDATED ...
Adapting the argument outlined in Section ?? and ??, we may obtain an expression for the nonlinear matter

bispectrum induced by cosmic strings. In particular, we find

B(k1, k2, k3, η) =
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, (32)

where ki⊥ =
√

k2i − (ki.n̂)2 and we use the Dirac delta condition in the definition of the bispectrum to set k3 =
−k1 − k2.

Analytic Matter Era Approximation

Large Scales: While an analytic approximation to (32) is difficult for small scales, it is a simple matter to obtain
an expression valid on large scales for which ki $ 1. In this regime we may use the approximation that J1(z) ≈ z/2
for small z to find
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Thus, by comparison to equation (23), we deduce that the linear and nonlinear bispectra show the same qualitative
behaviour on large scales.
Small Scales - Squeezed Limit: We consider the squeezed limit k = k1 ≈ k2 " k3, with kξ " 1 and k3ξ $ 1,

as considered for the linear perturbation theory calculation in SECTION ... Using the large scale approximation
J1(k3⊥ξ)/k3⊥ ≈ ξ/2, and a similar calculation to the evaluation of the small scale power spectrum, we obtain the
result that
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Including the effect of causal compensations on the superhorizon scale k3 results in the altered expression
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a. Equilateral limit: ka = k. For equilateral triangles, K2 = k sin(π/3). Hence, the small scale bispectrum is
proportional to 1/k4.
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b. Squeezed limit k = k1 = k2 " k3, with kξeq " 1, such that tK2ξeq/
√
6 $ 1 and K2ηeq > 1, we use the

approximation to the error function erf (x) ≈ 2x/
√
π (for x $ 1). Noting that K2 ≈ k3 in this limit, we obtain the

result
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c. Folded limit, k = k2 ≈ k3 ≈ k1/2, with kξeq " 1, such that tK2ξeq/
√
6 $ 1 and K2ηeq > 1. In this limit,

K2ξeq tends to zero because the angle between the vectors k2 and k3 tends to π. Hence we obtain a result similar to
the squeezed limit,
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C. Wake Model Bispectrum

TO BE UPDATED ...
Adapting the argument outlined in Section ?? and ??, we may obtain an expression for the nonlinear matter

bispectrum induced by cosmic strings. In particular, we find

B(k1, k2, k3, η) =
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k1⊥ k2⊥ k3⊥
, (32)

where ki⊥ =
√

k2i − (ki.n̂)2 and we use the Dirac delta condition in the definition of the bispectrum to set k3 =
−k1 − k2.

Analytic Matter Era Approximation

Large Scales: While an analytic approximation to (32) is difficult for small scales, it is a simple matter to obtain
an expression valid on large scales for which ki $ 1. In this regime we may use the approximation that J1(z) ≈ z/2
for small z to find
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Thus, by comparison to equation (23), we deduce that the linear and nonlinear bispectra show the same qualitative
behaviour on large scales.
Small Scales - Squeezed Limit: We consider the squeezed limit k = k1 ≈ k2 " k3, with kξ " 1 and k3ξ $ 1,

as considered for the linear perturbation theory calculation in SECTION ... Using the large scale approximation
J1(k3⊥ξ)/k3⊥ ≈ ξ/2, and a similar calculation to the evaluation of the small scale power spectrum, we obtain the
result that
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Including the effect of causal compensations on the superhorizon scale k3 results in the altered expression
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Small Scales - Folded Limit: The folded limit k = k1 ≈ k2 ≈ k3/2, in the small scale limit, kξ " 1, gives a
bispectrum contribution
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(

4uiα

5

)3

νη6
∫ η

η1

dηi
η4i

∫ 1

−1

dµ

2

J1(k
√

1− µ2αηi)J1(k
√

1− µ2αηi)J1(2k
√

1− µ2αηi)

2k3(1 − µ2)3/2
(36)

≈
(

4ui

5

)3

α4ν
η6

k2

∫ η

η1

dηi
η3i

∫ ∞

0
dx

J1(x)J1(x)J1(2x)

