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Fluid Approach

Single Nambu-Goto string

hab = gµνX
µ
,aX

ν
,b

Energy-momentum tensor over spacetime

Tµν(x)
√
−g =

∫
d2η
√
−h habXµ

,aX
ν
,b δ(x−X(η))

Coarse-graining over network

〈T 〉µν =
1

∆V

∫
Tµν
√
−g d4x

Fluid equations from conservation equations

∇µTµν = 0?
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Singular Currents

Current confined to worldsheet

Jµ(x) =

∫
d2η J̃µ(η) δ(x−X)

∂µJ
µ = 0

Flux in coordinate system adapted to worldsheet

∂J̃η
0

∂η0
+
∂J̃η

1

∂η1
= 0

Back to general coordinates

J̃µ = J̃η
0
Xµ
,0 + J̃η

1
Xµ
,1
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Energy-Momentum Example

Singular current
J̃µ = J̃aXµ

,a

∂aJ̃
a = 0

Energy-momentum tensor

Tµν
√
−g =

∫
d2η T̃µν δ(x−X)

T̃µν =
√
−hhabXν

,bX
µ
,a

Current conservation is equation of motion

∂a(
√
−hhabXν

,b) = 0

d2Xν

dτ2
− d2Xν

dσ2
= 0
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String Current

Trivial current conservation

d2Xν

dτdσ
− d2Xν

dσdτ
= 0

∂a(ε
abXν

,b) = 0

F-tensor
F̃µν ≡ εabXν

,bX
µ
,a

Current conservation

Fµν
√
−g =

∫
d2η F̃µν δ(x−X)

∇µFµν = 0
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String Flux Example

Time-slice coordinates

F̃µν = εabXµ
,aX

ν
,b

= vµuν − uµvν

v0 = 1, u0 = 0

Gauss’s Law

∂µF
µ0 = ∂µ〈vµu0 − uµv0〉

= −∂µ〈uµ〉
= 0

∇ · 〈u〉 = 0
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String Flux Example

Trivial worldsheet current

j̃µ = 0 vµ + 1uµ

∂

∂σ
1 = 0

-1 -1 +1+1

τ

σ

∇ · 〈u〉 = 0
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String Flux Example

If topological monopoles,

∇ · 〈u〉 6= 0

Local conservation of flux charge

∂0〈u〉 = −∇× 〈u× v〉

Homogenous Maxwell’s equations

∇µFµν = 0
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Light Cone Gauge

Right and Left Movers (A and B)

√
−hhab =

(
0 1
1 0

)
Energy-momentum

T̃µν =
√
−hhabXµ

,aX
ν
,b = AµBν +AνBµ

F-tensor

F̃µν = εabXµ
,aX

ν
,b = AµBν −AνBµ

Full AB-tensor is conserved
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Coarse-Graining

Gauge freedom of A and B

A = A0Aµ, B = B0Bµ

Energy density as measure

d2ηAµBν = d2ηA0B0AµBν

= d2η T̃ 00AµBν

Local equilibrium

〈A⊗B〉µν = ρ(A⊗B)µν

= ρĀµB̄ν

Variance of Ā and B̄
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Fluid Equations

Conservation Equations

∇µ(ρĀµB̄ν) = ∇µ(ρB̄µĀν) = 0

Renormalize Ā and B̄ as unit vectors, ρ as scalar

Decoupling of ρ

∇µ(ρĀµB̄ν) = ∇µ(ρĀµ)B̄ν + ρĀµ∇µB̄ν = 0

∇µ(ρĀµ) = 0 Āµ∇µB̄ν = 0

∇µ(ρB̄µ) = 0 B̄µ∇µĀν = 0
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Submanifolds

∇µ(ρĀµ) = 0 Āµ∇µB̄ν = 0

∇µ(ρB̄µ) = 0 B̄µ∇µĀν = 0

Frobenius Theorem

Āµ∇µB̄ν − B̄µ∇µĀν = 0

Submanifold as worldsheet
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Wiggly Strings

Orthonormal frame

vµ =
√
v2 v̂µ, uµ =

√
−u2 ûµ

Surface energy-momentum tensor

T̃µν =
√
−h (Mv̂µv̂ν − T ûµv̂ν)

Finding mass and tension

T̃µν = Ā(µB̄ν) = vµvν − uµuν

=
√
−h

(√
−v

2

u2
v̂µv̂ν −

√
−u

2

v2
ûµûν

)
(1)

Equation of state for wiggly string: MT = 1
(Vilenkin, 1990)(Carter, 1990)
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