2x2
≈ 2

(ui

5

)3
α4ν

η6

η2eqk2
≈ 2

(ui

5

)3
α4ν

(

a(η)

a(ηeq)

)3 η4eq
k2

,

where on the second line we use the approximation that 1/
√

1− (x/kαηi)2 ≈ 1.
Small Scales - Equilateral Limit: The equilateral limit given by ki ≈ k, in the small scale limit, results in a

more complicated integral expression. In order to simplify the calculation we shall assume that the time integral is
dominated, as in the other small scale limits, by the limit at ηeq. We adopt the following approximation, which we
find numerically is accurate to factors of O(1),
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where we parametrise the equilateral shape such that k1 = k(sin(π/3), cos(π/3), 0),k2 = k(− sin(π/3), cos(Π/3), 0),
with k3 = −k1 − k2, such that k21⊥/k

2 = 1 − sin2 θ sin2(φ + π/3), k22⊥/k
2 = 1 − sin2 θ sin2(φ − π/3) and k23⊥/k

2 =
1 − sin2 θ sin2(φ), where dn̂ = sin θdθdφ. Setting µ = cos θ, the integrand clearly peaks near the points on the (µ,φ)
plane given by (1,π/2), (1,π/2 ± π/3). Clearly by symmetry considerations each of the peaks contributes equally.
Therfore, expanding in the φ parameter near the peak at π/2, in the form φ = π/2+ε, we may write k3⊥/k =
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where we set z ≡ kαηeq, and where β represents a constant of value between 3/4 and 1. Finally our analytic expression
for the equilateral bispectrum takes the form
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where in the final expression we sub back in the expression for z and approximate the cos2 expression by it’s average
value 1/2. While incorporating several simplifications this analytic expression reproduces quite well the results of a
full numerical computation of the equilateral bispectrum using equation (37). It should be noted, however, that the
1/k5 behaviour does not agree with the 1/k4 expression found using the linear perturbation theory approach. In one
respect this is not surprising, since the wake model replicates the so-called 1-halo term of the halo model bispectrum,
which is expected to more accurately represent the small scale, or large k, limit. On the other hand the perturbation
theory model agrees strongly with the 3-halo term which dominates on large scales. For configurations such as the
squeezed limit, one of the scales is large scale, and, therefore, it appears reasonable that the two approaches would
give similar results. In any case, the result show that the matter bispectrum induced by cosmic strings is dominated
by configurations for which the two approaches give results which agree up to factors of order unity.

5

Small Scales - Folded Limit: The folded limit k = k1 ≈ k2 ≈ k3/2, in the small scale limit, kξ " 1, gives a
bispectrum contribution
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Small Scales - Equilateral Limit: The equilateral limit given by ki ≈ k, in the small scale limit, results in a

more complicated integral expression. In order to simplify the calculation we shall assume that the time integral is
dominated, as in the other small scale limits, by the limit at ηeq. We adopt the following approximation, which we
find numerically is accurate to factors of O(1),
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where we parametrise the equilateral shape such that k1 = k(sin(π/3), cos(π/3), 0),k2 = k(− sin(π/3), cos(Π/3), 0),
with k3 = −k1 − k2, such that k21⊥/k
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2 =
1 − sin2 θ sin2(φ), where dn̂ = sin θdθdφ. Setting µ = cos θ, the integrand clearly peaks near the points on the (µ,φ)
plane given by (1,π/2), (1,π/2 ± π/3). Clearly by symmetry considerations each of the peaks contributes equally.
Therfore, expanding in the φ parameter near the peak at π/2, in the form φ = π/2+ε, we may write k3⊥/k =
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where we set z ≡ kαηeq, and where β represents a constant of value between 3/4 and 1. Finally our analytic expression
for the equilateral bispectrum takes the form
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where in the final expression we sub back in the expression for z and approximate the cos2 expression by it’s average
value 1/2. While incorporating several simplifications this analytic expression reproduces quite well the results of a
full numerical computation of the equilateral bispectrum using equation (37). It should be noted, however, that the
1/k5 behaviour does not agree with the 1/k4 expression found using the linear perturbation theory approach. In one
respect this is not surprising, since the wake model replicates the so-called 1-halo term of the halo model bispectrum,
which is expected to more accurately represent the small scale, or large k, limit. On the other hand the perturbation
theory model agrees strongly with the 3-halo term which dominates on large scales. For configurations such as the
squeezed limit, one of the scales is large scale, and, therefore, it appears reasonable that the two approaches would
give similar results. In any case, the result show that the matter bispectrum induced by cosmic strings is dominated
by configurations for which the two approaches give results which agree up to factors of order unity.
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Small Scales - Folded Limit: The folded limit k = k1 ≈ k2 ≈ k3/2, in the small scale limit, kξ " 1, gives a
bispectrum contribution
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Small Scales - Equilateral Limit: The equilateral limit given by ki ≈ k, in the small scale limit, results in a

more complicated integral expression. In order to simplify the calculation we shall assume that the time integral is
dominated, as in the other small scale limits, by the limit at ηeq. We adopt the following approximation, which we
find numerically is accurate to factors of O(1),
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where we parametrise the equilateral shape such that k1 = k(sin(π/3), cos(π/3), 0),k2 = k(− sin(π/3), cos(Π/3), 0),
with k3 = −k1 − k2, such that k21⊥/k
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2 =
1 − sin2 θ sin2(φ), where dn̂ = sin θdθdφ. Setting µ = cos θ, the integrand clearly peaks near the points on the (µ,φ)
plane given by (1,π/2), (1,π/2 ± π/3). Clearly by symmetry considerations each of the peaks contributes equally.
Therfore, expanding in the φ parameter near the peak at π/2, in the form φ = π/2+ε, we may write k3⊥/k =
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where we set z ≡ kαηeq, and where β represents a constant of value between 3/4 and 1. Finally our analytic expression
for the equilateral bispectrum takes the form

B(k, k, k, η) ≈
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where in the final expression we sub back in the expression for z and approximate the cos2 expression by it’s average
value 1/2. While incorporating several simplifications this analytic expression reproduces quite well the results of a
full numerical computation of the equilateral bispectrum using equation (37). It should be noted, however, that the
1/k5 behaviour does not agree with the 1/k4 expression found using the linear perturbation theory approach. In one
respect this is not surprising, since the wake model replicates the so-called 1-halo term of the halo model bispectrum,
which is expected to more accurately represent the small scale, or large k, limit. On the other hand the perturbation
theory model agrees strongly with the 3-halo term which dominates on large scales. For configurations such as the
squeezed limit, one of the scales is large scale, and, therefore, it appears reasonable that the two approaches would
give similar results. In any case, the result show that the matter bispectrum induced by cosmic strings is dominated
by configurations for which the two approaches give results which agree up to factors of order unity.
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Small Scales - Folded Limit: The folded limit k = k1 ≈ k2 ≈ k3/2, in the small scale limit, kξ " 1, gives a
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Small Scales - Equilateral Limit: The equilateral limit given by ki ≈ k, in the small scale limit, results in a

more complicated integral expression. In order to simplify the calculation we shall assume that the time integral is
dominated, as in the other small scale limits, by the limit at ηeq. We adopt the following approximation, which we
find numerically is accurate to factors of O(1),
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where we parametrise the equilateral shape such that k1 = k(sin(π/3), cos(π/3), 0),k2 = k(− sin(π/3), cos(Π/3), 0),
with k3 = −k1 − k2, such that k21⊥/k

2 = 1 − sin2 θ sin2(φ + π/3), k22⊥/k
2 = 1 − sin2 θ sin2(φ − π/3) and k23⊥/k

2 =
1 − sin2 θ sin2(φ), where dn̂ = sin θdθdφ. Setting µ = cos θ, the integrand clearly peaks near the points on the (µ,φ)
plane given by (1,π/2), (1,π/2 ± π/3). Clearly by symmetry considerations each of the peaks contributes equally.
Therfore, expanding in the φ parameter near the peak at π/2, in the form φ = π/2+ε, we may write k3⊥/k =
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where we set z ≡ kαηeq, and where β represents a constant of value between 3/4 and 1. Finally our analytic expression
for the equilateral bispectrum takes the form
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where in the final expression we sub back in the expression for z and approximate the cos2 expression by it’s average
value 1/2. While incorporating several simplifications this analytic expression reproduces quite well the results of a
full numerical computation of the equilateral bispectrum using equation (37). It should be noted, however, that the
1/k5 behaviour does not agree with the 1/k4 expression found using the linear perturbation theory approach. In one
respect this is not surprising, since the wake model replicates the so-called 1-halo term of the halo model bispectrum,
which is expected to more accurately represent the small scale, or large k, limit. On the other hand the perturbation
theory model agrees strongly with the 3-halo term which dominates on large scales. For configurations such as the
squeezed limit, one of the scales is large scale, and, therefore, it appears reasonable that the two approaches would
give similar results. In any case, the result show that the matter bispectrum induced by cosmic strings is dominated
by configurations for which the two approaches give results which agree up to factors of order unity.
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Is it measurable?
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and similarly for the peculiar velocity, which is assumed

to be described completely by its divergence, θ ≡ ∇ ·
v. Then the equations of motion imply (see [31] and

references therein)
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Here the first and second terms come, respectively, from

δ ∇ · v and v ·∇δ in the continuity equation, while the

last term comes from (v ·∇)v in Euler’s equation [32].

At high redshift, the expansion (4) is dominated by

δ1 and δ2 ∼ F (s)
2 δ21 . If we assume δ1 to be Gaussian,

the leading order contribution to the gravitational bis-

pectrum is given by [33]

Bgrav
δ (k1, k2, k3) = 2PL

δ (k1)P
L
δ (k2)F

(s)
2 (k1,k2) + 2 perms,

(7)

where PL
δ is the power spectrum of the linear perturba-

tion δ1.
To discuss the shape of this gravitational bispec-

trum let us consider two-dimensional slices through the

tetrapyd shown in Fig. 1, with k1 + k2 + k3 = const. We

denote one side of these two-dimensional triangular slices

as α and parameterise the other direction with β.1 A

slice through the gravitational bispectrum (7) is shown

in Fig. 2a (see [34] for more slices at slightly different
length scales). The bispectrum is maximal at the edges

of the plot, corresponding to flattened triangle config-

urations, where k1 + k2 = k3 or permutations thereof,

i.e. where the wavevectors ki are parallel or anti-parallel

to each other. However there is a suppression in the cor-

ners of the plot, corresponding to squeezed triangle con-

figurations with k1 � k2 ≈ k3 or permutations thereof.

Non-flattened and equilateral triangle configurations in

the centre of the plot are also suppressed. This tree level

gravitational bispectrum is also illustrated in Fig. 3 as a

function over the full tetrapyd.

To understand the basic shape of the gravitational

bispectrum (7) we plot in Fig. 2b the expression

2PL
δ (k1)PL

δ (k2) + 2 perms, which corresponds to replac-

ing F (s)
2 in (7) by a constant. Comparing Fig. 2b with

Fig. 2a shows that the configuration dependence of the

1 Details can be found in [7]. The slice parameters α,β should not

be confused with the expansion coefficients α{Q,R}
n and β{Q,R}

n

to be defined later.

kernel (6), which is induced by the terms containing

scalar products, leads to an enhancement of flattened

and particularly folded configurations, where two of the

wavevectors ki equal each other. Non-flattened configu-

rations are relatively suppressed. As we go along the edge

of the plot in Fig. 2a, from folded (k1 = k2 = k3/2 or per-

mutations) to squeezed configurations (k1 � k2 ≈ k3 or

permutations), the bispectrum shape reflects the shape of

the power spectrum PL
δ , which peaks at keq ≈ 0.02h/Mpc

and then decreases with decreasing k1 because PL
δ (k1) ∝

k1 on large scales.

Further discussion is required in the squeezed limit,

where k2 ≈ −k3. Let us consider the regime where

k1 < keq and k2, k3 > keq. The term with PL
δ (k2)PL

δ (k3)
in (7) is small since the small scale power spectra decrease

rapidly with increasing k2, k3 and F (s)
2 (k2,k3) vanishes

for k2 = −k3. The other two permutations in (7) de-

pend on the angle between the large-scale wavevector

k1 and the small-scale wavevectors k2,k3. First con-

sider the case where the large scale is approximately

perpendicular to the two small scales, i.e. k1 · k2 ≈
−k1 · k3 ≈ 0. Then F (s)

2 (k1,k2) ≈ F (s)
2 (k1,k3) ≈ 5/7

and PL
δ (k1)PL

δ (k2) and PL
δ (k1)PL

δ (k3) decrease as we ap-
proach more squeezed triangles, implying a suppressed

bispectrum in the squeezed limit. In the other limit,

the large-scale wavevector k1 is not orthogonal to the

small scale wavevectors, and so is aligned with one or

other of k2, k3. Then the squeezed limit k1 → 0 implies

F (s)
2 (k1,k2) ∝ k−1

1 → ∞ and F (s)
2 (k1,k3) ∝ −k−1

1 →
−∞, which can be seen in Fig. 2c. However, in the sum
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δ (k1)P

L
δ (k2)F

(s)
2 (k1,k2) + PL

δ (k1)P
L
δ (k3)F

(s)
2 (k1,k3),

the two terms containing k−1
1 divergences in the kernel

approximately cancel, because k2 ≈ k3 and k1 · k2 ≈
−k1 ·k3. Also in the limit k1 → 0, the divergences of the

kernels are regulated by the large scale power spectrum

because k−1
1 PL

δ (k1) = const. on very large scales. Fig. 2a

shows that the divergences are indeed cancelled in the

total bispectrum (7) and the squeezed limit is suppressed

if the large-scale wavenumber satisfies k1 < keq.

Gravitational matter bispectrum beyond tree level

Loop corrections

The tree level prediction for the gravitational matter

bispectrum (7) is only a good approximation on large

scales and can be improved by including so-called loop

corrections, which were derived for Gaussian initial con-

ditions in [32] and extended to include non-Gaussian ini-

tial conditions in [11]. Important loop corrections can be

included simply by replacing the linear power spectrum

PL
δ by the nonlinear power spectrum Pδ in the tree level
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Small Scales - Folded Limit: The folded limit k = k1 ≈ k2 ≈ k3/2, in the small scale limit, kξ " 1, gives a
bispectrum contribution
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where on the second line we use the approximation that 1/
√

1− (x/kαηi)2 ≈ 1.
Small Scales - Equilateral Limit: The equilateral limit given by ki ≈ k, in the small scale limit, results in a

more complicated integral expression. In order to simplify the calculation we shall assume that the time integral is
dominated, as in the other small scale limits, by the limit at ηeq. We adopt the following approximation, which we
find numerically is accurate to factors of O(1),
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where we parametrise the equilateral shape such that k1 = k(sin(π/3), cos(π/3), 0),k2 = k(− sin(π/3), cos(Π/3), 0),
with k3 = −k1 − k2, such that k21⊥/k

2 = 1 − sin2 θ sin2(φ + π/3), k22⊥/k
2 = 1 − sin2 θ sin2(φ − π/3) and k23⊥/k

2 =
1 − sin2 θ sin2(φ), where dn̂ = sin θdθdφ. Setting µ = cos θ, the integrand clearly peaks near the points on the (µ,φ)
plane given by (1,π/2), (1,π/2 ± π/3). Clearly by symmetry considerations each of the peaks contributes equally.
Therfore, expanding in the φ parameter near the peak at π/2, in the form φ = π/2+ε, we may write k3⊥/k =
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where we set z ≡ kαηeq, and where β represents a constant of value between 3/4 and 1. Finally our analytic expression
for the equilateral bispectrum takes the form
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where in the final expression we sub back in the expression for z and approximate the cos2 expression by it’s average
value 1/2. While incorporating several simplifications this analytic expression reproduces quite well the results of a
full numerical computation of the equilateral bispectrum using equation (37). It should be noted, however, that the
1/k5 behaviour does not agree with the 1/k4 expression found using the linear perturbation theory approach. In one
respect this is not surprising, since the wake model replicates the so-called 1-halo term of the halo model bispectrum,
which is expected to more accurately represent the small scale, or large k, limit. On the other hand the perturbation
theory model agrees strongly with the 3-halo term which dominates on large scales. For configurations such as the
squeezed limit, one of the scales is large scale, and, therefore, it appears reasonable that the two approaches would
give similar results. In any case, the result show that the matter bispectrum induced by cosmic strings is dominated
by configurations for which the two approaches give results which agree up to factors of order unity.
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Small Scales - Folded Limit: The folded limit k = k1 ≈ k2 ≈ k3/2, in the small scale limit, kξ " 1, gives a
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dominated, as in the other small scale limits, by the limit at ηeq. We adopt the following approximation, which we
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ε2 + µ2)J1(z
√

3 + µ2/2)2

z
√

ε2 + µ2(z
√

3 + µ2/2)2

≈
3

4π

(

J1(βz)

βz

)2 ∫

dµdε
J1(z

√

ε2 + µ2)

z
√

ε2 + µ2
≈

3

4π
ln(2π)

(

J1(βz)

βz

)2 ∫

dρ
J1(zρ)

z
, (38)

where we set z ≡ kαηeq, and where β represents a constant of value between 3/4 and 1. Finally our analytic expression
for the equilateral bispectrum takes the form

B(k, k, k, η) ≈
(

4uiα

5

)3 3να3 ln(2π)

2π2β3

cos2(βz − 3π/4)

z5
≈

(

4ui

5

)3 3αν ln(2π)

4π2β3

(

a(η)

a(ηeq)

)3 ηeq
k5

, (39)

where in the final expression we sub back in the expression for z and approximate the cos2 expression by it’s average
value 1/2. While incorporating several simplifications this analytic expression reproduces quite well the results of a
full numerical computation of the equilateral bispectrum using equation (37). It should be noted, however, that the
1/k5 behaviour does not agree with the 1/k4 expression found using the linear perturbation theory approach. In one
respect this is not surprising, since the wake model replicates the so-called 1-halo term of the halo model bispectrum,
which is expected to more accurately represent the small scale, or large k, limit. On the other hand the perturbation
theory model agrees strongly with the 3-halo term which dominates on large scales. For configurations such as the
squeezed limit, one of the scales is large scale, and, therefore, it appears reasonable that the two approaches would
give similar results. In any case, the result show that the matter bispectrum induced by cosmic strings is dominated
by configurations for which the two approaches give results which agree up to factors of order unity.

II. MEASURABLE OR NOT

BE(k, k, k)/B
grav(k, k, k) =O(1)

(4πGµ)3

A4
s

aeq
a

(ηeqk)
2

≈
1 + z

1 + zeq
(ηeqk)

2 (40)
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Conclusions

Can refine approach using One-Scale model instead of keeping parameters 
fixed (not valid for radiation-matter transition)

Revisited analytic method to calculate UETC

Bispectrum probably underestimated by using Green’s function for matter 
domination

TO DO:

Comparison to simple wake model

Calculation of Matter bispectrum carried out for both 
approaches

Preliminary investigations indicate the bispectrum may 
be competitive with the CMB (but probably not better)
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